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PERTURBED FINITE MARKOV CHAINS

UDREA PAUN

We consider two types of perturbations of finite Markov chains which are still
Markov chains, we call perturbations of the first and of the second type, respec-
tively. In Section 1 we define the class of the [A]-simple Markov chains (they
were considered in [10] without naming them) which is in fact a subclass of the
that of [A]-groupable Markov chains. Then we show some [A]- and A-ergodicity
results on [Al]-groupable Markov chains, [A]-simple Markov chains, and their per-
turbations of the first type. In Section 2 we show some uniform ergodicity results
on Markov chains and their perturbations of the second type. In particular, for
perturbed finite Markov chains we obtain, with different proofs, all ergodicity and
uniform ergodicity results of Fleischer and Joffe [2]. Our tools are ergodicity coef-
ficients and norms. Our methods are the perturbation, the looping through limit
A-ergodic theory (for short, the looping), and the blocks.
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1. [A]- AND A-ERGODICITY RESULTS

In this section we define [A]-simple Markov chains and we show some [A]-
and A-ergodicity results on [A]-groupable Markov chains, [A]-simple Markov
chains, and their perturbations of the first type.

Consider a finite Markov chain with state space S = {1,2,...,r} and
transition matrices (Py,),>1. We shall refer to it as the (finite) Markov chain
(Pp)n>1. For all integers m > 0, n > m, define

Pm,n = m+1Pm+2 T Pn = ((Pm,n)w)z,]es )

(The entries of a matrix Z will be denoted Z;;.)
Set
Par (E) = {A | A is a partition of E},
where E is a nonempty set. Here we shall agree that the partitions do not
contain the empty set (an exception, e.g., occurs in [14] (see also [4] and [5])
for the case of bases).

MATH. REPORTS 9(59), 2 (2007), 183-210



184 Udrea Paun 2

Definition 1.1. Let Ay, Ay € Par (E). We say that Ay is finer than As
if vV e Ay, 3W € Ay such that V C W.

Write A; < As when A; is finer than As.

First, we give some definition from A-ergodic theory (see also [14]).

Definition 1.2 ([6]). Let i,j € S. We say that ¢ and j are in the same
weakly ergodic class if Ym > 0,Vk € S we have
lim [(Pmn)ik — (Pmn) ikl = 0.
n—oo
Write ¢ ~ j when ¢ and j are in the same weakly ergodic class. Then ~

is an equivalence relation and determines a partition A = (C1,Co,...,Cs) of
S. The sets C1,Cs,...,Cs are called weakly ergodic classes.

Definition 1.3 ([10]). Let A = (C4,Cy, ..., Cs) be the partition of weakly
ergodic classes of a Markov chain. We say that the chain is weakly A-ergodic.
In particular, a weakly (5)-ergodic chain is called weakly ergodic for short.

Definition 1.4 ([11]). Let (Ci,C4,...,Cs) be the partition of weakly
ergodic classes of a Markov chain with state space S and A € Par (S). We say
that the chain is weakly [A]-ergodic if A < (C1,Ca,...,Cs).

Definition 1.5 ([7]). Let C be a weakly ergodic class. We say that C' is
a strongly ergodic class if Ym > 0,Vi € C,Vj € S the limit

nh—{go (Pm,n)ij = Tm,j = Tm,j (©)

exists and does not depend on <.

Definition 1.6 ([14]). Consider a weakly A-ergodic Markov chain. We
say that the chain is strongly A-ergodic if any C' € A is a strongly ergodic
class. In particular, a strongly (5)-ergodic chain is called strongly ergodic for
short.

Definition 1.7 ([14]). Consider a weakly [Al]-ergodic Markov chain. We
say that the chain is strongly [A]-ergodic if any C' € A is included in a strongly
ergodic class.

Further, we give some definitions from limit A-ergodic theory (see also
[14]). For this, we shall agree that when writing

lim lim a
U060 v0e B!

where a,, € R,Vu,v € N with v > uj,v > v (u), we assume that Jug > u;
such that

3 lim ay v, Yu > up.
V— 00
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Definition 1.8 ([14]). Let i,j € S. We say that ¢ and j are in the same
limit weakly ergodic class if Vk € S we have

m—00 N—00

Write i ~ j when ¢ and j are in the same limit weakly ergodic class. Then

L is an equivalence relation and determines a partition A= (L1, Lo, ..., L,)
of S. The sets L1, Lo, ..., L, are called limit weakly ergodic classes.

Definition 1.9 ([14]). Let A= (L1, Lo, ..., L,) be the partition of limit
weakly ergodic classes. We say that the chain is limit weakly A-ergodic. In par-
ticular, a limit weakly (.5)-ergodic chain is called limit weakly ergodic for short.

Definition 1.10 ([14]). Let (Ly, Lo, ..., L,) be the partition of limit
weakly ergodic classes of a Markov chain with state space S and A€ Par(S).
We say that the chain is limit weakly [A]-ergodic if A< (L1, Lo, ..., Ly).

Definition 1.11 ([14]). Let L be a limit weakly ergodic class. We say that
L is a limit strongly ergodic class if Vi € L, Vj € S the limit
n’}i—1>noo nango (Pmn )y = mj =75 (L)

exists and does not depend on <.

Definition 1.12 ([14]). Consider a limit weakly A-ergodic Markov chain.
We say that the chain is limit strongly A-ergodic if any L €A is a limit strongly
ergodic class.

Definition 1.13 ([14]). Consider a limit weakly [A]-ergodic Markov chain.
We say that the chain is limit strongly [A]-ergodic if any L €A is included in
a limit strongly ergodic class.

Let T' = (T;5) be a real m x n matrix. Let § # U C {1,2,...,m} and
0#V C{1,2,...,n}. Define

v
Ty = (Tij)ieU,je{l,Z...,n}’ T = (Tij)ie{m,...,m},jev’
n
vV _ . . .
Ty = (Tij)icu, jev» «(T) = 1§1;[lylgmk min (Tik, Tjk)

(if T' is a stochastic matrix, then « (7) is called the ergodicity coefficient of
Dobrushin of the matriz T (see e.g., [1] or [3, p. 56])),

o (T)= 5 max Z\Tzkz— Tikl s

2 1<q ]<m

7a(T) = mina(Tx), 7Ya (T)=maxa (Tx),
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where A € Par ({1,2,...,m}) (see [10] for ya and Ya), and

1<i<m 4
]:

n
1Tl = max > " |T]
1

(the co-norm of T).
Let

S = {P | P is a stochastic m x n matrix},
Sy = S
Sao = {P | PeS, and P " =0,¥ € {1,2,... ,p}} :
where A = (K1, K»,...,K,) € Par({1,2,...,r}), 0 € S(p), the collection of

all permutations of {1,2,...,p}, and C is the complement of a set, and
Sa = U SA o
a€S(p)

(see also [10]).

Definition 1.14. We say that a (finite) Markov chain (F,),s, is [A]-
simple if P, € Sa, Yn > 1, where A € Par (5).

Definition 1.15. We say that a Markov chain (P,),>1 is diagonal [A]-
simple if P,, € SA o, Yn > 1, where o = id, i.e., the identity permutation, and
A € Par (9).

Definition 1.16. We say that a Markov chain (P,),>1 is cyclic [A]-simple
if P, € Sa,», Vn > 1, where o is a cycle and A € Par (5).

Also, we consider the following notions:

(a) Sa is the set of [A]-simple matrices; A € Sa is a [A]-simple matriz;

(b) Sa,s, where o = id, is the set of diagonal [A]-simple matrices; A €
S is a diagonal [A]-simple matriz;

(c) USa,s, where o is a cycle, is the set of cyclic [A]-simple matrices;

g
A e |JSa is a cyclic [A]-simple matriz. (Also, the cyclic matrices from the
ag

homogeneous case are example of cyclic [A]-simple matrices, where A is, e.g.,
the partition of cyclic subclasses.)

Remark 1.17. (a) The weak and uniform weak A-ergodicity properties
of [A]-simple Markov chains (without naming them) were studied in [10].

(b) The cyclic [A]-simple Markov chains appear, e.g., in Theorems 2.8,
2.11, 2.13, and 2.16 from [13].
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(c) If a Markov chain is diagonal [A]-simple, this does not mean that it
has the nonzero blocks on the main diagonal. But using a permutation matrix
we can obtain the diagonal form. Indeed, let, e.g.,

1 1
P, = 0 1 0 , Vn>1
1 0 1—41
n n

This chain is diagonal [({1,3},{2})]-simple, but it does not have the nonzero
blocks on the main diagonal. Considering the permutation matrix

1 00
Pp=100 1],
010
we have
1-+ L 9
Q, =P P,P = i 1-1 0], vn=>1,
0 0 1

in diagonal form, where P’ is the transpose of P. A similar thing happens for
a cyclic [A]-simple Markov chain.

Definition 1.18. Let E be a nonnegative m x n matrix. We say that E
is a generalized stochastic matriz if there exist a > 0 and I’ € Sy, , such that
E =akF.

Let

Ga = {P | P€ S, and VK, L € A, P[% is a generalized stochastic matrix} ,
where A € Par (5).
Remark 1.19. We have Sa C Ga and S(g) = G(s) = G(131),_, = Sr-

i€S
Definition 1.20 ([11]). We say that a Markov chain (F,),s, is [A]-
groupable if P, € Ga, Vn > 1.

Also, we consider the following notions: Ga is the set of [Al]-groupable
matrices; A € Ga is a [A]-groupable matriz.

THEOREM 1.21 ([14]). Consider a [A]-groupable Markov chain (Py)n>1.

Then the chain is weakly [Al-ergodic if and only if it is limit weakly [A]-
ergodic.

Proof. See [14]. O
For [A]-simple Markov chains we can say more.

THEOREM 1.22. Consider a [A]-simple Markov chain (Py)n>1. Then the
following statements are equivalent.
(i) The chain is weakly [A]-ergodic.
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(ii) The chain is weakly A-ergodic.
(iii) The chain is limit weakly [A]-ergodic.
(iv) The chain is limit weakly A-ergodic.
Proof. (i)« (iii) See Remark 1.19 and Theorem 1.21.
(i)e(ii) Obvious.
(ii)=(iv) Obvious.
(iv)=-(iii) Obvious. [
THEOREM 1.23 ([14]). Consider a Markov chain (Py)n>1. If the chain is
(1) weakly [Al-ergodic,
and
(i) limit weakly A-ergodic,
then it is weakly A-ergodic.

Proof. See [14]. O
Using Theorem 1.23 we can generalize (iv)=-(ii) from Theorem 1.22.

THEOREM 1.24. Consider a [A]-groupable Markov chain (Py,)n>1. If the
chain is limit weakly A-ergodic, then it is weakly A-ergodic.

Proof. If the chain is limit weakly A-ergodic, then it is limit weakly
[Al]-ergodic. It follows from Theorem 1.21 that it is weakly [A]-ergodic. Now,
by Theorem 1.23, it is weakly A-ergodic. [J

Remark 1.25. The converse of Theorem 1.24 is not true. Indeed, let

1 00
P, = 0 1 0], Va>1.
1-1 Lo

This chain is [({1},{2},{3})]-groupable. We have P,,,, = Ppy41,Yn > m,
therefore the chain is weakly (even strongly) ({1},{2},{3})-ergodic. Since

P, —

as n — 00,

_ 0 =
O = O
OO O

it follows that it is limit weakly (even strongly) ({1,3},{2})-ergodic.
In A-ergodic theory it is doubtful to find a submultiplicative ergodicity
coefficient which generalizes & better than 7a. In this sense see Remark 1.14(3)
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from [11] and the following basic example. Let

1 1 1 1
3 2 00 22 00
1 2 1 1 1
121 L1l g o
P1:44 4,Pn:2212,Vn>2

00 01 00 L2

1 2
1000 00 1 2

The matrix P; destroys the ({1,2},{3,4})-ergodicity of the chain (P,),>2. On
account of this, we shall invoke the perturbation method (see, e.g., [2], [5], [8],
9, [10], [11], [12], and [14))

Definition 1.26. Let (P,)n>1 and (F,),~; be two (finite) Markov chains.
We say that (P,),~; is a perturbation of the first type of (Pn)n>1 if

> 1P = Prll < oo

n>1

Definition 1.27. Let (P,)n>1 and (P,),,; be two Markov chains. We say
that (P’)n21 is a perturbation of the second type of (P)n>1 if

n
/
H‘Pn_Pn‘H —0asn— oo
o0

(this is equivalent to P,, — P} — 0 as n — 00).

We note that perturbation of the first type is a good method for the
study of the weak and strong [A]- and A-ergodicity while perturbation of the
second type is a good method for the study of the uniform weak and strong
[A]- and A-ergodicity. Also, we note that

3 lim ||| Prn = Pl Ym 20,

when (P,),>1 is a Markov chain and (P)),~, is a perturbation of the first
type of it. For to prove this, let m > 0. Let x and y be two limit points

of the sequence (H‘Pm” - Pr,nnwoo)
’ n>m

subsequences of the sequence of natural numbers with ny,t; > m such that

Let (ng);>; and (), be two

. /
lim H‘Pmnk — Pm,nk

k00 =z and ZE»TOH‘PWM_PT/"WH‘OO:%

I

respectively. Suppose that x # y and, e.g., x < y. Using the inequality

p
|41 Az -+ Ay — BiBy -+ Bylll o < > |14 — Bulll »
v=1
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where p > 1 and Ay, Ay, ..., Ay, B1,Bs,...,B, € S, (see [5]) we obtain
12}

1Pt = Pl g < P = Pl + D2 [P =Pl <
v=ng+1

< WP~ Pl P~ Pl > Uit >
v>ny

So,
Y < B = Pl oo+ 22 1B = Pifll, . VE 21

v>ny
Further, it follows that y < z, so we have reached a contradiction. Therefore
z = y. Hence 3 lim ||| P — T’nnm . Moreover, (H’Pmn - P;nnmoc)
n—00 ’ n>m
is convergent because H‘Pmn P nH’ , Vn > m.

The next theorem is a corrected version of Theorem 3.15 from [14]. It is
a basic result for perturbations of the first type. Also, it is one of the results on
which is based our method called the looping through limit A-ergodic theory.
For short, we call it the looping method. The looping method consists in
passing from A-ergodic theory to limit A-ergodic theory, then coming back.

THEOREM 1.28. Let (Py,)n>1 be a strongly A-ergodic Markov chain and
(P,’l)n21 a perturbation of the first type of it.
(i) (Pn)n>1 4s limit weakly A-ergodic if and only if (P)) n>1 18 limit weakly

A-ergodic.
(i) lim lim Py, = Q if and only if lim lim P, = Q, where
Q€ S,.

(iii) (Pn)n>1 4s limit strongly A-ergodic if and only if (P, W )n>1 08 limit
strongly A-ergodic.

Proof. See [14]. O

Remark 1.29. Theorem 1.28 cannot be extend to perturbations of the
second type. Indeed, if, e.g.,

- 1 10
o n n /o
Pn_( . 1_1>’ Pn_<0 1>, Vo > 1,
n

then the chain (P,)n>1 is strongly ergodic while (P},), -, is strongly ({1}, {2})-
ergodic. Hence (F,),>; is limit weakly and strongly ergodic while (Py),,, is
limit weakly and strongly ({1}, {2})-ergodic.

Theorem 1.28(i) cannot be generalized for an arbitrary (P,),>1. We need
a more general equivalence relation than that given in Definition 1.8 to obtain
a result similar to Theorem 1.28(i). For this, let ,j € S. We say that i and
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j are in the same limit weakly ergodic class in a generalized sense if Vk € S
we have

lim sup lim sup | (Fpn) 5, = (Pmyn) ji.| = 0.

m—0o0 n—oo
Now, it is easy to verify that a result similar to Theorem 1.28(i) (see its proof)
holds in a generalized sense for an arbitrary (P,),~,. We call it Theorem
1.28(1)". Also, it is easy to verify that Theorems 1.21, 1.22, 1.23, and 1.24
have similar versions in a generalized sense. (Note that in such a theorem
and the corresponding one in a generalized sense, (P,)p>1 verifies the same
conditions, except for the limit ones.) We call they Theorems 1.21', 1.22',
1.23', and 1.24, respectively.

As concerns weak A-ergodicity under perturbation, the following result

is the main theorem of this section (we prove it by the looping method).

THEOREM 1.30. Let (P,)n>1 be a Markov chain and (P,),~, a perturba-
tion of the first type of it. If (Py)n>1 is weakly A-ergodic and limit weakly A-
ergodic in a generalized sense and (P},), -, is weakly A'-ergodic, then A" < A.

Proof. Tt follows from Theorem 1.28(i)" that (F,),>; is limit weakly
A-ergodic in a generalized sense. Now, it is obvious that A" < A (see also
Theorem 2.9 from [14]). O

If (P,)n>1 is [A]-simple we can say more.

THEOREM 1.31. Let (Pp)n>1 be a [A]-simple Markov chain and (P}), >
a perturbation of the first type of it. If (Pn)n>1 is weakly A-ergodic and
(P)n>1 is weakly A'-ergodic, then A" < A.

Proof. See Theorems 1.22" and 1.30. O

If (Pn)n>1 is [A]-simple and (P)),,~, is [A]-groupable we can say even
more.

THEOREM 1.32. Let (Pp)n>1 be a [A]-simple Markov chain and (P}), -
a [A]-groupable perturbation of the first type of it. Then (Pn)n21 is weakly
A-ergodic if and only if (Pé,)nZI is weakly A-ergodic.

Proof. “=" We use the looping method. If (F,),~, is weakly A-ergodic
then, by Theorem 1.22', it is limit weakly A-ergodic in a generalized sense. By
Theorem 1.28(i)’, the chain (P)), -, is limit weakly A-ergodic in a generalized
sense. Now, it follows from Theorem 1.24’ that (P.), -, is weakly A-ergodic.

“e=" If (P), >, is weakly A-ergodic, then JA’ € Par (S) with A < A’
such that it is limit weakly A’-ergodic in a generalized sense. By Theorem
1.28(1)', (Py)n>1 is limit weakly A’-ergodic in a generalized sense. It follows



192 Udrea Paun 10

that A’ < A because (P,)n>1 is [A]-simple. Therefore A’ = A. Now, by
Theorem 1.22; (P,),>1 is weakly A-ergodic. O

In particular, if A = (S) then we obtain a result from [2].

THEOREM 1.33 ([2]). Let (Pn)n>1 be a Markov chain and (Py),~, a
perturbation of the first type of it. Then (Py)n>1 is weakly ergodic if and only
if (Pp)n>1 is weakly ergodic.

Proof. See [2] or Theorem 1.32 (for A = (S)). O

Remark 1.34. In general, in Theorems 1.30 and 1.31 we cannot have
more than A’ < A. For this, we give three examples.
(a): an example with a transient state. Let

1 1

Pi=|1-2% 0 % |, vn>1
0 0 1
We have
0= () ¢
(7{L7{L+1){172}: (1_#) (1_W) o |, Vn=>1,
0 0

(PP Pr) " = (e ) (1- ) (1 o) 0 |72

etc. It follows that

o 1 (-2)- () 11 (-2)-

k=m+1 =m+2
1
— 1—7)2 ay as n — oo, VYm >0,

and

(Prn)gy = (1 - 2(7%17“)2) ﬁ <1 - %) N

k=m-2

1
—><1—72>amasn—>oo, VYm > 0,
2( )
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where
e 1
on=tin TI (1-7):
k=m+2
Therefore the chain is weakly (even strongly (see also Theorem 1.43))

({1},{2},{3})-ergodic because 0 < a,, < oo (in fact, a,, < 1). Instead, if

100
Po=|100], vn>1,
00 1

then (P,)n>1 is weakly (even strongly) ({1,2}, {3})-ergodic. Obviously, (P, )n>1
is [({1,2},{3})]-simple and (P)),>1 is a perturbation of the first type of it.
(b): an example without transient states. Let

32 0
Po=| 3% L 0 |=4 vn>1,
00 1
and
33 0
pP=|312 1|, B.=4 vn>2
00 1

Obviously, (P),~, is a perturbation of the first type of (P,)n>1. The chain
(P,)n>1 is weakly (even strongly) ({1,2},{3})-ergodic while (P.), -, is weakly
(even strongly) ({1},{2},{3})-ergodic. We note that P, = P,,¥n > 2, there-
fore the matrix P| makes (P}),~; not weakly ({1,2},{3})-ergodic.

(c): an example where Theorem 1.28 is used. Let

1 1
3 32 0
Pn: %%0 9 VnZL
0 0 1
and
1 1_ 1 1
2 2 an2  4n?
p=14% i 0 |, Vn>1
0 0 1

Obviously, (P,)n>1 is weakly (even strongly) ({1,2},{3})-ergodic and limit
weakly (even strongly) ({1,2}, {3})-ergodic. Is (P}),~, weakly (even strongly)
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({1,2},{3})-ergodic? Suppose that (P)),~, is weakly ({1,2},{3})-ergodic.
Then R
tim ((Prun)y, = (Phn)y ) =0, Ym0,

n—oo

By Theorem 1.28, (F}),; is limit weakly ({1,2},{3})-ergodic. Therefore,

n

2 olo 3. It follows that there exists u > 0 such that

(Pin)ys = Lasn — oo,

because
(Pr’mn)33 =1, VYm,n, 0<m<n.
We have
3 3
( 1:—1,71)11 B ( 71—1,”)21 = Z (P;) 1k (P;,n)kl - Z (P;)zk (P;,n)kl =
k=1 k=1
1 1 1 1 1
= 3 (Pl (3 qm) (Bl = 3 (Pl = (P =
1
:_W( {L’n)21—>0asn—>oo,

because of the hypothesis. Therefore,
(Pin)y, — 0asn— oo

Since

3
1 1
(P{w)m = Z ( 11,n—l)zk (P;b)kzl = 9 ( llw—l)m + 9 ( llw—l)m ’

it follows that

Hence
(Pin)ys — Lasn— oo
Contradiction.
Further, we consider strong A-ergodicity.

THEOREM 1.35 ([14]). Consider a Markov chain (P,)n>1. Then the chain
18 strongly ergodic with limit I1 if and only if it is limit strongly ergodic with
limat 11.

Proof. See [14], Theorem 2.27 (it follows from its proof that II is a
common limit). O

THEOREM 1.36. Consider a diagonal [A]-simple Markov chain (Py)n>1.
Then the following statements are equivalent.

(i) The chain is strongly A-ergodic with limit TI.

(ii) The chain is limit strongly A-ergodic with limit 1.



13 Perturbed finite Markov chains 195

(iii) The chain ((P, g)n>
(iv) The chain ((P,)% L1088 limit strongly ergodic with limit e,
VK € A. B

Proof. (1)< (ii) It follows from Theorem 1.35 applied to the chains
((Pn)ﬁ)n21 VK e A,

(i)<(iii) Obvious.

(iii)<(iv) See Theorem 1.35. [

Lis strongly ergodic with limit % VK € A.

THEOREM 1.37. Consider a [A]-simple Markov chain (Pp)p>1. Then it
is strongly A-ergodic if and only if Ing > 1 such that (Pp)n>n, 5 a diagonal
[A]-simple Markov chain and ((Pn)g)n>n0 is strongly ergodic, VK € A.

Proof. “=" Let A = (K1, Ka,...,K,). Obviously, Vn > 0, 3o, € S (p)
such that P, € Sas,. We can find a permutation matrix P such that @, :=
P'P,P,n >1,is a [A]-simple Markov chain with the property that the states
from K correspond to rows 1,2,...,|K;|, those from Ky to rows |Ki|+ 1,
|Ki|+2,..., K|+ |K2| etc. Let

1, if (Qu)g" #0
0, if (Qu)k" =0

Vu,v € {1,2,...,p}, Vn > 1. Then R, is a permutation matrix corresponding
to Qn, Vn > 1. Clearly, HnangO Ry, Ym > 0, if and only if dng > 1 such
that R, = I, Vn > ng, where Ry, , :== Ry 11 Rpmy2--- Ry, Vm,n, 0 <m < n.
It follows that Ing > 1 such that (P,)p>n, is a diagonal [A]-simple Markov
chain. Since the chain (P,),>; is strongly A-ergodic, (Py,)n>n, is strongly
A-ergodic. Now, it follows from Theorem 1.36 that ((Pn)g) is strongly
ergodic, VK € A.
“<” Obvious. [

n>ng

Theorem 1.37 allows us to reduce to the study of diagonal [A]-simple
Markov chains when we study the strong A-ergodicity of [A]-simple Markov
chains. An example is the following result.

THEOREM 1.38. Consider a [A]-simple Markov chain (Py)n>1. Then the
chain is strongly A-ergodic if and only if it is limit strongly A-ergodic.

Proof. 1t follows from Theorems 1.36, 1.37, and 1.41. [J

Remark 1.39. Obviously, in Theorem 1.38 strong A-ergodicity and limit
strong A-ergodicity in general are with different limits (a excepted case is in
Theorem 1.36).

THEOREM 1.40 ([14]). Consider a Markov chain (Py)n>1. If the chain is
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(i) weakly [Al-ergodic,
and

(ii) limit strongly A-ergodic,
then it is strongly A-ergodic.

Proof. See [14]. O

Using Theorem 1.40 we can generalize an implication from Theorem 1.38
(thus we obtain for strong A-ergodicity the similar result to that for weak A-
ergodicity from Theorem 1.24).

THEOREM 1.41. Consider a [A]-groupable Markov chain (Py,)n>1. If the
chain is limit strongly A-ergodic, then it is strongly A-ergodic.

Proof. If the chain is limit strongly A-ergodic, then it is limit weakly [A]-
ergodic. By Theorem 1.21, it is weakly [A]-ergodic. Now, by Theorem 1.40,
it is strongly A-ergodic. [

Remark 1.42. The converse of Theorem 1.41 is not true. For this, see
the example from Remark 1.25.

Further, we study strong A-ergodicity under perturbation. Some results
will be similar those for weak A-ergodicity. We begin with a basic result
from [5].

THEOREM 1.43 ([5]). Let (Py)n>1 be a Markov chain and (P)),~, a
perturbation of the first type of it. Then 3A € Par(S) such that (Py,),>1 is
strongly A-ergodic if and only if 3A’ € Par(S) such that (P}),~, is strongly
A’-ergodic. -

Proof. We give a full proof of this result here since in [5] it was stated
without proof and in [14] (see Theorem 3.12) there was given an incorrect
proof. By symmetry, it is sufficient to suppose that (P,),~; is a strongly
A-ergodic chain and prove that A’ € Par(S) such that (P.), -, is strongly
A’-ergodic. -

First, we show that (Pfln,n)n>m is a Cauchy sequence, Vm > 0. Let m > 0.
We have

1B = Pl = BiPl — PhuiPassll. <
< 1Bl 112 = Pl = 1B = Bl <
N1 = Pl + 1P = Pl + [ Pres = Pyl <

<2 Z “‘Pk_P]:;“‘OO+|HPt,n_Pt,'rl+pH‘ooa V?’L,t, m <t <mn, VPZO
k>t+1
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(for the last inequality see before Theorem 1.28). Let ¢ > 0. Then 3t. > m
such that

€
2 P-Pilllo <5 W2t
E>t+1
Because (Py) vsy 18 convergent, Yu > 0, it is a Cauchy sequence, Vu > 0.
Hence dn. > t. such that

g
H‘Pte,n_Pts,n-&-p’Hoo <7, Vn=>ne Vp=>0.

2 )
Further, it follows that In. > m such that

|| P = Pronnlll, < g + g =g Vn>n., Vp>0

(this is equivalent to lim (P}, , — P} ) = 0 uniformly with respect to

m7n+p
n—oo
p>0),ie., (P"/n:n)n>m is a Cauchy sequence, therefore is convergent.

Now, since JA’ € Par(S) such that the chain (P,

n

Jn>1 18 weakly A’-
ergodic and (Pfln,n)n>m is convergent, Vm > 0, the chain (PT’L)n21 is strongly
A’-ergodic. [

Another main result is as follows.

THEOREM 1.44. Let (P)n>1 be a Markov chain and (F,),~, a perturba-
tion of the first type of it. If (Pp)n>1 is strongly A-ergodic and limit strongly
A-ergodic and (P,), >, is strongly A’-ergodic, then A" < A.

Proof. 1t follows from Theorem 1.28(iii) that (), is limit strongly
A-ergodic. Therefore A’ < A. O

If (P,)n>1 is [A]-simple we can say more.

THEOREM 1.45. Let (Pp)n>1 be a [A]-simple Markov chain and (F;),, >
a perturbation of the first type of it. If (Pn)n>1 is strongly A-ergodic and
(P})>1 is strongly A'-ergodic, then A" < A.

Proof. See Theorems 1.38 and 1.44. [

If (P,)n>1 is [A]-simple and (FP},),~; is [A]-groupable we can say even
more. -

THEOREM 1.46. Let (Pp)n>1 be a [A]-simple Markov chain and (P}), -,
a [A]-groupable perturbation of the first type of it. Then (Pn)n21 1s strongly
A-ergodic if and only if (P,’l)n21 is strongly A-ergodic.

Proof. “=" We use the looping method. If (F,),~ is strongly A-ergodic,
then by Theorem 1.38 it is limit strongly A-ergodic. By Theorem 1.28(iii), the
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chain (PT’L)n21 is limit strongly A-ergodic. Now, it follows from Theorem 1.41
that (Py,), is strongly A-ergodic.
“=r If (PT’L)n21 is strongly A-ergodic, then it is weakly A-ergodic. By

Theorem 1.32, (Pn)nzl is weakly A-ergodic. Now, it follows from Theorem 1.43
that (Py)n>1 is strongly A-ergodic. O

In particular, if A = (5), then we obtain a result of Fleischer and
Joffe [2].

THEOREM 1.47 ([2]). Let (Pn)n>1 be a Markov chain and (Py),, a
perturbation of the first type of it. Then (P,)n>1 1s strongly ergodic with limit
IT iof and only if (PT’L)n21 18 strongly ergodic with limat II.

Proof. See [2] or the following lines. By Theorem 1.46 for A = (95),
(Py)n>1 is strongly ergodic if and only if (P)), ~, is strongly ergodic. Now, we
show that both chains have the same limit. By symmetry, it is sufficient to
prove just an implication. We use the looping method. If (P,),>1 is strongly
ergodic with limit II, then by Theorem 1.35 it is limit strongly ergodic with
limit II. By Theorem 1.28(ii), this implies that (P}), -, is limit strongly er-
godic with limit II. By Theorem 1.35 again, (P},),>; is strongly ergodic with
limit II. O -

Remark 1.48. (a) In general, in Theorems 1.44 and 1.45 we cannot have
more than A’ < A. For this, see the examples from Remark 1.34.

(b) In Theorem 1.46 it is possible that the chains have different limits
(Pp — Iy, P, —1II, as n — oo, Ym > 0). Indeed, for

s

1 3

110

_ 3 1 _
P, = 3 10 =A VYVn>1
0 0 1
and
0 0 1
PP=(001], P=A Vn>2,

1 00

both chains are [({1,2}, {3})]-simple and (F,),,>, is a perturbation of the first
type of (Pp)n>1. But (P,)n>1 is strongly ({1,2},{3})-ergodic with (unique)
limit

1 1
2 3 0
_ 1 1 1
n=| % 1o
0O 0 1
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while (Py),,> is strongly ({1,2}, {3})-ergodic with limits

00 1
Iy=PI=|0 01 and I, =TI, Vm>1.
1 1
11y
2 2

(¢) Theorem 1.46 gives a simpler and more general criterion of strong
A-ergodicity than that from Theorem 3.19 of [14].

(d) If (Py)n>1 is [({i});cq)-simple and weakly (respectively, strongly)
({i});eg-ergodic, then any perturbation of the first type of it is weakly (re-
spectively, strongly) ({i});cg-ergodic. An example is P, = I, Vn > 1, and
other, more general, is P, = P, Vn > 1, where P is a permutation matrix.

Now, we consider [Al]-ergodicity under perturbation of the first type. For
this, we first give the following result.

THEOREM 1.49. Let (P,)n,>1 be a Markov chain and (P}),~, a pertur-
bation of the first type of it. -
(i) (Pn)n>1 is limit weakly [A]-ergodic in a generalized sense if and only

if (P;L)n21 is limit weakly [A]-ergodic in a generalized sense.
(il) (Pu)n>1 is limit strongly [A]-ergodic if and only if (P}),s, is limit

strongly [A]-ergodic.
Proof. See Theorems 1.28 and 1.28(i)" and Theorem 2.13 from [14]. O

Remark 1.50. Theorems 1.32 and 1.46 cannot be generalized (for A-
ergodicity) if (Py)n>1 and (P)),~,; are [A]-groupable Markov chains. In-
deed, let -

1 0 0 1 0 0
P,=(010], P= 0 1 0], va>1
100 1-L4 40
Because Py, = Ppny1 and Py, = Py, Ym,n, 0 < m < n, the chain

n

and strongly ({1}, {2}, {3})-ergodic. Obviously, (P,), -, is a perturbation of

the first type of (P,),>1 and both chains are [({1},{2},{3})]-groupable.
Related to Theorems 1.32 and 1.46 and Remark 1.50 we show that weak

and strong [Al-ergodicity is preserved for [A]-groupable Markov chains under

perturbations of the first type.

(Pn),>1 is weakly and strongly ({1,3}, {2})-ergodic while (F,),~, is weakly

THEOREM 1.51. Let (P,)p>1 be a [A]-groupable Markov chain and
(P),>1 a [A]-groupable perturbation of the first type of it.

(i) (Py)n>1 is weakly [A]-ergodic if and only if (PL), <, is weakly [A]-
ergodic. -
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(i) (Pu)n>1 is strongly [A]-ergodic if and only if (Py),>, is strongly
[A]-ergodic.

Proof. By symmetry, in both cases it is sufficient to prove just an impli-
cation.

(i) Suppose that (P,),>1 is weakly [A]-ergodic. Then, by Theorem 1.21’,
(Pp),> is limit weakly [A]—grgodic in a generalized sense. By Theorem 1.49,
(P),~, is limit weakly [A]-ergodic in a generalized sense. Now, by Theo-
rem 1.21" again, (P!), ., is weakly [Al]-ergodic.

(ii) Suppose that (P,),>1 is strongly [A]-ergodic. It follows that it is
weakly [A]-ergodic. It follows from (i) that (P;),,~, is weakly [A]-ergodic. But,

by Theorem 1.43, 3A’ € Par(S) such that (F,,),,> is strongly A’-ergodic. Now,
the result is obvious because weak [A]-ergodicity and strong A’-ergodicity

imply strong [Al]-ergodicity. O

Remark 1.52. (a) In particular, Theorem 1.51 can be applied to chains

with ‘transient states’. For this, let A = (K1, Ka,..., Kp,{i}),c; € Par(5),

P
wherep > land 0 # T =S — |J Ky, and let (P,),>1 be a Markov chain such
1

u=
that ((Pn)g%ﬁ)n>1 is (K1, Ka, ..., Kp)]-simple and 3n > 1 such that (BP,)$ #
0 (in this case we say that (P,),>1 is with ‘transient states’). It follows that the
chain (P,)n>1 is [A]-groupable. Let (P)), -, be a [A]-groupable perturbation
of the first type of (P,)n>1. By Theorem 1.51, (P,), -, is weakly (strongly)
[A]-ergodic if and only if (P.), -, is weakly (strongly) [A]-ergodic.

(b) (a) and Theorem 1.51(ii) give a better criterion of A-ergodicity than
that from Theorem 3.17 of [14] (in fact,this theorem is due to Mukherjea
and Chaudhuri [5]) in the special case when the chain (P,),,~; from there is
[A]-groupable, where A is as in (a). (See also Remark 2.15(a).)

Remark 1.53. From this section it is easy to see that we can obtain
information about limit [A]- and A-ergodicity. Thus, if (P,),>1 is a [A]-
simple and weakly (strongly) A-ergodic Markov chain, then any perturbation
of the first type of it is limit weakly (strongly) A-ergodic in a generalized sense
(in the usual sense).

2. UNIFORM ERGODICITY

In this section we give some results on uniform weak or strong ergodi-
city. Then considering perturbations of the second type and using the blocks
method we obtain other results.
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Definition 2.1 (see, e.g., [3, p. 221]). We say that a (finite) Markov chain
(Pp)n>1 is uniformly weakly ergodic if Vi, 5,k € S we have

lim | (Posmin)ig = (Promn) | =0

n—oo
uniformly with respect to m > 0.

Definition 2.2 (see, e.g., [3, p. 226]). We say that a Markov chain (P,)n>1

is uniformly strongly ergodic if Vi, j € S the limit

Jm (Pomn )y 1= 7
exists uniformly with respect to m > 0 and does not depend on i (it is easy
to prove that this limit (when it exists) does not also depend on m).

The following theorem is on uniform weak ergodicity, but it can be gener-
alized for uniform weak [Al-ergodicity using [A]-groupable Markov chains and
YA instead of & (see Theorem 3.14 from [11] and Theorem 1.5 and Remark 1.6
from [12]).

THEOREM 2.3. Let (Py,)n>1 be a Markov chain and k and k' two natural
numbers. Then the following statements are equivalent.
(i) The chain is uniformly weakly ergodic.

(ii) limsuplimsup a (P,—;,) = 0.
[—o0 n— oo
(iii) limsuplimsup a (P, ,+;) = 0.
l—oo n—oo
(iv) limsup limsup & (Py,—k1,n) =0, if k> 1.
[—o0 n— oo
(v) limsuplimsup & (P, y4#1) = 0, if k> 1.
l—o0 n— oo
(vi) limsuplimsup & (Py_p k) =0, if k+ & > 1.
l—o00 n—oo

Proof. (1)< (ii)< (iii)< (iv)<(v) See Theorem 3.14 from [11] and Theo-
rem 1.5 and Remark 1.6 from [12].
(v)=(vi) The case k' = 0 is obvious. For k¥’ > 1, from

& (Po—pintkt) <@ (Po—pin) @ (Popgrt) <& (Ponkt)
using (v), we have (vi).
(vi)=(v) The case k' = 0 is obvious. Now, let k¥’ > 1. Setting u = n—k'l,
we have n + kl = u+ (k + k') [, so that
0 = limsup lim sup « (Pn—k’l,n+kl) = lim sup lim sup « (Pu,u+(k+k’)l) .

l—o0 n—oo l—o0 U—00

Therefore (v) holds with k + &’ instead of k. But (v) implies (i), i.e., the chain
is uniformly weakly ergodic. Since (i) implies (v), we obtain (v). O
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PROPOSITION 2.4. Let P,Q,Il € S, and II be a stable matriz (i.e., it
have all rows identically). Then

(i) @ (P) < [[|1P =]l ;

(ii) [[|1PQ = || o < [}|Q =TI 5

(iif) UIPQ — o < 1P =Ml , i TQ = 1II;
(iv) a (PQ) < [I|Q — IT||| . ;

(v) a (PQ) < |[|P =TIl , & TIQ = IL.

Proof. (i)
; - - <
(P)= 5 s, D P P
1 T
< Z ) Py <
< 5 max (| Pig — T | + |TLig — Pjg|) <
k=1
1 T
=g ra |Pik = T + X Z L% — Pixl =
1
= 5 1P = ffl —H|P—H\||OOZH\P—H\HOO

(i)
I1PQ — 1|l = [[[PQ — PH|[l o, = IIP(Q =D, <
<Pl 11Q = [l = [11Q — Ml
(iii) Similar to (ii).
(iv) Using (i) and (ii), we have
a (PQ) < [IIPQ — ] < [[1Q — ]l
(v) Similar to (iv). O
THEOREM 2.5 ([9]). Let (Py)n>1 be a Markov chain. Then it is uniformly

strongly ergodic if and only if it is uniformly weakly ergodic and strongly er-
godic.

Proof. See 9. O
For uniform strong ergodicity the result similar to Theorem 2.3 is

THEOREM 2.6. Let (Py,)n>1 be a Markov chain and k and k' two natural
numbers. Then the following statements are equivalent.
(i) The chain is uniformly strongly ergodic with limit I1.

(ii) lim sup lim sup ||| P,—;,, — ||| , =
l—o00 n—0o0
(iii) lim sup hm sup | Prntr — HH|OO =
l—o0
(iv) hmsuphmsup N Pr—kt,n — |l o =0, if k> 1.

|—o0 n— 00
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(v) limsup limsup ||| Py nyr — |||, =0, if k> 1.

l—o00 n—oo
(vi) lim sup lim sup H ‘Pn_k/l,mrkl — H‘ HOO =0,if k+K >1.
l—o0 n—oo

Proof. We only prove (i)<>(iii). The others are left to the reader (see the
proof of Theorem 2.3 and use Proposition 2.4).

(i)=(iii) By Theorem 2.5, the chain (P,),>1 is strongly ergodic with
limit II, ie., Py, — Il as n — 0o, Vm > 0. For 0 <m < n <n + 1, we have

|HPn,n+l - H|Hoo < |||Pn,n+l - Pm,n+l’||oo + H|Pm,n+l - H|||Oo =

= H|Pn,n+l - Pm,nPn,n-i-lmoo + |||Pm,n+l - HH‘OO <

(we use a well-known inequality, namely || RP|||, < || R||| @ (P), where R is
an m X n real matrix with Re’ = 0, €’ is the transpose of e = (1,1,...,1) € R"
and P € S, (see, e.g., [12]))

<Hr = Prnlllog @ (Prntt) + 1 Bangr — Tl <

<26 (Pont) + 1 Bnnt — Ul
so that
limsup ||| Py — |||, < 2limsup & (P i), VI > 1.
n—oo

n—oo

Further,

lim sup lim sup ||| Py gt — ||, < 2limsuplimsup & (P, ;41) =0
n—oo

00 —00 n—00

because the chain is uniformly weakly ergodic (see Theorems 2.3 and 2.5).
Therefore (iii) holds.
(iii)=-(i) By hypothesis and Proposition 2.4(i) we have

lim sup limsup a (P, 54+1) = 0,

|—o00 n—oo

ie., (Py)p>1 is uniformly weakly ergodic. Now, we show that (P,),>1 is
strongly ergodic with limit II. For this, if 0 < m < n and | > 1, by Proposi-
tion 2.4(ii) we have

|||Pm,n+l - Hll\oo = |HPm,nPn,n+l - HH|OO < H‘Pn,m—l - Hll\oo .
It follows from (iii) that

lim sup lim sup ||| Py g — Hl|| , =0, Vm > 0.

|—o00 n—oo

Let m > 0. Then Ve > 0,3l; > 1 such that
limsup ||| Py — IIJ|| <&, V> L.

n—oo
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This implies
limsup ||| P ngr. — ||, <&
n—oo
By the definition of lim sup we have

2 Pt = e <

so that In. > 1 such that

sup ||| P pri. — Ul <&, Vn > ne.
p>n

Thus,
N Prptr. — Ol <& YD >ne.
Setting ©w = p + I, and u. = ne + [, we have
|| P — |||, <&, Vu > ue,
i.e., Py — Il as u — oo. Finally, by Theorem 2.5 we obtain (i). O

Now, we consider perturbations of the second type to get other results.

THEOREM 2.7 ([8]). Let (Pn)n>1 be a Markov chain and (P,),, be a
perturbation of the second type of it. Then the chain (Pn)n21 18 uniformly
weakly ergodic if and only if the chain (PT’L)TL21 18 uniformly weakly ergodic.

Proof. See [8]. O

Further, we give a similar result of Theorem 2.7 which is due to Fleischer
and Joffe [2].

THEOREM 2.8 ([2]). Let (Pp)n>1 be a Markov chain and (P)),~, be a
perturbation of the second type of it. Then the chain (Py),~, is uniformly
strongly ergodic with limit 11 if and only if the chain (P;L)n;l 18 uniformly
strongly ergodic with limat 11. B

Proof. See [2] or the following lines. By symmetry, it is sufficient to
prove just an implication. Suppose that (F,),>1 is uniformly strongly ergodic
with limit II . Let @, = P} — P,, Yn > 1. Then P} = P, + Qn, Yn > 1, and
@n —0asn—o00.Let I >1and n > 0. Then

1P = Tl = [ Pagntt + R (o + 1) = 0|, <
<M Punsr = Ml g + 1R (ny 7+ Dl »

where R (n,n + 1) is the sum of the terms left (there are 2/ — 1 such terms and
this number does not depend on n). Further,

lim sup H’Pé,n-x-l — HH‘OO <limsup||| Py — [, VI>1,
n—oo n—oo
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because lim |[|R (n,n +1)|/|,, = 0. Therefore

lim sup lim sup H‘Prlz,n-i-l — HH ’OO =0,
l—o00 n—oo

i.e., by Theorem 2.6, (P )n>1 is uniformly strongly ergodic with limit II. ~ [J

n

Remark 2.9. (a) Related to Theorem 2.8, we mention that in [9] we
obtained the following equivalence: (P,)n>1 is uniformly strongly ergodic if
and only if (P)), -, is uniformly strongly ergodic. Theorem 2.8 improves this
result since it says, moreover, that both chains have the same limit.

(b) Using Theorem 2.8, it is easy to give another proof of a theorem of
J.L. Mott (see, e.g., [3, pp. 226]). For the case nh_}rgo Py ik = P, where k > 2,

see Theorem 2.13.

To get a generalization of Theorem 2.8 we shall use the blocks method.
For this, consider two sequences (ki (n)),,~, and (k2 (n)),,~ of nonzero natural
oop 0 En—ki (n) >0,Vn > 1,

and (Pn,n+k2(n))n>0' These will be called the sequence of left-hand blocks

numbers. With (P,),>1 we associate (Pn_kl(n),n)

and the sequence of right-hand blocks, respectively. Moreover, for sequences
(k1 (n)),;>¢ and (ka2 (n)),,( of natural numbers with ky (n)+k2 (n) > 1,Vn > 0,
osg En—Fki (n) > 0,¥n > 0. This
will be called the sequence of bilateral blocks. We used bilateral blocks in, e.g.,
Theorems 2.3 and 2.6 from this section and in Theorem 2.16 from [13].
Further, we shall use only left-hand blocks. The others are left to the
reader. Consider a sequence of left-hand blocks (Pn—k(n),n)n>1 . Either this or

with (P,,),>1 we associate (Pn_kl(n),nJer(n))

the sequence (k (n)),,»; determines a nondirected graph (N,L), where the set
of natural numbers N is the set of vertices and L = {[n — k (n),n]|n > 1} is
the set of edges. Following [12], we call it the graph of left-hand blocks.

A chain in a nondirected graph (V, E) is a (finite or infinite) sequence of
vertices (ns),c; such that [ng,_q1,n] € E,Vs € I — {0}, where I = {0,1,...,t}
in the finite case and I = N in the infinite case. Set C' = [ng,nq,...,n] for a
finite chain and C' = [ng, nq,...] for an infinite chain. Let

L=A{C =[ng,n1,...,n¢|[ns,ns+1] € L and ng < ng1,Vs € {0,1,...,t — 1},
no = 0, and Bl € N such that | — k(I) = n;}
and
M ={C = [ng,n1,...]|[ns,ns+1] € L and ns < ngy1,¥s >0, and ng =0}.

Definition 2.10 ([12]). Let n € N*. We say that n is a right-hand end of
the graph (N,L) if 3C = [ng,n1,...,n:] € L such that n, = n.
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Let m > 0. Consider the condition
(CRm) Vn > m, 3l > n such that n =1 — k(l),

that we call the condition of continuation to the right for natural numbers
(vertices) greater than or equal to m.

Let (here we correct NV, from [12]; we also mention that it is not used in
the theorem we are going to prove)

N, = {C = [ng,n1,...,n € L|ng >n and Ps € {0,1,...,t — 1} with ny >n
for which 3 5’6 M such that ng 65’}, Vn >0

(in words, N,,,n > 0, is the set of finite chains from £ with right-hand ends
> n which are connected with infinite chains from M at vertices < n).

THEOREM 2.11 ([12]). Let (k(n)),>; be a sequence of nonzero natural
numbers such that k(n) < M, ¥Yn > 1. Then

(i) 1< M| < M;

(i) |Na] < M — M|, Vn > 0.

Proof. See [12]. O

For left-hand blocks, Theorem 2.7 has the following generalization.

THEOREM 2.12 ([12]). Let (k(n)),~; be a bounded sequence of nonzero
natural numbers such that (CRv) holds for some v > 0. Let (P,)n>1 and
(Pp)p>1 be two Markov chains such that P, _g(n)n = Pr’l_k(n)’n +Qn,Vn > 1,
where lim @, = 0. Then the chain (P,),~; is uniformly weakly ergodic if and

n—oo
only if the chain (P,’l)n21 is uniformly weakly ergodic.

Proof. See [12]. O
With left-hand blocks, too, we can generalize Theorem 2.8.

THEOREM 2.13. Let (k(n)),>; be a bounded sequence of nonzero natural
numbers such that (CRv) holds for some v > 0. Let (Py)n>1 and (P),>,
be two Markov chains such that P, _yn)n = Pé_k(n)m + Qn, Vn > 1, where
lim @, = 0. Then the chain (P,),~, is uniformly strongly ergodic with limit
Tli[_)i}o and only if the chain (P;L)n21 ?:S’ uniformly strongly ergodic with limit I1.

Proof. Similar to that of Theorem 2.12. We consider two cases.

Case 1. k(n) =1, Vn > 1. See Theorem 2.8.

Case 2. In > 1 such that k(n) > 1. Suppose that k(n) < M, Vn > 1.
Since condition (CRw) holds for some v > 0, then for any n > v, n # 0,
3C = C (n) = [ng,n1,...] € M for which 3¢t > 1 such that n = n,.
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Step 1. We construct two Markov chains. The chain C' determines two
Markov chains (Pns_hns) and (P’ )s>1 (clearly, these chains depend

s>1 Ns—1,Ns

on n and we write (Pn,_, n,(n)), ., and (P, , (n)) ., respectively, when
confusion can arise). Putting R,, = —k(n),n and R, :_P;l_k(n) a V> 1, we
have (Pns_hns)s21 = (Rp,)s>1 and (P | . )s>1 = (R, )s>1. Clearly, Ry, =

Ry, + Qn,, Vs> 1, where Q,, — 0 as s — oc.

Step 2. We show that (R,,,),~; is uniformly strongly ergodic with limit
IT if and only if (R;LS)S>1 is uniformly strongly ergodic with limit II. This is
obvious from Theorem 2.8 (or Case 1).

Step 3. We show that (P,),>1 is uniformly strongly ergodic with limit IT
if and only if (P)), -, is uniformly strongly ergodic with limit II. By symmetry,
it is sufficient to prove that (Pn)n>1 is uniformly strongly ergodic with limit
IT when (P}),,~; is uniformly strongly ergodic with limit II. Let n > [ > M.
Clearly, ds = s_(l), 1 < s <t, such that n — [ < ny_, and suppose that it is the
greatest number with this property. Setting

I, ifn—1=mns_g,
A(l,n) =
Pn—l,nt—w ifn—10<ngg,
by Proposition 2.4(ii) we have

< P =l o = 1B = | -

where Ry, n, = Rny1 Rnyis - Rnys Yo,w, 0 < v < w. Since (P)),~, is
uniformly strongly ergodic with limit II, (R;ZS)S>1 is uniformly stronglgf er-
godic with limit II for any chain (R, ) .. Further, by Step 2 and Theo-
rem 2.6((i)=-(ii)) we obtain

t—s,M

Nw—s,Nw

lim sup lim sup H ’R
§—00 w—00

—Tf|,, =0

for any chain (Ry,),> - By Theorem 2.11(i) and the inequality above we have

lim sup lim sup ||| Py, — ||, < limsup limsup ||| Rp,_, m, (n) —I0I||| =0
l—o0 n—oo 5—00 t—o0
(n = n; and we write Ry, ., (n) because confusion can arise). Hence the
chain (P,)p>1 is uniformly strongly ergodic with limit II. To complete the
proof we shall show that
lim sup limsup ||| R, _, n, (n) — 1| HOO =0.

$—00 t—oo
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By Theorem 2.11(i) we can suppose that M = {C1,Cs,...,Cn}, where
N > 1. By the definition of lim sup we have

limsup ||| R, e (n) = 10[[| o = lim sup ||| Re, _, m, () ~TI]|, =

(n =ny € C; = Cy(y,), where i € {1,2,...,N})

N
- tli,ngosup LJl {H‘Rnkfs,nk (n) — H‘Hoo Ink € Ci k> t} =
1=
i (s [ =T s R, L) =

ng€CY np€CN

(by continuity of max)

= mae (lim sup [||Roy oy~ T oo i sup (|| Ry~ 1)) =
(t—»oo kZE Mk %7 oo kzg e >
ng €Cq ngeCN
— max (Hmsup || Ry = [ limsup ||| R, = T[], ).
t—o0, t—o0,
n€Cq nt€Cpn
Further,
slgt(()lo max (hmsup H ‘Rnt—s,nt — H’ HOO ,...,limsup H ‘Rnt,s,nt - H‘ Hoo) =
t—o0, t—oo0,
nt€Cq nt€CN
s i s | o1 i s | T ) =
t—o0, 8§00 —00,
nt€Cq nt€C N

=max (0,...,0) =0.
Therefore,
limsuphmsuPH’Rntﬂ,m (n) _H‘Hoo =0. O
Example 2.14. Let

§—00 t—oo
0 1
Py, = Lo ) Py, = ;

1 0 L, 1 1
P2,n—1:< )a P2,n:<? 2171 f , Vn=>1
01 2t 37

(this was used in [12] for an example related to Theorem 2.12). Theorem 2.8
cannot be used because

-1 1
P2n—1:P2,n_1+( ) 1), VYn > 1.

Nol— Nl
— :M|,_. ol N[
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On the other hand, Theorem 2.13 can be used for k(1) =1, k (n) = 2, Vn > 2.
Indeed, we have

/ / / /
Pon—29n = Pon—1Pon = Pan, P99, = Pop_1 D5, = Py,

/ / / /
Pon—19n41 = PonPony1 = Pon, Py 0p41 = PopPopyn = Popyy V2 11,

so that
1 1
2[n]  2ofz
Pn—Q,n = P?Q—Q,n + [12] [12] y vn > 2.
s3] 3[3]

The chain (P,)y>1 is uniformly strongly ergodic with limit

(1),

), Ym >0, VYn > m+ 2.

N DN
N DN

because

Pm,n:<

Now, by Theorem 2.13, the chain (P},), -, is uniformly strongly ergodic with
limit IT as above. N

NI— N
NI— N

Finally, from this paper we also draw among other things the conclusions
below.

Remark 2.15. (a) Weak and strong ergodicity (see Section 1) are pre-
served under perturbations of the first type. Also, weak and strong [A]- and
A-ergodicity in some cases. Moreover, for strong ergodicity, the limit is pre-
served. It follows that when we decide whether a chain (F,),>1 is weakly
or/and strongly ergodic (also weakly or/and strongly [A]- and A-ergodic in
some cases), for simplification we can assign value 0 to each entry (,j) for
which }° (Fp);; < 0o, adding then (P,);;, Yn > 1, to a entry (i, k) for which

n>1
> (Po)ik = 0.
n>1

(b) Uniform weak and strong ergodicity (see this section) are preserved
under perturbations of the second type. Moreover, for uniform strong ergod-
icity, the limit is preserved. It follows that when we decide whether a chain
(Ppn)n>1 is uniformly weakly or/and strongly ergodic, for simplification we can
assign value 0 to each entry (i, j) for which (P,);; — 0 as n — oo, adding then
(Ppn)ij,Vn > 1, to a entry (i, k) for which (P,);; - 0 as n — oo.
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