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Some basic process control systems with standard feedback controllers are described
by second order linear equations with time lag whose characteristic equation may be
reduced to

P (z) ≡ (a2z
2 + a1z + a0) cosh z + (b2z

2 + b1z + b0) sinh z = 0

The Routh-Hurwitz type conditions for this polynomial are given in a famous classical
memoir of Čebotarev and Meiman. Due to a regrettable omission, some cases which
are most probably to describe practical situations were not considered. The present
paper aims to explain this paradoxical situation and to complete the existing results
in a rigorous way.
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1. INTRODUCTION. STATE OF THE ART

A. One of the simplest and standard control problems in engineering
is the PID control, i.e., the use of a standard industry controller with the
transfer function Hc(s) = KR(1 + (Tis)−1 + Tds) on some standard equivalent
description of a process by H(s) = K(1 +Ts)−1e−τs. This problem leads to a
linear system with the following characteristic equation whose RHS is a second
order quasi-polynomial

(1) KKR

(
1
Ti

+ s+ Tds
2

)
e−τs + s(1 + Ts) = 0.

The problem is known since the pioneering period of the automatic con-
trol – the 30ies of the XXth century. It is still an actual research field: we
may cite the books of Górecki [3], Stépán [14], Górecki et al [4]. A group of
quite recent engineering papers [11, 12, 13] offer an algorithmic way of solving
parameter choice for the stability of these systems; these results are enclosed
in an even more recent book.
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B. In order to explain the aim of this paper let us consider the charac-
teristic equation (1) for which the Routh–Hurwitz problem (i.e., localization
of its roots in the half plane �e(s) < 0) is analyzed. The roots of (1) coincide
with the roots of

KKR

(
1
Ti

+ s+ Tds
2

)
exp(−τs/2) + s(1 + Ts) exp(τs/2) =(2)

=
[
KKR

Ti
+ (1 +KKR)s+ (KKRTd + T )s2

]
cosh(τs/2) +

+
[
−KKR

Ti
+ (1 −KKR)s+ (T −KKRTd)s2

]
sinh(τs/2) = 0.

Introducing the new variable z = τs/2, the characteristic equation be-
comes[

KKR

Ti
+

2
τ
(1 +KKR)z +

4
τ2

(KKRTd + T )z2

]
cosh z +(3)

+
[
−KKR

Ti
+

2
τ
(1 −KKR)z +

4
τ2

(T −KKRTd)z2

]
sinh z = 0.

With the notation

(4) γp = KKR, γi =
T

Ti
, γd =

Td

T
, δ =

2T
τ

the characteristic equation becomes

[γpγi + δ(1 + γp)z + δ2(1 + γpγd)z2] cosh z +(5)

+ [−γpγi + δ(1 − γp)z + δ2(1 − γpγd)z2] sinh z = 0,

with the left hand side belonging to the class of quasi-polynomials

(6) p(z) = (a2z
2 + a1z + a0) cosh z + (b2z2 + b1z + b0) sinh z

which were considered in the memoir of Čebotarev and Meiman [2] from the
point of view of the Routh-Hurwitz problem.

It is a well known fact that for polynomials, the Routh-Hurwitz condi-
tions are expressed through a finite set of inequalities and this was shown to
be true for quasi-polynomials, too, in the sense that the solution is obtained
after a procedure with a finite number of steps. To fix the ideas, let a0 > 0,
as in [2]. Then the inequalities

(7) a1 + b0 > 0, a2 +
a0

2
+ b1 > 0, a2 > 0, b2 > 0,

called of Stodola type, are necessary for localization of the roots of (6) in the
half plane �e(s) < 0.

Further, necessary and sufficient conditions were obtained for solving the
Routh-Hurwitz problem. The approach in [2] is based on the Sturm procedure.
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This approach which is valid for polynomials cannot be applied to all entire
functions to which the quasi-polynomials belong; the necessary condition is the
validity of the Hermite-Biehler theorem; this theorem is not valid for all entire
functions, but it is for quasi-polynomials; therefore the approach of Sturm can
be used in this case. We first have

Proposition 1 (Theorem 5a in [2]). If all the zeros of

V (z) = a2(cos z)z2 + b1(cos z)z − a0 sin z

are real, then a0 and a2 have the same sign.

Proposition 2 (Theorem 5b in [2]). If all the zeros of

V1(z) = −b2(sin z)z2 + a1(cos z)z + b0 sin z

are real, then b0 and b2 have the same sign.

These results are used to eliminate some sign combinations of the coef-
ficients of (6); since we fixed a0 > 0, we have 25 = 32 sign combinations but,
after taking into account the two propositions above, only 4 of them are left
as able to give the required results. These are the so-called Cases I–IV of [2],
namely,

I : b0 > 0; a1 > 0, b1 > 0; II : b0 > 0; a1 < 0, b1 < 0;
(8)

III : b0 > 0; a1 > 0, b1 < 0; IV : b0 > 0; a1 < 0, b1 > 0.

On the other hand the quasi-polynomial (5) does not fit these cases since
a0 and b0 have opposite signs. The natural question would be: is always the
feedback system composed of a first order “plant” with time delay and a PID
controller unstable? The answer is negative since other methods of analyzing
stability say so, and we may send the reader to various references including
papers [11, 12, 13]. What then about the classical memoir [2]? An answer will
be given below.

2. EXPLANATION FOR THE LOST CASES

In [2] is mentioned that the analysis of the stability inequalities for the
quasi-polynomial (6) follows from the direct analysis performed in a Ph.D.
Thesis. The main results of the thesis concerning (5) were published in [15];
this reference is cited several times in the years afterwards without any men-
tion of possible mistakes. In the book of Górecki [3] it has been noticed (for the
first time, prior to our knowledge) that the generally accepted stability cases
I–IV do not cover some practical situations, in particular that described above
– where b0 < 0 while b2 > 0. We were unable to discover any proof for the



102 Vladimir Răsvan 4

inequalities of the additional cases supplied there; a recent private communi-
cation [5], due to one of the co-authors of [3], mentions that the approach was
rather formal: a series development of exp{−τs} in (5) and some determinant
conditions imposed there. While it appears rather questionable as approach,
it is as well questionable how some algebraic conditions may give such inequal-
ities as some of those given below. This situation was stimulating to elucidate
the problem. A preliminary account of the results is given in [8]. Our first
step will be to explain the reasons of omitting some cases – corresponding to
b0 < 0 – in the analysis of [15] and, consequently, in that of [2]. The key lies in
the apparent symmetry of Propositions 1 and 2 (Theorems 5a and 5b in [2]);
this “symmetry” explains why only the proof of Proposition 1 (Theorem 5a)
is given at some extent while the proof of Proposition 2 (Theorem 5b) is omit-
ted. Our statement is that Proposition 2 is false, and we shall prove this by
contradiction. Our main tool will be as in most studies on quasi-polynomials
a result due to Pontryagin [7], see also the book of Bellman and Cooke [1]

Theorem 1. Let

(9) f(z, u, v) =
r∑

m=0

s∑
n=0

zmϕ(n)
m (u, v)

be a polynomial in z, u, v with real coefficients, where ϕ(n)
m (u, v) are homoge-

neous polynomials of degree n in u and v, with zrϕ
(s)
r (u, v) the principal term,

and let

(10) Φ(s)(z) =
s∑

n=0

ϕ(n)
r (cos z, sin z).

If ε is such Φ(s)(ε+ ıω) �= 0, ∀ω ∈ R, then f(z, cos z, sin z) has only real roots
iff for sufficiently large integers k it has exactly 4sk + r zeros within the band
−2kπ + ε ≤ �(z) ≤ 2kπ + ε .

Proof of the falsity of Proposition 2. Consider the polynomial in Propo-
sition 2, namely,

g(z, u, v) = −b2vz2 + a1uz + b0v,

hence r = 2, s = 1. Assume that b0 and b2 have opposite signs, i.e., b0 < 0
since we know from the necessary conditions that b2 > 0. Were Proposition 2
true we should find at least one combination of the coefficients of V1(z) such
that this quasi-polynomial had non-real roots. We write V1(z) = 0 as

(11) (b0 − b2z
2) sin z + (a1 cos z)z = 0.

In turn, this equation can be written as

(12) tan z − a1z

|b0| + b2z2
= 0,
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without loosing roots. Indeed, we might have lost the imaginary roots
±ı√|b0|/b2 but these are not roots since cos(±ı√|b0|/b2) = − cosh(

√|b0|/b2) �=
0. We might have also lost the real roots νπ + π/2 of cos z = 0 but these also
are not roots of (11) since sin(νπ+π/2) = (−1)ν �= 0. It follows that the roots
of (11) and (12) coincide.

Let a1 > 0 to fix the ideas. The LHS (left hand side) of (12) is odd
hence the analysis for z > 0 is sufficient; if a1 < 0 then we may consider the
case z < 0 and use the change of variable a1z = ζ > 0. Denoting by ψ(z) the
rational function a1z/(|b0| + b2z

2), we find that

ψ(0) = 0; lim
z→∞ψ(z) = 0; ψ′(z) =

a1(|b0| − b2z
2)

(|b0| + b2z2)2
,

hence ψ(z) has a maximum corresponding to zM =
√|b0|/b2, namely

ψ(zM ) =
a1√

b2|b0| + b2
> 0.

Consider now some interval (νπ, (ν + 1)π), ν ≥ 1. Within such an interval
one may find a single root of (12) located between νπ and νπ+ π/2, the sub-
interval where tan z > 0. Since tan z is monotonically increasing and ψ(z) is
monotonically decreasing for z > zM , the root will be given by νπ+ δν where
{δν}ν is a positive bounded sequence tending monotonically to 0. We deduce
that there are always 2k − 1 roots of (12) within the interval [π, 2kπ] hence
there are other 2k− 1 ones within the symmetric interval [−2kπ,−π]. Within
the central interval [−π, π] one may find the root z = 0 and possibly 2 other
ones, located between (0, π/2] and [−π/2, 0), respectively. For the existence
of these roots we need to show that −ψ(z) > 0 in the neighborhood of 0,
z > 0 This will follow from −ψ′(0) > 0; but −ψ′(0) = a1/|b0|−1 > 0 provided
a1 + b0 > 0. This last inequality has been assumed since it is a necessary
condition for the location of the roots of (6) in C

− – see (7).
It follows that if the necessary conditions hold then there are exactly

4k + 1 roots within the interval [−2kπ, 2kπ] whatever k > 0. Let us consider
now the shifted interval [−2kπ + ε, 2kπ + ε], with ε > 0. Obviously, if ε >
0 is small enough, all 4k + 1 roots still lie within this interval, too. Let
now k > 0 be large enough, in order that δk < ε; in this way the root of
(12) from the interval (2kπ, (2k + 1)π) will be “caught” within the shifted
interval [−2kπ+ ε, 2kπ+ ε] for sufficiently large k > 0. Applying the result of
Pontryagin [7], i.e., Theorem 1 here, we deduce that (12) hence (11) has only
real roots in spite of our assumption that b0 and b2 have opposite signs. The
assertion on falsity of Proposition 2 is proved. �

We deduce now that the cases with b0 < 0 cannot be eliminated from the
stability analysis. If we take into account the sign combinations for a1 and b1,



104 Vladimir Răsvan 6

we obtain four additional cases. But the cases corresponding to b0 < 0, a1 < 0
have to be eliminated according to the necessary condition a1 + b0 > 0 which
does not hold in these cases. We deduce that we have to consider additionally
the two cases

(13) V : b0 < 0, a1 > 0; b1 > 0; VI : b0 < 0, a1 > 0; b1 < 0,

which are exactly the cases mentioned in [3].

3. MAIN RESULT

The two additional cases (called conventionally as in [2, 3] V and VI will
be analyzed separately, following the basic line of [2], i.e., by counting the sign
changes in the Sturm sequence. Their number has to be, according to the
results of [7], 4k+ 2 (in the case of (6) – single delay and second degree of the
principal term).

A. First of all we count those sign changes that are independent of the
analyzed case hence independent of the fact that now b0 < 0. Recall here the
Sturm sequence of the problem:

V (z) = a2(cos z)z2 + b1(cos z)z − a0 sin z,(14)

V1(z) = −b2(sin z)z2 + a1(cos z)z + b0 sin z,

V2(z) = −b2 sin z(b1b2 sin2 z+a1a2 cos2 z)z+b2(a0b2−a2b0) sin2 z cos z,

V3(z) = −b2 sin3 z Ω(z),

where

Ω(z) = A cos4 z +B sin2 z cos2 z + C sin4 z,(15)

A=a0a
2
1a2>0, B=a1b1(a0b2+a2b0)−(a0b2 − a2b0)2 , C=b0b21b2<0.

Substituting z = ±2νπ + ε and neglecting the higher order terms with
respect to ε we obtain, as in [2],

V (±2νπ + ε) ≈ a2(2νπ)2 > 0, V1(±2νπ + ε) ≈ −b2(2νπ)2ε > 0,
V2(±2νπ + ε) ≈ ∓a1a2b2(2νπ)ε, V3(±2νπ + ε) ≈ −b2a2

1a2a0ε
3 < 0.

We deduce that the number of the sign losses on [−2kπ + ε, 2kπ + ε],
where k > 0 is large and kε > 0 also large, will be

(16) P (−2kπ + ε) − P (2kπ + ε) = 2sgn a1.

We compute now the sign losses �iν when crossing the zeros νπ of sin z ,
the multiplier of V3(z), where i = 1, 2 according to the type of the root: i = 1
when the root is of the first type and introduces a sign gain (�iν = 1), and
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i = 2 when the root is of the second type and introduces a sign loss (�iν = −1).
This analysis is also independent of b0 hence we keep the result of [2], namely,

(17) P (−2kπ + ε) − P (2kπ + ε) −
∑

i

∑
ν

�iν = 4k + 2sgn a1.

The next multiplier in the Sturm sequence is given by Ω(z) and its zeros
count in the sign losses provided they are real. But the zeros of the multiplier
are real provided the zeros of Aλ2 + Bλ + C are real. Since we discuss the
case b0 < 0 and C < 0, this polynomial has always two real roots of opposite
sign. Since only the positive root counts, we deduce that Ω(z) = 0 has two
real roots (mod π). Following [2], we use instead the equation

(18) C tan4 z +B tan2 z +A = 0

with C < 0, A > 0. The biquadratic equation

Cλ4 +Bλ2 +A = 0

has two real roots

λ1,2 = ±

√√√√ B

2|C| +

√(
B

2|C|
)2

+
A

|C|
corresponding to the positive real root of the associated second degree equa-
tion, to which there correspond the roots of (18), namely

(19) z1,ν = νπ + τ1, z2,ν = νπ − τ1, ν = 0,±1,±2, . . .

and

(20) τ1 = arctan

√√√√ B

2|C| +

√(
B

2|C|
)2

+
A

|C| , 0 < τ1 < π/2.

Denoting τ2 = π − τ1, it follows that in each interval (νπ, (ν + 1)π) we find 2
roots of (18) – or of Ω(z) = 0 – namely, z1,ν = νπ + τ1 such that νπ < z1,ν <
νπ+π/2 and z2,ν = (ν+1)π−τ1 = νπ+τ2 such that νπ+π/2 < z2,ν < (ν+1)π.

Generally speaking, these values are not zeros of the quasi-polynomials
V, V1, V2 of the Sturm sequence constructed according to [2]; this only happens
if the coefficients of (6) are subject to some very special equalities – which
clearly are “non-robust” and called “limit cases”.

In the general cases, the sign losses �iν are determined by the behavior
of the ratio V2/V3 given by

(21)
V2(z)
V3(z)

=
(a1a2 + b1b2 tan2 z)z − (a0b2 − a2b0) tan z

cos2 z sin2 z(C tan4 z +B tan2 z +A)
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when ziν = νπ − τi, i = 1, 2 , ν = 0,±1, . . . If this ratio changes from − to +
then �iν = +1 and ziν is called a root of V3 of 1st type; if the ratio changes
from + to − then �iν = −1 and ziν is called a root of 2nd type of V3.

Consider first the sign changes of the ratio’s denominator. Usual conti-
nuity arguments show that when crossing z1ν the sign changes from + to −
and when crossing z2ν the change is from − to +.

B. As known from [2], the behavior of the numerator V2(z) depends on
each analyzed case.

Case V (b0 < 0, a1 > 0; b1 > 0). This case is somehow alike Case I
already analyzed in [2]: the coefficient of z in the numerator is positive for
all z and the free term of the numerator, namely, −(a0b2 − a2b0) tan z =
−(a0b2+a2|b0|) tan z is negative for z1ν = νπ+τ1 and positive for z2ν = νπ+τ2.
We deduce that

a) for the roots z2ν = νπ+ τ2 the numerator is positive for all ν ≥ 0 and
ν < 0 of modulus sufficiently small; if |ν| for ν < 0 increases, the term in z
decreases and the numerator becomes negative; a k2 < 0 may be defined from
the change of the sign as satisfying the inequalities

(a1a2 + b1b2 tan2(k2π + τ2))(k2π + τ2) − (a0b2 − a2b0) tan(k2π + τ2) > 0,

(a1a2+b1b2 tan2((k2−1)π+τ2))((k2−1)π+τ2)−(a0b2−a2b0) tan((k2−1)π+τ2)<0,

which lead after some simple manipulation to

k2 − τ1
π

+
1
π
· (a0b2−a2b0) tan τ1
a1a2+b1b2 tan2 τ1

< 0 < k2 + 1 − τ1
π

+
1
π
· (a0b2−a2b0) tan τ1
a1a2+b1b2 tan2 τ1

,

hence

(22) k2 =
[
τ1
π

− 1
π
· (a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

]
e

;

b) for the roots z1ν = νπ + τ1, the numerator is positive for ν > 0
sufficiently large and negative for ν < 0 and ν ≥ 0 sufficiently small; a k1 > 0
may be defined from the change of the sign, finally given by

(23) k1 =
[
−τ1
π

+
1
π
· (a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

]
e

+ 1.

In the following we shall count
∑

i

∑
ν �iν as follows. We consider an

interval [−2kπ + ε, 2kπ + ε] with k > 0 sufficiently large, i.e., larger than
max{k1,−k2} and also than that k for which we showed that Proposition 2
was false; ε > 0 is such that kε is still very large e.g. ε = k−1/7.

Now, for the intervals (νπ, (ν + 1)π) with ν ≤ k2 − 1 we find easily that
�1ν = +1, �2ν = −1, hence the sum is 0. For the intervals with k2 ≤ ν ≤ k1−1,
we deduce �iν = 1, ν = 1, 2, hence

∑k1−1
k2

∑
i �iν = 2(k1 − k2). For ν ≥ k1 we
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deduce again that the sum is zero. Therefore, the real roots of (21) introduce
now 2(k1 − k2) sign changes and, since a1 > 0, the overall number of the sign
changes will be

N1 −N2 = 4k + 2 − 2(k1 − k2)

while the Pontryagin type result requires N1 − N2 ≥ 4k + 2. Therefore the
necessary and sufficient condition will be k1 − k2 = 0, i.e., k1 = k2. Using (22)
and (23) we deduce the necessary and sufficient condition

(24)
[
−τ1
π

+
1
π
· (a0b2−a2b0) tan τ1
a1a2+b1b2 tan2 τ1

]
e

+ 1 =
[
τ1
π
− 1
π
· (a0b2−a2b0) tan τ1
a1a2+b1b2 tan2 τ1

]
e

,

or

(25)
[
−τ1
π

+
1
π
· (a0b2−a2b0) tan τ1
a1a2+b1b2 tan2 τ1

]
e

=
[
−τ2
π

+
1
π
· (a0b2−a2b0) tan τ2
a1a2+b1b2 tan2 τ2

]
e

.

Equation (25) is exactly the one given without proof by Górecki [3].

Case VI (b0 < 0, a1 > 0; b1 < 0). In this case the coefficient of z in the
numerator is positive for small z > 0 and decreases on (0, π/2) since b1 < 0.
To see the sign for z = τ1 we compare tan2 τ1 which corresponds to the positive
root of the second degree equation associated with (22) and −(a1a2)/(b1b2)
which makes the coefficient 0. We deduce easily that

|C|
(
−a1a2

b1b2

)2

+B
a1a2

b1b2
−A = −a1a2

b1b2
(a0b2 − a2b0)2 > 0,

hence −(a1a2)/(b1b2) > tan2 τ1. The coefficient of z in the numerator is thus
positive in some neighborhood of the root ziν where the sign change is counted.
The free term of the numerator is as previously. We deduce that the analysis
coincides with the previous one, k1 and k2 are determined as previously and
the stability conditions are (24) and (25) as previously.

It follows that in this case the formulae of Górecki [3], given without
proof, are not correct ; one may suppose that they have been obtained from a
supposed analogy of Case VI and Case III.

To conclude this section we shall consider (24) in some detail. From the
well known equality

[x]e + [−x]e = −1,

valid for non-entire x, for (24) we obtain[
τ1
π

− 1
π
· (a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

]
e

= 0,

hence

−1 < −τ1
π

+
1
π
· (a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

< 0,
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or

−π + τ1 <
(a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

< τ1.

But we already showed that the denominator of the ratio above is positive, as
well as the numerator, while −π + τ1 < 0 since 0 < τ1 < π/2. It follows that
(24) is fulfilled provided

(26)
(a0b2 − a2b0) tan τ1
a1a2 + b1b2 tan2 τ1

< τ1.

4. APPLICATIONS

We have already applied the above results to the motivational application
of the first order object with PID controller [8], to the vibration control for
a mechanical rotor [9], too. Here we shall consider another application – the
delayed resonator [6]. The characteristic equation of the controlled system is

(27) p(s) ≡ mas
2 + cas+ ka + g e−sτ = 0

with all coefficients being strictly positive. Its equivalent equation will be

(28)
p̃(z) ≡ ezp(2z/τ) ≡

(
4ma

τ2
z2 +

2ca
τ
z + ka + g

)
cosh z+

+
(

4ma

τ2
z2 +

2ca
τ
z + ka − g

)
sinh z = 0.

The necessary (but not sufficient) stability conditions of Stodola type
read here as (see (7))

(29)
4ma

τ2
+
ka + g

2
+

2ca
τ

> 0, g < ka +
2ca
τ
.

The first one is automatically satisfied since the coefficients are positive, while
the second one gives an upper limit of the control gain g which diminishes
with the increase of the delay τ . Letting τ → ∞ one gets g < ka – a “small
gain condition” what suggests that small gain could ensure delay independent
stability. For this reason we first discuss a standard case to which we are
directed by the small gain condition. In this case all coefficients of (28) are
positive (Case I) and we have to check the inequality

|
√
a0b2 −

√
a2b0 | −

√
a1b1 < 0

which (after some manipulation) reads

g <
ca

2ma

√
4maka − c2a.

This may hold provided ca < 2
√
maka, i.e., for a limited damping. Otherwise,

we shall have a delay-dependent condition. We do not insist on this case any
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longer since our development is concerned with g > ka – the “high gain”.
Condition (26) will yield

τg

ca
< τ1(tan τ1 + cot τ1),

tan τ1 being the positive root of the auxiliary equation (18) for the correspond-
ing expressions of the coefficients ai, bi, i = 1, 2. Note that these expressions
do not depend on the delay τ , but they do depend on the gain g > 0. There-
fore, if we fix the gain we obtain the upper limit of the delay while the upper
limit of the gain could have a quite complicated dependence on the coefficients
ma, ca, ka and the delay τ > 0.

5. CONCLUSIONS

We have presented here the rigorous proof (in fact a sketch) of some
stability cases for time lag systems of second order that have been omitted
(“lost”) by a mistake in treating an auxiliary equation. The practitioners
have not been in fact very affected by this omission since they were using
complementary approaches. From the mathematical point of view, this is a
completion of the classical results.

Acknowledgements. In a private discussion, V. L. Kharitonov mentioned a poten-
tially interesting memoir on quasi-polynomials by Emil Schwengeler ([10]), in fact his
Doctoral Thesis at ETH Zürich, supervised by George Pólya and Michel Plancherel.
This memoir is earlier than [2] by more than 20 years. Since then nothing has been
known about its author as an active mathematician, but a comparison of the two
memoirs has a special interest and flavor.
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