
∆-ERGODIC THEORY AND RELIABILITY THEORY
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We show that the natural framework for the Markov chains considered in [5] is the
∆-ergodic theory (in a more general context, the general ∆-ergodic theory (see
[8] and [11])) but not ergodic theory (for ∆-ergodic theory see, e.g., [8], [9], [10],
and [11] and for ergodic theory see, e.g., [2], [3], [4], and [12]). For this, we give
in Section 1 the notions, notation, and results from ∆-ergodic theory we need for
the study of Markov chains from reliability theory. In Section 2 we then define
and study these Markov chains.
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1. ∆-ERGODIC THEORY

In this section we deal with ∆-ergodic theory which appears to be the
natural framework for the study of Markov chains from [5].

Consider a finite Markov chain (Xn)n≥0 with state space S = {1, 2, . . . , r},
initial distribution π0, and transition matrices (Pn)n≥1. We frequently shall re-
fer to it as the (finite) Markov chain (Pn)n≥1. For all integers m ≥ 0, n > m,
define

Pm,n = Pm+1Pm+2 · · ·Pn = ((Pm,n)ij)i,j∈S .

(The entries of a matrix Z will be denoted Zij .)
Set

Par(E) = {∆ | ∆ is a partition of E} ,

where E is a nonempty set. We shall agree that the partitions do not contain
the empty set, except for some cases (if needed) where this will be specified.

Definition 1.1. Let ∆1,∆2 ∈ Par (E) . We say that ∆1 is finer than ∆2

if ∀V ∈ ∆1, ∃W ∈ ∆2 such that V ⊆ W.
Write ∆1 � ∆2 when ∆1 is finer than ∆2.
In ∆-ergodic theory the natural space is S ×N, called state-time space.

Let ∅ 6= A ⊆ S and ∅ 6= B ⊆ N. Let Σ ∈ Par(A). Frequently, when we only
use a partition Σ of A we shall omit to mention this. Also we can omit Σ if
Σ = ({i})i∈A .
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Definition 1.2 ([11]). Let i, j ∈ S. We say that i and j are in the same
weakly ergodic class on A×B (or on A×B with respect to Σ, or on (A×B,Σ)
when confusion can arise) if ∀K ∈ Σ, ∀m ∈ B we have

lim
n→∞

∑
k∈K

[(Pm,n)ik − (Pm,n)jk] = 0.

Write i
A×B∼ j (with respect to Σ) (or i

(A×B,Σ)∼ j) when i and j are in
the same weakly ergodic class on A×B. Then A×B∼ is an equivalence relation
and determines a partition ∆ = ∆ (A×B,Σ) = (C1, C2, . . . , Cs) of S. The
sets C1, C2, . . . , Cs are called weakly ergodic classes on A×B.

Definition 1.3 ([11]). Let ∆ = (C1, C2, . . . , Cs) be the partition of weakly
ergodic classes on A× B of a Markov chain. We say that the chain is weakly
∆-ergodic on A × B. In particular, a weakly (S)-ergodic chain on A × B is
called weakly ergodic on A×B for short.

Definition 1.4 ([11]). Let (C1, C2, . . . , Cs) be the partition of weakly
ergodic classes on A×B of a Markov chain with state space S and ∆ ∈ Par(S).
We say that the chain is weakly [∆]-ergodic on A×B if ∆ � (C1, C2, . . . , Cs) .

In connection with the above notions and notation we mention some
special cases (Σ ∈ Par(A)):

1. A × B = S ×N. In this case we can write ∼ instead of S×N∼ (or Σ∼
instead of

(S×N,Σ)∼ ) and can omit ‘on S ×N’ in Definitions 1.2, 1.3, and 1.4.

2. A = S. In this case we can write B∼ instead of S×B∼ (or
(B,Σ)∼ instead

of
(S×B,Σ)∼ ) and can replace ‘S × B’ by ‘(time set) B (with respect to Σ)’

(or by ‘(B,Σ)’) in Definitions 1.2, 1.3, and 1.4. A special subcase is B =

{m} (m ≥ 0); in this situation we can write m∼ (or
(m,Σ)∼ ) and can replace ‘on

(time set) {m}’ by ‘at time m’ in Definitions 1.2, 1.3, and 1.4 .

3. B = N. In this case we can set A∼ instead of A×N∼ (or
(A,Σ)∼ instead of

(A×N,Σ)∼ ) and can replace ‘A×N’ by ‘(state set) A (with respect to Σ)’ (or by
‘(A,Σ)’) in Definitions 1.2, 1.3, and 1.4.

Definition 1.5 ([11]). Let C be a weakly ergodic class on A × B. Let

∅ 6= A0 ⊆ A for which ∃K1,K2, . . . ,Kp ∈ Σ such that A0 =
p⋃

u=1
Ku. Let

∅ 6= B0 ⊆ B. We say that C is a strongly ergodic class on A0×B0 with respect
to A×B (and Σ) if ∀i ∈ C, ∀K ∈ Σ with K ⊆ A0, ∀m ∈ B0 the limit

lim
n→∞

∑
j∈K

(Pm,n)ij := σm,K = σm,K(C)

exists and does not depend on i.



3 ∆-ergodic theory and reliability theory 75

In connection with the last definition we mention some special cases:
1. A×B = A0×B0. In this case we can say that C is a strongly ergodic

class on A × B. A special subcase is A × B = A0 × B0 = S ×N and C = S
when we can say that the Markov chain itself is strongly ergodic.

2. A = A0 = S. In this case we can say that C is a strongly ergodic class
on (time set) B0 with respect to (time set) B. If B = B0, then we can say
that C is a strongly ergodic class on (time set) B. A special subcase of the
case A = A0 = S and B = B0 is B = B0 = {m} when we can say that C is a
strongly ergodic class at time m.

3. B = B0 = N. In this case we can say that C is a strongly ergodic
class on (state set) A0 with respect to (state set) A. If A = A0, then we can
say that C is a strongly ergodic class on (state set) A.

Definition 1.6 ([11]). Consider a weakly ∆-ergodic chain on A×B (with
respect to Σ). We say that the chain is strongly ∆-ergodic on A × B if any
C ∈ ∆ is a strongly ergodic class on A×B. In particular, a strongly (S)-ergodic
chain on A×B is called strongly ergodic on A×B for short.

Definition 1.7 ([11]). Consider a weakly [∆]-ergodic chain on A×B. We
say that the chain is strongly [∆]-ergodic on A × B if any C ∈ ∆ is included
in a strongly ergodic class on A×B.

Also, in these definitions we can simplify the language when referring to
A and B (and Σ). These are left to the reader.

Let

Rm,n = {P | P is a real m× n matrix} ,

Nm,n = {P | P is a nonnegative m× n matrix} ,

Sm,n = {P | P is a stochastic m× n matrix} ,

and, for m = n := r,

Rr = Rr,r, Nr = Nr,r, and Sr = Sr,r.

Let T = (Tij) ∈ Rm,n. Let ∅ 6= U ⊆ {1, 2, . . . ,m} and ∅ 6= V ⊆ {1,
2, . . . , n}. Let ∆ ∈ Par ({1, 2, . . . ,m}). Define

TU = (Tij)i∈U, j∈{1,2,...,n}, T V = (Tij)i∈{1,2,...,m}, j∈V , T V
U = (Tij)i∈U, j∈V

(in particular, T{i}, T
{j}, and T

{j}
{i} are the ith row of T , the jth column of T ,

and the entry Tij of T, respectively; if Z ∈ Rn,p, then (TZ)ij = (TZ){j}{i} =

T{i}Z
{j}),

µ(T ) = max
1≤j≤n

min
1≤i≤m

Tij
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(if T ∈ Sm,n, then µ(T ) is called Markov’s ergodicity coefficient of T (see,
e.g., [4, p. 56])),

µ∆(T ) = min
K∈∆

µ (TK)

(see [7]),

α(T ) = min
1≤i,j≤m

n∑
k=1

min (Tik, Tjk)

(if T ∈ Sm,n, then α(T ) is called Dobrushin’s ergodicity coefficient of T (see,
e.g., [2] or [4, p. 56])),

α(T ) =
1
2

max
1≤i,j≤m

n∑
k=1

|Tik − Tjk| ,

γ∆(T ) = min
K∈∆

α (TK) , γ∆(T ) = max
K∈∆

α (TK)

(see [7] for γ∆ and γ∆), and

|‖T‖|∞ = max
1≤i≤m

n∑
j=1

|Tij |

(the ∞-norm of T ).
If T ∈ Sm,n and ∆ ∈ Par ({1, 2, . . . ,m}) , then we have

α(T ) = 1− α(T ) and γ∆(T ) = 1− γ∆ (T )

(see [7]).
The following result shows that weak and strong ergodicity are kept

back (good at a time, good in past) while weak and strong ∆-ergodicity with
∆ 6= (S) are kept forward (bad at a time, bad in future).

Theorem 1.8. Let (Pn)n≥1 be a Markov chain. Let Σ = ({i})i∈S .
(i) If the chain is weakly ergodic at time m0 (m0 ≥ 0), then it is weakly

ergodic at any time m ≤ m0 (m ≥ 0).
(ii) If the chain is weakly ∆-ergodic at time m0 with ∆ 6= (S), then

∀m ≥ m0, ∃∆m ∈ Par(S) with ∆m 6= (S) such that it is weakly ∆m-ergodic
at time m.

(iii) If the chain is strongly ergodic at time m0, then it is strongly ergodic
at any time m ≤ m0.

(iv) If the chain is strongly ∆′-ergodic (A × B = S ×N) and strongly
∆-ergodic at time m0 with ∆ 6= (S), then ∀m ≥ m0, ∃∆m ∈ Par(S) with
∆m 6= (S) such that it is strongly ∆m-ergodic at time m.

Proof. (i) See, e.g., [4, p. 218].
(ii) See [3, p. 242] (where different notions and notation are used) or

the argument below. Suppose that ∃m1 > m0 such that the chain is weakly
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ergodic (∆m1 = (S)) at time m1. By (i), the chain is weakly ergodic at any
time m ≤ m1, and we reached a contradiction.

(iii) Let Πm0 = lim
n→∞

Pm0,n (Πm0 is a stable stochastic matrix, i.e., a

stochastic matrix with identical rows).
Case 1. m0 = 0. Obvious.
Case 2. m0 > 0. Let 0 ≤ m < m0. Then

Pm,n = Pm,m0Pm0,n → Pm,m0Πm0 = Πm0 as n →∞,

i.e., the chain is strongly ergodic at time m (with the same limit matrix Πm0).
(iv) If the chain is strongly ∆′-ergodic, then ∀m ≥ 0, ∃∆m ∈ Par(S)

such that it is strongly ∆m-ergodic at time m. Let us show that ∆m 6= (S),
∀m > m0. Suppose that ∃m1 > m0 such that the chain is strongly ergodic at
time m1. By (iii), the chain is strongly ergodic at any time m ≤ m1, and we
reached a contradiction. �

Definition 1.9 ([9]). Let (Pn)n≥1 and (P ′
n)n≥1 be two (finite) Markov

chains. We say that (P ′
n)n≥1 is a perturbation of the first type of (Pn)n≥1 if∑

n≥1

∣∣∥∥Pn − P ′
n

∥∥∣∣
∞ < ∞.

Theorem 1.10. Let (Pn)n≥1 be a Markov chain and (P ′
n)n≥1 a pertur-

bation of the first type of it. Let Σ = ({i})i∈S (Σ ∈ Par(S)).
(i) (Pn)n≥1 is weakly ergodic if and only if (P ′

n)n≥1 is weakly ergodic.
(ii) (Pn)n≥1 is weakly ∆-ergodic with ∆ 6= (S) if and only if (P ′

n)n≥1 is
weakly ∆′-ergodic with ∆′ 6= (S).

(iii) (Pn)n≥1 is strongly ergodic if and only if (P ′
n)n≥1 is strongly ergodic.

(iv) (Pn)n≥1 is strongly ∆-ergodic with ∆ 6= (S) if and only if (P ′
n)n≥1

is strongly ∆′-ergodic with ∆
′ 6= (S).

Proof. (i) See Theorem 1.33 in [9].
(ii) This follows from (i).
(iii) See Theorem 1.47 in [9].
(iv) This follows from (iii). It also follows from Theorem 6 in [3] (where

different notions and notation are used). �

Theorem 1.11. Let P ∈ Sr with a single closed set R (see, e.g., [4,
p. 81] (∅ 6= R ⊆ {1, 2, . . . , r})). Suppose that R is aperiodic and ∃i ∈ R such
that Pii > 0. Then

(i) (P r−1){i} > 0;
(ii) µ(P r−1) > 0 and α

(
P r−1

)
> 0.

Proof. (i) Let j ∈{1, 2, . . . , r}. By hypothesis, ∃i1, i2, . . . , ip ∈{1, 2, . . . , r}
for which ik 6= il, ∀k, l ∈ {1, 2, . . . , p} with k 6= l such that j = i1, i = ip, and
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Pisis+1 > 0, ∀s ∈ {1, 2, . . . , p− 1} . Obviously, 1 ≤ p ≤ r. Now,

(P r−1)ji ≥ Pi1i2Pi2i3 · · ·Pip−1ipPipip · · ·Pipip > 0.

Therefore, (P r−1){i} > 0.
(ii) By (i), µ(P r−1) > 0. By µ ≤ α and µ(P r−1) > 0, we have α(P r−1) >

0. �

Define
Rij

m,n = {P | P ∈ Sm,n and Pij = 1} ,

where i ∈ {1, 2, . . . ,m} and j ∈ {1, 2, . . . , n} . In particular, if i = j := k and
m = n := r, set

Rk
r = Rkk

r,r (Rk
r = {P | P ∈ Sr and Pkk = 1} ).

Theorem 1.12. The following statements hold.
(i) If P ∈ Rij

m,n and Q ∈ Rjk
n,p (i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n},

k ∈ {1, 2, . . . , p}), then PQ ∈ Rik
m,p.

(ii) ∀i ∈ Sr, Ri
r is closed under multiplication.

Proof. (i) We have

(PQ)ik = P{i}Q
{k} = PijQjk = 1,

i.e., PQ ∈ Rik
m,p.

(ii) This follows from (i). �

Theorem 1.13. Let P ∈ Rij
m,n. Then

α(P ) = µ(P ) = µ
(
P {j}).

Proof. We know that µ(P ) ≤ α (P ) since µ ≤ α. Further, let us show that
µ (P ) ≥ α(P ). From P ∈ Sm,n and Pij = 1 we have Pik = 0, ∀k ∈ {1, 2, . . . , n},
k 6= j. It follows that

µ(P ) = min
1≤l≤m

Plj .

Let u ∈ {1, 2, . . . ,m} such that µ (P ) = Puj . Further,
n∑

k=1

min (Puk, Pik) = min (Puj , Pij) = Puj = µ(P ).

Therefore,
α(P ) ≤ µ(P ).

By µ(P ) ≤ α(P ) and µ(P ) ≥ α(P ), we have

α(P ) = µ(P ).
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Now,
µ(P ) = min

1≤l≤m
Plj = µ

(
P {j}).

Therefore,
µ(P ) = µ

(
P {j}). �

More generally, we have the following result.

Theorem 1.14. Let P ∈ Sm,n and ∆ ∈ Par ({1, 2, . . . ,m}) . Suppose that
∀K ∈ ∆, ∃i = i(K) ∈ K, ∃j = j(K) ∈ {1, 2, . . . , n} such that PK ∈ Rlj

|K|,n,
where l (l ∈ {1, 2, . . . , |K|}) is the row of PK (PK ∈ S|K|,n) corresponding to
i ((PK)lj = Pij = 1). Then

γ∆(P ) = µ∆(P ) = min
K∈∆, u=u(K)

µ
(
P
{u}
K

)
,

where u=u(K) ∈ UK :={w | w ∈ {1, 2, . . . , n} and ∃v ∈ K such that Pvw =1}
is given, ∀K ∈ ∆.

Proof. By Theorem 1.13, we have

γ∆(P ) = min
K∈∆

α (PK) = min
K∈∆

µ (PK) = µ∆(P ).

The second equality follows from Theorem 1.13 and µ∆(P ) = min
K∈∆

µ (PK) . �

A vector x ∈ Rn will be understood as a row vector and x′ is its transpose.

Consider also the canonical basis (ei(n))i∈{1,2,...n} of Rn and e(n) =
n∑

i=1
ei(n)

(i.e., e(n) = (1, 1, . . . , 1)).

Theorem 1.15. Let (Pn)n≥1 be a Markov chain.
(i) If Pn ∈ Ri

r (i ∈ S = {1, 2, . . . , r}), ∀n ≥ 1, then ∃∆ ∈ Par(S) such
that the chain is strongly ∆-ergodic on {i} (A = {i}, B = N, Σ = ({i}) ∈
Par ({i})).

(ii) (a generalization of (i)) Let

G =
{
i | i ∈ S and Pn ∈ Ri

r, ∀n ≥ 1
}

.

If G 6= ∅, then ∃∆ ∈ Par(S) such that the chain is strongly ∆-ergodic on G
(A = G, B = N, Σ = ({i})i∈G ∈ Par(G)).

(iii) (another generalization of (i)) If ∃H, ∅ 6= H ⊆ S, such that (Pn)H
H =

Qn, ∀n ≥ 1, where Qn ∈ S|H|, ∀n ≥ 1, then ∃∆ ∈ Par (S) such that the chain
is strongly ∆-ergodic on H with respect to (H) (Σ = (H) ∈ Par(H)).

Proof. (i) This follows from (iii).
(ii) Obviously, ∃∆ ∈ Par(S) such that the chain (Pn)n≥1 is strongly

∆-ergodic on G if and only if ∀i ∈ G, ∃∆′ = ∆′ (i) such that it is strongly
∆′-ergodic on {i}. Now, (ii) follows from (i).
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(iii) Let i ∈ S. We have

(Pm,n+1)
H
{i} = (Pm,n){i} (Pn+1)

H ≥ (Pm,n)H
{i} (Pn+1)

H
H =

= (Pm,n)H
{i}Qn+1, ∀m, n, 0 ≤ m < n.

Set t = |H|. Further,

(Pm,n+1)
H
{i} e′(t) ≥ (Pm,n)H

{i}Qn+1e
′(t) = (Pm,n)H

{i}e
′(t), ∀m,n, 0 ≤ m < n.

Therefore,
(
(Pm,n)H

{i}e
′(t)
)
n>m

is an increasing sequence, ∀m ≥ 0. This im-
plies that

(
(Pm,n)H

{i}e
′(t)
)
n>m

is convergent, ∀m ≥ 0. Consequently, ∃∆ ∈
Par(S) such that the chain (Pn)n≥1 is strongly ∆-ergodic on H with respect
to (H). �

Theorem 1.16. Let (Pn)n≥1 be a Markov chain.
(i) If ∃∆ ∈ Par(S) such that the chain is strongly ∆-ergodic on A × B

with respect to Σ, then ∃∆′ ∈ Par(S) with ∆ � ∆′ such that it is strongly
∆′-ergodic on CA × B with respect to (CA) , where CA is the complement
of A.

(ii) The chain is strongly ∆-ergodic on A×B with respect to (A) if and
only if it is strongly ∆-ergodic on CA×B with respect to (CA) . In particular,
the chain is strongly ergodic on A with respect to (A) if and only if it is strongly
ergodic on CA with respect to (CA) .

Proof. Obvious. �

The following two results show that ∆-ergodic theory can be used to
obtain results in ergodic theory (for other examples see, e.g., Theorems 3.6,
3.10, and 3.12 in [10] (the latter is Theorem 1.23 below)).

Theorem 1.17. Let (Pn)n≥1 be a Markov chain. Let Σ = ({i})i∈S ,
∅ 6= K ⊆ S, w ∈ S, and s ≥ 0. Suppose that ∃t > s, ∃u = u(t) ∈ K such that
(Ps,t){u} > 0. Then the following statements are equivalent.

(i) The chain is strongly ergodic at any time m, 0 ≤ m ≤ t, with

lim
n→∞

Pm,n = e′(r)ew(r) := Π, ∀m, 0 ≤ m ≤ t.

(Obviously, Π{w} = e′(r).)
(ii) K is included in a strongly ergodic class at time s with

lim
n→∞

(Ps,n)K = e′(v)ew(r),

where v := |K| .

Proof. (i)⇒(ii) Obvious.
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(ii)⇒(i) Let 0 ≤ m < t and n > t. We have

(Ps,n)C{w}{u} = (Ps,tPt,n)C{w}{u} = (Ps,t){u} (Pt,n)C{w} .

Because lim
n→∞

(Ps,n)C{w}{u} = 0 (the zero vector) and (Ps,t){u} > 0, we have

lim
n→∞

(Pt,n)C{w} = 0 (the zero matrix).

Therefore,
lim

n→∞
Pt,n = Π.

Hence the chain is strongly ergodic at time t. Further,

Pm,n = Pm,tPt,n → Pm,tΠ = Π as n →∞,

i.e., the chain is strongly ergodic at time m with lim
n→∞

Pm,n = Π. �

Theorem 1.18. Let (Pn)n≥1 be a Markov chain. Let Σ = ({i})i∈S ,
∅ 6= K ⊆ S, w ∈ S, and s ≥ 0. Suppose that there exist two sequences
s < t1 < t2 < · · · and u1 = u1 (t1) ∈ K, u2 = u2 (t2) ∈ K, . . . such that
(Ps,tl){ul} > 0, ∀l ≥ 1. Then the following statements are equivalent.

(i) The chain is strongly ergodic with

lim
n→∞

Pm,n = e′(r)ew(r) := Π, ∀m ≥ 0.

(ii) K is included in a strongly ergodic class at time s with

lim
n→∞

(Ps,n)K = e′(v)ew(r),

where v := |K| .

Proof. (i)⇒(ii) Obvious.
(ii)⇒(i) As in the proof of (ii)⇒(i) in Theorem 1.17, the chain is strongly

ergodic at time tl with lim
n→∞

Ptl,n = Π, ∀l ≥ 1. Now, let m ≥ 0. Obviously,
∃l ≥ 1 such that m < tl. Further, for n > tl,

Pm,n = Pm,tlPtl,n → Pm,tlΠ = Π as n →∞,

i.e., the chain is strongly ergodic at time m with lim
n→∞

Pm,n = Π. It follows
that the chain is strongly ergodic with lim

n→∞
Pm,n = Π, ∀m ≥ 0. �

A special case of the hypothesis of Theorem 1.18 is u1 = u2 = · · · := u ∈
K. Below we give a sufficient condition for (Ps,tl){u} > 0, ∀l ≥ 1. For this, we
need the following notion.

Definition 1.19 (see, e.g., [12, p. 80]). Let T ∈ Nm,n. We say that T is a
column-allowable matrix if it has at least one positive entry in each column.
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Theorem 1.20. Let (Pn)n≥1 be a Markov chain. Let ∅ 6= K ⊆ S and
s ≥ 0. If ∃t > s, ∃u = u(t) ∈ K such that (Ps,t){u} > 0 and there exists
a sequence t < t1 < t2 < · · · such that Pt,tl is a column-allowable matrix,
∀l ≥ 1, then (Ps,tl){u} > 0, ∀l ≥ 1.

Proof. Obvious. �

The following result is closely related to Theorem 2.1, (1)⇔(3), in [6].

Theorem 1.21. Let (Pn)n≥1 be a Markov chain. Let ∅ 6= K ⊆ S
included in a strongly ergodic class on A × B with respect to Σ. Then the
following statements are equivalent.

(i) The chain is strongly ergodic on A×B with respect to Σ.
(ii) The chain is weakly ergodic on A×B with respect to Σ.

Proof. Obvious. �

Theorem 1.22 ([3]). Let (Pn)n≥1 be a Markov chain. Then it is weakly
ergodic if and only if there exists a strictly increasing sequence 0 ≤ n1 < n2 <
· · · (of natural integers) such that

∑
s≥1

α
(
Pns,ns+1

)
= ∞.

Proof. See, e.g., [3] or [4, p. 219]. �

Theorem 1.23 ([10]). Let

Pn =

(
Qn 0

Rn Tn

)
, n ≥ 1,

be a Markov chain and (K1,K2) ∈ Par(S), where (Pn)K1
K1

= Qn, ∀n ≥ 1. If
(i) K1 is included in a weakly (respectively, strongly) ergodic class;
(ii) Tn is lower triangular, ∀n ≥ 1, or it is upper triangular, ∀n ≥ 1;
(iii)

∏
n≥t

(Pn)ii = 0, ∀t ≥ 1, ∀i ∈ K2,

then (Pn)n≥1 is weakly (respectively, strongly) ergodic.

Proof. See [10]. �

2. RELIABILITY THEORY

In this section we consider the Markov chains from [5]. Generally speak-
ing, the matrices corresponding to a reliability structure depend on the number
of structure components and time (time in the sense of Markov chain theory);
[1] studies especially the case where the matrices depend on both the number
of structure components and time while [5] the case where these only depend
on time. Here we do not set forth the Markov chain approach of reliability
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structures (for this see [5]), but only we define and study the Markov chains
(without their meaning) corresponding to reliability structures from [5].

The underlying Markov chain we need is (Xn)n≥0 with state space S =
{0, 1, . . . , r} , initial distribution π0 with supp π0 ⊆ {0, 1, . . . , r − 1} , where
supp π0 := {i | i ∈ S and (π0)i > 0} (the support of π0), and transition ma-
trices (Pn)n≥1 with Pn ∈ Rr

r+1 (the rows and columns of these matrices are
labelled 0, 1, . . . , r), ∀n ≥ 1. We call it the reliability Markov chain and fre-
quently shall refer to it as the reliability (finite) Markov chain (Pn)n≥1

Further, we define reliability Markov chains corresponding to reliability
structures from [5] (where they were considered without naming them). We
divide them into three classes as follows.

Class I. This contains:
1. Series Markov chains. These are the Markov chains with state space

S = {0, 1} (r = 1), initial distribution π0 = (1, 0), and transition matrices

Pn =
(

pn qn

1

)
, n ≥ 1

(pn + qn = 1 and we can omit 0, ∀n ≥ 1).
2. k-out-of-∞: F Markov chains. These are the Markov chains with

state space S = {0, 1, . . . , k} (k ≥ 1), initial distribution π0 with supp π0 ⊆
{0, 1, . . . , k − 1} , and transition matrices

Pn =


pn qn

pn qn

. . . . . .

pn qn

1

 , n ≥ 1.

We note that a series Markov chain is in fact a 1-out-of-∞: F Markov
chain.

3. Weighted k-out-of-∞: F Markov chains. These are the Markov chains
with state space S = {0, 1, . . . , k}, initial distribution π0 with suppπ0 ⊆
{0, 1, . . . , k − 1} , and transition matrices

Pn =



pn ... qn

pn qn

. . . . . . . .

pn qn

. . . . . . . .
pn qn

1


, n ≥ 1,
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with (Pn)i,i+wn = qn, ∀n ≥ 1, ∀i ∈ S, i + wn ≤ k, where wn is a natural
number, 1 ≤ wn ≤ k, ∀n ≥ 1. We call wn the weight of Pn, ∀n ≥ 1.

We note that a k-out-of-∞: F Markov chain is in fact a weighted k-out-
of-∞: F Markov chain with wn = 1, ∀n ≥ 1.

Class II. This contains:
1. Consecutive-k-out-of-∞: F Markov chains. These are the Markov

chains with state space S = {0, 1, . . . , k}, initial distribution π0 with suppπ0 ⊆
{0, 1, . . . , k − 1} , and transition matrices

Pn =


pn qn

pn qn

. . . . . .

pn qn

1

 , n ≥ 1.

2. Weighted consecutive-k-out-of-∞: F Markov chains. These are the
Markov chains with state space S = {0, 1, . . . , k}, initial distribution π0 with
suppπ0 ⊆ {0, 1, . . . , k − 1} , and transition matrices

Pn =



pn · · · qn

pn qn

. . . . . . . .

pn qn

. . . . . . . .
pn qn

1


, n ≥ 1,

with (Pn)i,i+wn = qn, ∀n ≥ 1, ∀i ∈ S, i + wn ≤ k, where wn is a natural
number, 1 ≤ wn ≤ k, ∀n ≥ 1. We call wn the weight of Pn, ∀n ≥ 1.

3. m-consecutive-k-out-of-∞: F Markov chains. These are the Markov
chains with state space S = {0, 1, . . . ,mk}, initial distribution π0 with supp π0

⊆ {0, 1, . . . ,mk − 1} , and transition matrices

Pn =


Vn Yn

Vn Yn

. . . . . .
Vn Yn

Vn qne′k(k)
1

 , n ≥ 1,
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where

Vn =


pn qn

pn qn

. . . . . .

pn qn

pn

 , Yn =


. . . . . .

qn


are k × k matrices, ∀n ≥ 1.

Obviously, a consecutive-k-out-of-∞: F Markov chain is both a weighted
consecutive-k-out-of-∞: F Markov chain with wn = 1, ∀n ≥ 1, and a 1-
consecutive-k-out-of-∞: F Markov chain.

4. Weighted m-consecutive-k-out-of-∞: F Markov chains. These are the
Markov chains with state space S = {0, 1, . . . ,mk}, initial distribution π0 with
suppπ0 ⊆ {0, 1, . . . ,mk − 1} , and transition matrices

Pn =


Vn Yn

Vn Yn

. . . . . .
Vn Yn

Vn qne′k (k)
1

 , n ≥ 1,

where

Vn =



pn · · · qn

pn qn

. . . . . . .
pn qn

. . . . . . .
pn


, Yn =


. . . . . . .

qn

. . . . . . .
qn


are k × k matrices with (Vn)i,i+wn

= (Yn)k−wn+j,0 = qn (we label rows and
columns of Vn and Yn as 0, 1, . . . , k−1), ∀n ≥ 1, ∀i ∈ {0, 1, . . . , k − 1}, i+wn ≤
k − 1, ∀j ∈ {0, 1, . . . , wn − 1}, where wn is a natural number, 1 ≤ wn ≤ k,
∀n ≥ 1. We call wn the weight of Pn, ∀n ≥ 1. Note that this subclass of Markov
chains does not exists in [5]. Also, note that an m-consecutive-k-out-of-∞: F
Markov chain is a weighted m-consecutive-k-out-of-∞: F Markov chain with
wn = 1, ∀n ≥ 1.

Class III. This contains u-within-consecutive-k-out-of-∞: F Markov
chains. For ease of the illustration (following [5]) for u = 2 these are the
Markov chains with state space S = {0, 1, . . . , k + 1}, initial distribution π0
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with supp π0 ⊆ {0, 1, . . . , k} , and transition matrices

Pn =



pn qn

pn qn

pn qn

. . . . . . .
pn qn

pn qn 0
0 0 1


, n ≥ 1.

Note that in this paper the above case is only considered.

Let (Pn)n≥1 be a reliability Markov chain. Let f (r + 1) = e (r + 1) −
er+1 (r + 1) ∈ Rr+1 (for e (r + 1) and er+1 (r + 1) see Section 1). Following [5,
Theorem 3.1] the reliability Rv and unreliability Fv of a v-component system
linearly arranged and labelled 1, 2, . . . , v and which correspond, in the Mar-
kovian approach, to initial the distribution π0 and matrices P1, P2, . . . , Pv are
given by

Rv = π0P0,vf
′ (r + 1) and Fv = π0P0,ve

′
r+1 (r + 1) , respectively, ∀v ≥ 1.

Setting R0 = 1 and F0 = 0 we can call Rv and Fv the reliability and the
unreliability at time v (v ≥ 0) of reliability Markov chain (Pn)n≥1, respectively.
Obviously,

Fv = 1−Rv, ∀v ≥ 0.

Theorem 2.1. Let (Pn)n≥1 be a reliability Markov chain. Then

Rv =
∑

i∈supp π0

(π0)i

r−1∑
j=0

(P0,v)ij and Fv =
∑

i∈supp π0

(π0)i (P0,v)ir , ∀v ≥ 1.

In particular, if π0 = (1, 0, . . . , 0) (this is the usual case in the reliability
theory), then

Rv =
r−1∑
j=0

(P0,v)0,j and Fv = (P0,v)0,r , ∀v ≥ 1.

Proof. Obvious. �

Theorem 2.2. Let (Pn)n≥1 be a reliability Markov chain. Then

∃ lim
v→∞

Rv, lim
v→∞

Fv.

Proof. This follows from Theorems 1.15(i) and 2.1. �

Set
R∞ = lim

v→∞
Rv and F∞ = lim

v→∞
Fv.
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We call R∞ and F∞ the limit reliability and the limit unreliability, respectively.
Further, we give necessary and/or sufficient conditions for R∞ = 0

(equivalently, for F∞ = 1). The following result gives necessary and suffi-
cient conditions for R∞ = 0.

Theorem 2.3. Let (Pn)n≥1 be a reliability Markov chain. Let Σ1 =
({i})i∈S and Σ2 = ({0, 1, . . . , r − 1} , {r}) . Then the following statements are
equivalent.

(i) R∞ = 0.
(ii) suppπ0 ∪ {r} is included in a weakly ergodic class at time 0 with

respect to Σ1.
(iii) suppπ0 ∪ {r} is included in a strongly ergodic class at time 0 with

respect to Σ1.
(iv) suppπ0 ∪ {r} is included in a weakly ergodic class at time 0 with

respect to Σ2.
(v) supp π0 ∪ {r} is included in a strongly ergodic class at time 0 with

respect to Σ2.

Proof. (i)⇔(iii) See Theorem 2.1.
(ii)⇒(iii) Obvious, since {r} is included in a strongly ergodic class with

respect to Σ1.
(iii)⇒(ii) Obvious.
(iv)⇒(v) Obvious, since {r} is included in a strongly ergodic class with

respect to Σ2.
(v)⇒(iv) Obvious.
(ii)⇔(iv) Obvious. �

Theorem 2.4. Let (Pn)n≥1 be a reliability Markov chain. Let Σ1 =
({i})i∈S and Σ2 = ({0, 1, . . . , r − 1} , {r}) . Then the following statements are
equivalent.

(i) The chain is weakly ergodic on (time set) B with respect to Σ1.
(ii) The chain is strongly ergodic on B with respect to Σ1.
(iii) The chain is weakly ergodic on B with respect to Σ2.
(iv) The chain is strongly ergodic on B with respect to Σ2.

Proof. (i)⇔(ii) See Theorem 1.21.
(i)⇔(iii) Obvious.
(iii)⇔(iv) See Theorem 1.21. �

The following result gives a sufficient condition for R∞ = 0. (For other
sufficient conditions, see Theorem 2.3.)

Theorem 2.5. Let (Pn)n≥1 be a reliability Markov chain. Let ∅ 6= B ⊆ N
with 0 ∈ B and Σ = ({i})i∈S . If the chain is weakly ergodic on B with respect
to Σ, then R∞ = 0.
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Proof. Obvious. �

A problem is the use of Theorems 1.17 and 1.18. We note that in any
reliability Markov chain (Pn)n≥1 the set {r} is included in a strongly ergodic
class at time 0.

Theorem 2.6. Let (Pn)n≥1 be a k-out-of-∞: F, or consecutive-k-out-
of-∞: F, or 2-within-consecutive-k-out-of-∞: F Markov chain (with initial
distribution π0 (the case π0 = (1, 0, . . . , 0) is closely related to the conclusions
below)).

(i) If p1, q1, p2, q2, . . . , pk, qk > 0, then (P0,k){0} > 0.

(ii) If pl, ql > 0, ∀l ≥ 1, then (P0,n){0} > 0, ∀n ≥ k.

(iii) If (Pn)n≥1 is a k-out-of-∞: F Markov chain, pl > 0, ∀l ≥ 1, and
there exists a strictly increasing sequence 1 ≤ l1 < l2 < · · · (of natural inte-
gers) with qlh > 0, ∀h ≥ 1, then ∃n0 ≥ k such that (P0,n){0} > 0, ∀n ≥ n0.

Proof. (i) Obvious (by induction).
(ii) We have

(P0,n){0} = (P0,k){0} Pk,n > 0, ∀n > k,

because (P0,k){0} > 0 and Pk,n is a column-allowable matrix, ∀n > k.

(iii) We have Pl = Ik+1, if ql = 0. Now, cf. (i) and (ii). �

Remark 2.7. In general, we have no results similar to Theorem 2.6 for
weighted Markov chains. We give an example for weighted k-out-of-∞: F
Markov chains. Let k = 3 and wn = 2, ∀n ≥ 1. Then

Pn =


pn 0 qn 0
0 pn 0 qn

0 0 pn qn

0 0 0 1

 , ∀n ≥ 1.

Obviously, (Pm,n)0,1 = 0, ∀m,n, 0 ≤ m < n, ∀l ≥ 1, ∀pl, ql ∈ [0, 1].

Theorem 2.8. Let (Pn)n≥1 be an m-consecutive-k-out-of-∞: F Markov
chain (with initial distribution π0 (the case π0 = (1, 0, . . . , 0) is closely related
to the conclusions below)).

(i) If p1, q1, p2, q2, . . . , pmk, qmk > 0, then (P0,mk){0} > 0.

(ii) If pl, ql > 0, ∀l ≥ 1, then (P0,n){0} > 0, ∀n ≥ mk.

Proof. (i) Obvious (by induction; Pn has (Pn)0,1 = (Pn)1,2 = · · · =
(Pn)mk−1,mk = qn, ∀n ≥ 1).

(ii) This is similar to the proof of Theorem 2.6(ii). �
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Further, we give necessary and/or sufficient conditions for strong ergo-
dicity (equivalently, cf. Theorem 2.4, for weak ergodicity) (also, remember
that in this case A = S, B = N, and Σ = ({i})i∈S (see Section 1)).

Theorem 2.9. Let (Pn)n≥1 be a reliability Markov chain belonging to
the union of Classes I, II, and III. If ∃a > 0 such that pn, qn > a, ∀n ≥ 1,
then the chain is strongly ergodic.

Proof. If (Pn)n≥1 is a k-out-of-∞: F Markov chain, then

Pn =


pn qn

pn qn

. . . . . .

pn qn

1

 ≥


a a

a a
. . . . . .

a a
1

 := P, ∀n ≥ 1.

Now, we can use Theorem 1.11 for P even if P ∈ Nk+1. It follows that
α
(
P k
)

:= b > 0. This implies α (Pm,m+k) ≥ b, ∀m ≥ 0. Now, by Theo-
rem 1.22, the chain (Pn)n≥1 is weakly ergodic. Strong ergodicity now follows
from Theorem 2.4.

The others cases have similar proofs. �

Theorem 2.10. Let (Pn)n≥1 be a reliability Markov chain belonging to
the union of Classes I, II, and III.

(i) If
∑
n≥1

pn < ∞, then (Pn)n≥1 is strongly ergodic.

(ii) If (Pn)n≥1 is strongly ergodic, then
∑
n≥1

qn = ∞.

Proof. (i) Let (P ′
n)n≥1 be a perturbation of the first type of (Pn)n≥1,

where (
P ′

n

)
ij

=

{
0 if qn is not assigned to entry (i, j) of Pn,

1 if qn is assigned to entry (i, j) of Pn,

∀n ≥ 1, ∀i, j ∈ S (S is state space of (Pn)n≥1 and (P ′
n)n≥1).

Case 1. (Pn)n≥1 belongs to the union of Classes I and II. It follows
from Theorem 1.23 that (P ′

n)n≥1 is strongly ergodic. Now, by Theorem 1.10,
(Pn)n≥1 is strongly ergodic.

Case 2. (Pn)n≥1 belongs to Class III (only the case u = 2). First, it
follows that (P ′

n)n≥1 is weakly ergodic, because

P ′
nP ′

n+1 =


0 0 · · · 1
0 0 · · · 1
. . . .
0 0 · · · 1

 , ∀n ≥ 1.
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Second, by Theorem 1.10, (Pn)n≥1 is weakly ergodic. Third, by Theorem 1.21,
(Pn)n≥1 is strongly ergodic.

(ii) For (Pn)n≥1 belonging to Class I, see Theorem 2.11 below. Further,
for any (Pn)n≥1 belonging to the union of Classes II and III, the proof is similar
to “⇒” from the proof of Theorem 2.11 below. �

Theorem 2.11. Let (Pn)n≥1 be a weighted k-out-of -∞: F Markov chain.
Then the chain is strongly ergodic if and only if∑

n≥1

qn = ∞.

Proof. “ ⇒ ” Suppose that
∑
n≥1

qn < ∞. Then the chain (P ′
n)n≥1 , where

P ′
n = Ik+1, ∀n ≥ 1, is a perturbation of the first type of (Pn)n≥1. Because

(P ′
n)n≥1 is strongly ({i})i∈S-ergodic, it follows from Theorem 1.10 that (Pn)n≥1

is strongly ∆-ergodic with ∆ 6= (S) (moreover, using Theorem 1.45 in [9], we
have ∆ = ({i})i∈S), and we reached a contradiction.

“ ⇐ ” See Theorem 1.23. �

Remark 2.12. If (Pn)n≥1 is a consecutive-k-out-of-∞: F Markov chain,
then condition

∑
n≥1

qn = ∞ is not sufficient for strong ergodicity. Indeed, for

k ≥ 2, let

P2n−1 =


1 0 0 · · · 0
1 0 0 · · · 0
. . . . .
1 0 0 · · · 0
0 0 0 · · · 1

 := E, P2n =


0 1 0 · · · 0
0 0 1 · · · 0
. . . . .
0 0 0 · · · 1
0 0 0 · · · 1

 := F, ∀n ≥ 1.

(A generalization: Pn ∈ {E,F} , ∀n ≥ 1, E appears a least once in any l
consecutive matrices belonging to (Pn)n≥1, where 2 ≤ l ≤ k (k ≥ 2), and
there exists a sequence 1 ≤ n1 < n2 < · · · such that Pnt = F, ∀t ≥ 1.) We
have

∑
n≥1

qn = ∞ and

EF =


0 1 0 · · · 0
0 1 0 · · · 0
. . . . .
0 1 0 · · · 0
0 0 0 · · · 1

 , EFE = E.

Therefore, the chain (Pn)n≥1 is not strongly ergodic.
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Theorem 2.13. Let (Pn)n≥1 be a consecutive-k-out-of -∞: F Markov
chain. Then

α(Pm,m+k) = µ(Pm,m+k) = µ
(
(Pm,m+k){k}

)
= qm+1qm+2 · · · qm+k, ∀m ≥ 0.

Proof. The equalities α(Pm,m+k) = µ(Pm,m+k) = µ
(
(Pm,m+k){k}

)
follow

from Theorem 1.13. Further, let us prove that

µ
(
(Pm,m+k){k}

)
= qm+1qm+2 · · · qm+k, ∀m ≥ 0.

We have

Pn =


pn qn 0 · · · 0
pn 0 qn · · · 0
. . . . .

pn 0 0 · · · qn

0 0 0 · · · 1

 =

=


pn 0 0 · · · 0
pn 0 0 · · · 0
. . . . .

pn 0 0 · · · 0
0 0 0 · · · 0

+


0 qn 0 · · · 0
0 0 qn · · · 0
. . . . .
0 0 0 · · · qn

0 0 0 · · · 1

 , ∀n ≥ 1.

Setting

Gn =


pn 0 0 · · · 0
pn 0 0 · · · 0
. . . . .

pn 0 0 · · · 0
0 0 0 · · · 0

 , Hn =


0 qn 0 · · · 0
0 0 qn · · · 0
. . . . .
0 0 0 · · · qn

0 0 0 · · · 1

 , ∀n ≥ 1,

we have
Pn = Gn + Hn, ∀n ≥ 1.

First, we prove that

(Hm,m+t)0,k = 0, ∀m ≥ 0, ∀t, 1 ≤ t ≤ k − 1.

Indeed,
(Hm,m+t)0,k =

= (Hm+1)0,1 (Hm+2)1,2 · · · (Hm+t)t−1,k = 0, ∀m ≥ 0, ∀t, 1 ≤ t ≤ k − 1.

Second, we prove that

(Pm+k−v,m+k)
{k} = (Hm+k−v,m+k)

{k} , ∀m ≥ 0, ∀v, 1 ≤ v ≤ k.

Indeed, this follows by induction with respect to v.
Step 1. v = 1. We have

(Pm+k−1,m+k)
{k} = (Pm+k)

{k} = (Gm+k + Hm+k)
{k} =
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= (Gm+k)
{k} + (Hm+k)

{k} = (Hm+k)
{k} = (Hm+k−1,m+k)

{k} , ∀m ≥ 0.

Step 2. v 7→ v + 1 (1 ≤ v + 1 ≤ k). We have

(Pm+k−v−1,m+k)
{k} = Pm+k−v (Pm+k−v,m+k)

{k} =

= (Gm+k−v + Hm+k−v) (Hm+k−v,m+k)
{k} =

(Gm+k−v (Hm+k−v,m+k)
{k} = 0 since (Hm+k−v,m+k)0,k = 0, ∀m ≥ 0)

= Hm+k−v (Hm+k−v,m+k)
{k} = (Hm+k−vHm+k−v,m+k)

{k} =

= (Hm+k−v−1,m+k)
{k} , ∀m ≥ 0.

Third, we show that

(Hm,m+k)
{k} =


qm+1 · · · qm+k

qm+1 · · · qm+k−1
...

qm+1

1

 , ∀m ≥ 0.

For this, setting

Zn =


0 qn 0 · · · 0
0 0 qn · · · 0
. . . . .
0 0 0 · · · qn

0 0 0 · · · 0

 , ∀n ≥ 1,

and

Z =


0 0 0 · · · 0
0 0 0 · · · 0
. . . . .
0 0 0 · · · 0
0 0 0 · · · 1

 ,

we have Hn = Zn + Z, ∀n ≥ 1. Further, because

ZZn = 0, ZnZ =


0 0 0 · · · 0
0 0 0 · · · 0
. . . . .
0 0 0 · · · qn

0 0 0 · · · 0

 , ∀n ≥ 1, and ZZ = Z,

we have

Hm,m+k =Hm+1Hm+2 · · ·Hm+k =(Zm+1 + Z)(Zm+2 + Z) · · · (Zm+k + Z) =

= Zm+1 [(Zm+2 + Z) · · · (Zm+k + Z)] + Z [(Zm+2 + Z) · · · (Zm+k + Z)] =
= Zm+1 [(Zm+2 + Z) · · · (Zm+k + Z)] + Z =
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= Zm+1 {Zm+2[(Zm+3+Z) · · · (Zm+k+Z)]+Z[(Zm+3+Z) · · · (Zm+k+Z)]}+

+Z = Zm+1Zm+2 [(Zm+3 + Z) · · · (Zm+k + Z)] + Zm+1Z + Z =

(by induction)

= Zm+1Zm+2 · · ·Zm+k + Zm+1Zm+2 · · ·Zm+k−1Z + · · ·+ Zm+1Z + Z =

=


0 · · · 0 qm+1qm+2 · · · qm+k

0 · · · 0 0
. . . . .

0 · · · 0 0

+

+


0 · · · 0 0
0 · · · 0 qm+1qm+2 · · · qm+k−1

. . . . .

0 · · · 0 0

+

+ · · ·+


0 · · · 0 0
. . . . .

0 · · · 0 qm+1

0 · · · 0 0

+


0 · · · 0 0
. . . . .

0 · · · 0 0
0 · · · 0 1

 =

=


0 · · · 0 qm+1qm+2 · · · qm+k

0 · · · 0 qm+1qm+2 · · · qm+k−1

. . . . .
0 · · · 0 qm+1

0 · · · 0 1

 , ∀m ≥ 0.

Consequently,

(Hm,m+k)
{k} =


qm+1qm+2 · · · qm+k

qm+1qm+2 · · · qm+k−1
...

qm+1

1

 , ∀m ≥ 0.

Hence

µ
(
(Pm,m+k){k}

)
= µ

(
(Hm,m+k){k}

)
= qm+1qm+2 · · · qm+k, ∀m ≥ 0. �

Theorem 2.14. Let (Pn)n≥1 be a consecutive-k-out-of -∞: F Markov
chain.
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(i) If (Pn)n≥1 is strongly ergodic, then ∀l,
[

k−2
2

]
< l < k, we have∑

s≥0

min
(
qs(k−l)+1, qs(k−l)+2, . . . , qs(k−l)+k−l

)
= ∞.

(ii) If ∃t, 0 ≤ t ≤ k − 1, such that∑
s≥0

qsk+t+1qsk+t+2 · · · qsk+t+k = ∞,

then (Pn)n≥1 is strongly ergodic.

Proof. (i) Let
[

k−2
2

]
< l < k. Suppose that∑

s≥0

min
(
qs(k−l)+1, qs(k−l)+2, . . . , qs(k−l)+k−l

)
< ∞.

Let n0 < n1 < n2 < · · · , where ns is a natural integer such that

min
(
qs(k−l)+1, qs(k−l)+2, . . . , qs(k−l)+k−l

)
= qns , ∀s ≥ 0.

(Therefore, ns ∈ {s (k − l) + 1, s (k − l) + 2, . . . , s (k − l) + k − l} , ∀s ≥ 0.)
Let

P ′
n =

{
Pn if n /∈ {n0, n1, n2, . . .} ,

Q if n ∈ {n0, n1, n2, . . .} ,

where

Q =


1 0 · · · 0
1 0 · · · 0
. . . . .
1 0 · · · 0
0 0 · · · 1

 .

We have
∑
n≥1

∣∣∥∥Pn − P ′
n

∥∥∣∣
∞ < ∞. Because

ns+1−ns ≤ (s + 1)(k− l) + k− l− s(k− l)− 1 = 2(k− l)− 1 < k + 1, ∀s ≥ 0,

we have
ns+1 − 1− ns < k, ∀s ≥ 0.

Consequently, the sequence (P ′
n)n≥1 contains at most k−1 consecutive matrices

belonging to (Pn)n≥1 . Further, ∀m ≥ 0, ∀u, v, 1 ≤ u ≤ k − 1, 2 ≤ v ≤ k,
we have

(Pm,m+uQ){0} = (Pm,m+u){0} Q = (1, 0, . . . , 0) ,

(Pm,m+uQPm+u+1,m+u+v){0} = (Pm,m+uQ){0} Pm+u+1,m+u+v =

= (1, 0, . . . , 0) Pm+u+1,m+u+v = (Pm+u+1,m+u+v){0} ,

(Pm,m+uQPm+u+1,m+u+vQ){0} = (Pm,m+uQPm+u+1,m+u+v){0} Q =

= (Pm+u+1,m+u+v){0} Q = (1, 0, . . . , 0)
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etc. and
(Pm,m+uQ){k} = (Pm,m+u){k} Q = (0, 0, . . . , 1) ,

(Pm,m+uQPm+u+1,m+u+v){k} = (Pm,m+uQ){k} Pm+u+1,m+u+v =

= (0, 0, . . . , 1) Pm+u+1,m+u+v = (Pm+u+1,m+u+v){k} ,

(Pm,m+uQPm+u+1,m+u+vQ){k} = (Pm,m+uQPm+u+1,m+u+v){k} Q =

= (Pm+u+1,m+u+v){k} Q = (0, 0, . . . , 1)

etc. It follows that (P ′
n)n≥1 is not strongly ergodic. By Theorem 1.10, (Pn)n≥1

is not strongly ergodic, and we reached a contradiction.
(ii) See Theorems 1.21, 1.22, and 2.13. �
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