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A non symmetric version of Hopfield networks subject to state-multiplicative noise,
pure time delay and Markov jumps is considered. Such networks seem to arise in
the context of visuo-motor control loops and may, therefore, be used to mimic their
complex behaviour. In this paper, we adopt the Lur’e-Postnikov systems approach
to analyze the stochastic stability and the L2 gain of generalized Hopfield networks
including these effects.
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1. INTRODUCTION

Hopfield networks are symmetric recurrent neural networks which exhibit
motions in the state space which converge to minima of energy. Symmetric
Hopfield networks can be used to solve practical complex problems such as
implement associative memory, linear programming solvers and optimal guid-
ance problems. Recurrent networks which are non symmetric versions of Hop-
field networks seem to play an important role in understanding human motor
tasks involving visual feedback (see [2]-[3] and the references therein). Such
networks seem to be subject to effects of state-multiplicative noise, pure time
delay (see [10], [11] and [16]) and even multiple attractors which can be caused
by Markov jumps. In this paper, we adopt the Lur’e-Postnikov systems ap-
proach to analyze the stochastic stability and Lo gain of generalized Hopfield
networks including the effects of state-multiplicative noise and Markov jumps.
The paper is organized as follows. In Section 2, the problem is formulated
while in Section 3 Linear Matrix Inequalities (LMIs) based conditions are de-
rived for Lo gain analysis. The case of a fixed and known pure time delay which
is encountered in [2]-[3] is considered, using Padé approximations, in Section 4
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to derive stability and disturbance attenuation properties of the stick balanc-
ing dynamics. Finally, Section 5 includes concluding remarks. Throughout
the paper R™ denotes the n dimensional Euclidean space, R™*™ is the set
of all n x m real matrices, and the notation P > 0, (respectively, P > 0)
for P € R™™ means that P is symmetric and positive definite (respectively,
semi-definite). Throughout the paper (2, F, P) is a given probability space;
the argument 6 € Q will be suppressed. Expectation is denoted by E{-} and
conditional expectation of z on the event 0(t) = i is denoted by E[z|0(t) = i].

2. PROBLEM FORMULATION

The neural network proposed by Hopfield, can be described by an ordi-
nary differential equation of the form

(2.1) 0;(t) = a;vi(t —I—Zb,]g] vj(t)) + ¢ = ri(v), 1<i<n,

where v; represents the voltage on the input of the ¢th neuron, a; < 0, 1 <
i < mn, bjj = bj; and the activations g;(-), ¢ = 1,...,n are C'-bounded and
strictly increasing functions. This network is usually analyzed by defining the
network energy functional

S v dgi(u)
(2.2) E(v) = —;ai/o u=p—du— o Z bijgi(vi)g; (vs) Zczgz vi),

,j=1

where it can be seen that (31 = - -5 dgl(vl ki(v)? < 0, where the zero rate
of the energy is obtained only at the equlhbrlum points, also referred to as
attractors, where

(2.3) ki(0?) =0, 1<i<n.

However, the neural network may be subject to environmental noise and
to connection matrix perturbations which can be modelled as 2?21 dijw;(t)
added to the right hand side of (2.1). The network subject to the combination
of these two effects can be then described in matrix form as

(2.4) v(t) = Av(t) + Bg(v) + Dw(t) + C, 1<i<n,
where
A = diag(al, e ,an), B = [bij]i,jzl,...,na C = [ 51 52 s En ]T,
T
1)2:[?./1 (% ’Un]
and g(v) :== [ gi(v1) g2(v2) -+ gn(vn) }T The stochastic version of this

network driven by white noise, has been considered in [10] where the stochastic
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stability of (2.1) has been analyzed and where it has been shown that the
network is almost surely stable when the condition % < 0 is replaced by
LE < 0, where L is the infinitesimal generator associated with the Itd type
stochastic differential equation (2.4). This condition has been shown in [10] to
be only satisfied in cases where the driving noise in (2.1) is not persistent. This
non persistent white noise can be interpreted as a white-noise type uncertainty
in A and B, but it does not infer any stability results for the practical case
of real uncertainties. Hopfield [15] considered networks with Markov jump
parameters. Encouraged by the insight gained in [2] and [3] regarding the
role of state-multiplicative noise and time delay (see also [13]) in visuo-motor
control loops, we generalize the results of [15] to include this effect. The
Lur’e-Postnikov systems approach ([14], [1]) is invoked to analyze stability
and disturbance attenuation (in the Hy, norm sense) and the results are given
in terms of Linear Matrix Inequalities (LMI).

To analyze the effect of w(t) we first define the error of the Hopfield
network output with respect to its equilibrium points by

(2.5) z(t) = v(t) — °.
and assume that the errors vector z(t) satisfy
(2.6) dz = (Ao (0(t)) x + Bo (0(t)) f(x) + Dw)dt+

+ A1 (0(t)) zdn + By (0(t)) f(x)dE,
where the system output is
(2.7) z=L(0(t)x

and 7n(t) and £(t) are mutually independent standard Wiener processes. Note
that (2.6) was obtained from (2.4) by replacing Adt by Aodt + A;d¢, Bdt by
Bydt + Bygd¢é and f(z) = g(x + vo) — g(vo). Note that Ag (6(t)), A1 (6(¢)),
By (0(t)),B1,D (6(t)) and L (0(t)) are piecewise constant matrices of appropri-
ate dimensions whose entries are dependent upon the mode 6(t) € {1,...,r},
where r is a positive integer denoting the number of possible models between
which the Hopfield network parameters can jump. Namely, Ay(0(t)) attains
the values of Ag1,Ap2,..., Ao, etc. It is assumed that 6(t),t > 0 is a right
continuous—time homogeneous Markov chain on D = {1,...,r} with a proba-
bility transition matrix

T
(2.8) Pt)=e“; Q=lg); @i<0; Zqij =0; i=1,2,...,rm
=1

Given the initial condition 6(0) = i, at each time instant ¢, the mode may
maintain its current state or jump to another mode ¢ # j. The transitions
between the r possible states i € D may be the result of random fluctuations
of the actual network components (i.e., resistors, capacitors) characteristics
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or can used to artificially model deliberate jumps which are the result of pa-
rameter changes in an optimization problem the network is used to solve. In
visuo-motor tasks one may conjecture that proportional and derivative feed-
backs are applied on the basis of time sharing, where transition probabilities
define the statistics of switching between the two modes. Although there is
no evidence for this conjecture, the model analyzed in the present paper can
be used to check its stability and Ly gain. The model (2.6), (2.7) will be ana-
lyzed in Section 3. To include the delay effect needed to derive stability and
disturbance attenuation properties for the stick balancing problem of [2]-[3]
we will employ Padé (see e.g. [19]) approximations of the time-delay. Namely,
the system

(2.9)  da(t) = [Ao (0(t)) z(t) + Bo (0 (1)) f (z (t — 7)) + D (0(t)) w(t)] dt
+ Ay (0(2)) 2(t)dn(t) + B1 (0 (1)) f (2 (t = 7)) dE (¢ = 7),
(2.10) 2(t)=L(6(t)z (),

where £(t) is another standard Wiener process independent of n and 7 is the
pure time delay, will be replaced by

(2.11) dx(t) = [Ao (0(t)) =(t) + Bo (0(2)) f (6(t)) + D (0(¢)) w(t)] dt
+ Ay (0(2)) z(t)dn(t) + B (6(2)) f (6 (1)) dE(2),
(212)  +(t) = LO@)= (),
where §(t) is the Nth order Padé approximation to x(t — 7). Choosing the
so called diagonal Padé approximation (see [19]) the i element x;(t — 7) is

approximated by the output d;(¢) of the system feeded by x;(¢) and where the
transfer-function of which is

> g Ans”
k=0 ©nS
The coefficients in this equation where By = 1 can be calculated using [19]:
Bl aq
BQ ag
o ) = - ,
B N an

where ®;; = ay4;—; and ZZ:O aps® is the nth order power series of e 5.

The coefficients Ay, ... Ay are then obtained by A = Z?:o ay—;B;. Taking

N = 1, the first order Padé approximation to e™*" is just h;(s) = L_LZ:@
Namely, 6; = 2(; — x;, where Q = —%Q + %xl The Padé approximation

allows to express the time-delay equation (2.11) in the form (2.6) without delay
but rewritten in the extended state space [zT ¢T]T where ¢ = [(1,...,¢)" .
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However, this representation of the delay requires dependence of f(-) on linear
combinations of the state-vector components, rather than the components.
We, therefore, reformulate (2.6), (2.7) as

(2.13) dz = (Ao (0(t)) = + By (6(t)) f(y) + Dw)dt+
+ A1 (0(t)) xdn + By (0(t)) f(y)dE,

where the system output is

(2.14) z=L(6(t)x
and
(2.15) y=C(0(t))x.

Remind that in the time—delay case the state matrices are expanded with the
corresponding dynamics of the Padé approximation. Only for the sake of sim-
plicity we kept the above equations an identic notation with the case without
delay. In the forthcoming analysis, we will assume that the components f;,
i=1,...,n of f(y) satisfy the sector conditions

(2.16) 0 <wifiyi) < oy}

which are equivalent to

(2.17) —Fi(yi, fi) = filyi)(fi(yi) — oiyi) < 0.
We shall further assume that

(2.18) g?‘}; <o;, i=1,...,n

Although the latter assumption of (2.18) further restricts the sector-type one
class of (2.17), the applicability of our results remains since it is fulfilled by the
usual nonlinearities as saturation, sigmoid, etc., used in the neural networks.
Some additional notation is now in place. Define

S:diag(al, o2, -, Un)a

where o; are the nonlinearity gains of (2.17).

As mentioned above, we shall analyze stability (in stochastic sense) con-
ditions for systems (2.6), (2.7) and (2.11), (2.10), respectively, together with
the Ly gain boundness condition expressed as

(219)  J=E { /0 T T 0)() — 2w (w(b)) dt} <0, 2(0)=0.
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3. L, GAIN ANALYSIS

Introduce the Lyapunov-type function
Crx
(320)  V(2(),00) = 2" (OP (0) a(t) + 2> Ay /0 fi (s) ds

depending on the nonlinearities f;(y;) = f;(C;x) via the constants \;, where C;
is the ¢th row in C'. As was mentioned in [1], V defines a parameter-dependent
Lyapunov function. To see this, consider the simple case of f;(z;) = z;0; and
get V(z,01,09,...,0,) =z (P + S%AS%)ZL‘ which depends on the parameters
oi, © = 1,2,...,n and on the constants \;, ¢ = 1,2,...,n via (3.23) in the
sequel. Applying the It6-type formula (see [5], [8]) for V' (x, @), it follows that

E{V (2,0(1)]0(0))} — E{V (0,6 (0)|0(0))} = E {/0 LV (,6(s)) dS} )

where
LV (2,0) := (Ay (0) x4+ By () f (z) + D () w) " 2—‘;
+ 2T AT (9) <P (0) + diag <)\1§—£, e Ang—ﬁ» Ay (0)z

. afl 8fn -

TRT T

B P iy An=—1,1|B i P;
+/Bi (9)< (0) + diag <)\lax1a Ang 1(9)f+j§:1qgfc i
and where for simplicity we have used the notation f := f(y(¢)). Then condi-
tion (2.19) is satisfied if

(3.21) LV < ~A?wtw — 212,
which becomes
(3.22) (2" A + f' By + w' DY) (P + CTAf) +
+ (z" P+ fTAC) (Agiz + Boif + Diw) +
0 ofn
+2TAT (P, + diag VEZLUN 7 O N R
o0xy o0z,
+ fTBE P + diag /\1%, .. ,An% B f+
81’1 8xn

-
+ Z q,‘j.CL‘TPj.CL‘ + l‘TL;FLil‘ - 'waTw <0, +=1,...,r
j=1
where
(3.23) A= diag( VIR R W )
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In order to explicitly express (3.22), assumption (2.18) will be used. Indeed,
using inequalities (2.18) it follows that conditions (3.22) are satisfied if the
following inequalities are satisfied:

(3.24)
— Fyo(x, f) =T [AOTiPi + P Ag; + AT (P,- + CTS%AS%C) At
+LTLi + 4P+ 2 PD;D} PZ} ot
j=1
+ 7 (BECTA+ACBy+7 2ACD; DI CTA+ B, (P4 CTSIASEC) By f
— (vt =2 PD; =y fTACD;) (yw—~ "' D} Pa—~y 7' D} CTAf) <O0.

Using the S-procedure ([1]) one, therefore, obtains that (3.21) subject to (2.17)
is satisfied if there exist 7; > 0, ¢ = 1,2,...,n, such that

(3.25) Fio(x, f) = > meFy(x, f) > 0.
k=1

Denoting

(3.26) T:=diag( 7, 72 -, o)

and noticing that

=2 mFe(w, f)=)  mff — monfuyk=f"Tf— 5 f TCSz — Sa" SCTT,
k=1 k=1

(3.25) yields

T
o [AG P+ Pgi + AT, (P + CTSEASEC) vy + LTLi+ Y qii Pyt
j=1

+~72P,D; DY P,} z+ fT (B&Pi + ACAg; +~v2ACD, DI P, + %TCS) o+
+ 2T (P,-Bm + Ag;.CTA + 2P, D;DFCTA + %SCTT) f+
+ fT [BOTZCTA + ACBo; + 4 2ACD; DY CTA+

+ BT (P,- + CTS%AS%C) By — T} F<o,
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i=1,...,r. These conditions are satisfied if
Zm  Zn2  BD;
(3.27) zh, Zis  ACD;| <0, i=1,2,...,m

DIP DICTA —42I
where
T
(3.28) Zi1 = AOTiPi—I-PiAQi—I-AIT,- (P,- + CTS%AS%C)AM‘—FL?LI'-FZ qiij,
j=1
1
Zi19 := P;By; + A5,CTA + 5SCTT,

Zi99 = BECTA+ACBy+ B (P4+CTS2AS2C) By, —T, i = 1,...,r,

with the unknown variables P;, A and 7. The above developments are con-
cluded in the following result:

THEOREM 1. System (2.6), (2.7) is stochastically stable and its Lo gain
is less than v > 0 if there exist symmetric matrices Py > 0,1=1,...,7,A >0
and T > 0 of the form (3.23) and (3.26), respectively, satisfying the system of
LMIs (3.27) with notation (3.28).

4. EXAMPLE - STICK BALANCING

In [4] the problem of human stick balancing was considered. Actual test
data showed that the task of stick balancing which is essentialy an inverted
pendulum control problem is performed by humans using the combination of
delay and state-multiplicative noise. The model

(4.29) ¢ = —T¢+ gsin(d) + f(—k(0)(Ro + Riv)o(t — 1))
was used in [4] to explain the test results, where I" = 3%, q= SQZ : ,C= ‘Z’E and

m and £ are stick mass and length respectively, 7, is the delay and v is the
state-multiplicative noise. The time in model (4.29) is normalized with respect
to the delay 7. For the stability analysis in the sequel we take sin(¢) ~ ¢.
We also take f(x) = 1000 tanh(xz/1000). Defining the state-vector of (4.29)
. 1T
by z = [¢ ¢]

we obtain the state-space description of (2.10), where

0 1 0 0 0 0 .
Ay = [ g -T }, By = [ kKO)Ro 0 ] and By = [ KO)Ry 0 ], assuming
that |¢p| < 1. We also take A; = 8 8 } and D = [ (1) ] The nonlinearities

are f1(r1) = 1000tanh(x1/1000) and fo(z2) = 0. We also assume for this
model that k() = 1, namely this model does not involve Markov jumps. We
also note that we took a nonzero D just for the sake of illustrating computation
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of the disturbance attenuation factor v but for simulations we assumed w = 0.
It is pointed out in [4] that corrective movements of the inverted pendulum tip
(i.e., the tip of the stick) occur also at time scales shorter than the delay. This
phenomenon is referred to in [4] as on-off intermittency and seems to have a
stabilizing effect. Namely, the noise statistically drives ¢ to zero, and since the
noise is state-multiplicative, its effect near origin reduces and the pendulum
is somewhat noisily stabilized. In [4] the stability of the inverted pendulum
model in the presence of delay and state-multiplicative noise was studied using
simulations. Our results may provide an analytic tool to predict this stability
including the state-multiplicative noise using the Padé approximation for de-
lay. To illustrate our results, we take 7, = 0.07, Ry = 10, ¥ = 100, m = 0.035
and ¢ = 0.62. Since the above model is written in terms of time normalized
with respect to 7., we take 7 = 1 for our analysis. To include the delay ef-
fect, we choose the first order Padé approximation. We, therefore, redefine

the state-vector of (4.29) to be z = [ ¢ ¢ (¢ ¢ ]T and obtain the aug-
0 1 0 0
.. q -I' 0 0
mented state-space description of (2.12), where 4y = 5 0 -2 o |’
0 2 0 -2
00 0 0 0 0 0 0
0 0 k(@)Ry O 10 0 k(@)R1 O :
By = 0 0 0 0 and By = 0 0 0 o | assuming that
00 0 0 0 0 0
00 0O 0
00 0O 1 .
|¢| < 1. We also take A; = 000 0 and D = NE The nonlinear-
00 0O 0

ities are f1(y1) = 0, fa(y2) = 0, f3(y3) = 1000 tanh(y3/1000) and f4(ys) = 0.
We take Ry = 0.2266981, R; = 10 and assume that the control is on (0(¢) = 1)
and off (6(t) = 2) according to the Markov chain on D = {1, 2} with a probabil-
—ﬁa _ozﬁ }, where a = 0.25,3 =
_ 0t _ 1| BtH+pt)at ot — p(t)at

0.125. Tt follows that P(t) = e (at + (t) [ Bt — p()Bt ot + u(t)5t
(t) = 1 and k(¢) = 0 for

~—

ity transition matrix from (2.8) with @ = [

where u(t) = e~ @+t We take k(f) = 3 for

W Wi D

1
O(t) = 2. In the steady state, P(t) = ‘;’ ], namely, control is off

most of the time. Substituting the above parameter values in Theorem 1,
we find that ymin = 0.025. Therefore, adding Markov jumps to the sys-
tem still results in a stable dynamics. In Fig. la-d (¢, ¢, Az/l = cos(¢),
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and u = —(Ro + Riv)k(0(t)) f(¢(t — 1)) simulation results are depicted. The
Markov jumps are best seen in Fig. 2, where the times between 100 and 150 are
only shown. Both the LMI based analysis and simulation results indicate the
stability of the stick balancing scheme also in the presence of Markov jumps
between on-and-off states of the control. Although some of the numerical val-
ues need, probably, to be tuned to realistically model human stick balancing,
the results may encourage further research about the possible effect of Markov
jumps on balancing tasks.
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5. CONCLUSIONS

A class of stochastic Hopfield networks subject to state-multiplicative
noise, where the network weights jump according a Markov process have been
considered. Stochastic stability and disturbance attenuation analysis in an H
setup have been derived in terms of Linear Matrix Inequalities. The results
have been illustrated by a stick balancing related example, where the delay in
the control has been replaced by its Padé approximation.
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