ITERATIVE METHODS FOR SEMIGROUPS
OF NONEXPANSIVE MAPPINGS
AND VARIATIONAL INEQUALITIES
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We introduce an iterative method for finding a common fixed point of a semigroup
of nonexpansive mappings in a Hilbert space, with respect to a sequence of left
regular means defined on an appropriate space of bounded real valued functions
of the semigroup. We prove the strong convergence of the proposed iterative
algorithm to the unique solution of a variational inequality, which is the optimality
condition for a minimization problem. Compared to the similar works, our results
have the merit of imposing weaker hypotheses on coefficients.
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1. INTRODUCTION

Let E be a real Banach space and let C be a closed convex subset of
E. Then, a mapping 7" of C into itself is called nonexpansive if ||Tz — Ty|| <
|z — yl|, for all z,y € C. We denote by F(T) the set of fixed points of T
Mann [11] introduced an iteration procedure for approximation of fixed points
of a nonexpansive mapping 7" in a Hilbert space as follows: Let x¢p € C and

Tn+1 = (1 - an)T-rn +anTn, n >0,

where {a,} is a sequence in [0, 1]. See also Halpern [7].

Moudafi [13] introduced the viscosity approximation method for non-
expansive mappings. Let f be a contraction on a Hilbert space H (i.e.,
|f(x) — f)l < allz —y|, z,y € H and 0 < a < 1). Starting with an
arbitrary initial o € H, define a sequence {x,} recursively by

(1.1) Tny1 = (1 —ap)Txy + anf(x,), n >0,
where {ay,} is a sequence in (0,1). It is proved [13, 21] that under certain ap-

propriate conditions imposed on {ay,}, the sequence {x,} generated by (1.1)
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strongly converges to the unique solution z* in F(T') of the variational in-
equality
(I —=fla*,x—x*) >0, ze F(T).

On the other hand, iterative methods for nonexpansive mappings have
recently been applied to solve convex minimization problems; see, e.g., [6, 19,
20, 22, 23]. A typical problem is to minimize a quadratic function over the set
of the fixed points of a nonexpansive mapping on a real Hilbert space H

o1
(1.2) min > (A, ) — {z,u),

where F' is the fixed point set of a nonexpansive mapping 7" on H and u is a
given point in H. Assume A is strongly positive; that is, there is a constant
& > 0 with the property

(Az,z) > 7||z||?, for all z € H.

In [19] (see also [22]), it is proved that the sequence {z,,} defined by the
iterative method below, with the initial guess x¢o € H chosen arbitrarily,

(1.3) Tpt1 = (I —anA)Txy + apu, n >0,

converges strongly to the unique solution of the minimization problem (1.2)
provided the sequence {a,,} satisfies certain conditions.

Marino and Xu [12] combined the iterative method (1.3) with the vis-
cosity approximation method (1.1) and consider the following general itera-
tive method

(1.4) Tyl = (I —anA)Txy + anyf(zn), n>0,

where 0 < v < 7/a. They proved that if the sequence {a,,} is a sequence in
(0,1) satisfying the following conditions:
(Cl) ay — 0

(C2) > ay = o0
n=0

(e.)
(C3) either " |opq1 — | < 0o or lim <24l = 1;
n=0 n—oo n
then the sequence {x,} generated by (1.4) converges strongly to the unique
solution of the variational inequality

(15) (A=~f)ae—a%) >0, z€F,
which is the optimality condition for the minimization problem
1

Ixrgg §<A$7 $> - h(.%‘),

where h is a potential function for v f (i.e., h'(z) = ~vf(z), for z € H).
Finding an optimal point in the intersection F' of the fixed point sets of
a family of nonexpansive mappings is a task that occurs frequently in various
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areas of mathematical sciences and engineering. For example, the well-known
convex feasibility problem reduces to finding a point in the intersection of
the fixed point sets of a family of nonexpansive mappings; see, e.g., [2, 5]. A
simple algorithmic solution to the problem of minimizing a quadratic function
over F'is of extreme value in many applications including set theoretic signal
estimation; see, e.g., [9, 24].

See, e.g., [4, 18] for solving variational problems defined on the set of
common fixed points of finitely many nonexpansive mappings.

In this paper, motivated by, Xu [21, 19], Marino and Xu [12], Colao, et al.
[4], Atsushiba and Takahashi [1], Shimizu and Takahashi [15] and Takahashi
[18], we introduce the following iterative algorithm: Let xzy € H, and
(1.6) Tnt1 = (I — an AT (up)xy + anyf(zn), n>0,
where § = {T'(t) : t € S} is a nonexpansive semigroup on H such that
F(S) # @, X is a subspace of [*°(S) such that 1 € X and the function
t— (T(t)x,y) is an element of X for each z,y € H, and {u,} is a sequence of
means on X.

We will prove that if {1, } is left regular and {o,} is a sequence in (0, 1)
satisfying the conditions (C1) and (C2), then {z,} converges in norm to a x*
in F(S), the set of common fixed points of S, which solves the variational in-
equality

(1.7) (A=~f)a*, x—z*) >0, xe€F(S)

and is the optimality condition for the minimization problem

1
min — (Ax,x) — h(x
min 5 (Av.a) — h(@)
where h is a potential function for +f. Various applications to the additive
semigroup of nonnegative real numbers and commuting pairs of nonexpansive
mappings are also presented. It is worth mentioning that we obtain our results
without assuming the condition (C3).

2. PRELIMINARIES

Let S be a semigroup. We denote by [*°(S) the Banach space of all
bounded real valued functions on S with supremum norm. For each s € S,
we define I; and s on {*°(S) by (Isf)(t) = f(st) and (rsf)(t) = f(ts) for
each t € S and f € [*°(S). Let X be a subspace of {*°(S) containing 1 and
let X* be its topological dual. An element p of X* is said to be a mean on
X if ||p]] = w(l) = 1. We often write u.(f(t)) instead of p(f) for up € X*
and f € X. Let X be left invariant (resp. right invariant), i.e., [4(X) C X
(resp. rs(X) C X) for each s € S. A mean p on X is said to be left invariant
(resp. right invariant) if p(lsf) = u(f) (resp. p(rsf) = u(f)) for each s € S
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and f € X. X is said to be left (resp. right) amenable if X has a left (resp.
right) invariant mean. X is amenable if X is both left and right amenable.
As is well known, [*°(S) is amenable when S is a commutative semigroup or
a solvable group.

A net {{1o} of means on X is said to be left regular if lign e — ol =0

for each s € S, where [7 is the adjoint operator of /.

Let C' be a nonempty closed and convex subset of E. A family § =
{T'(s) : s € S} is called a nonexpansive semigroup on a C' if for each s € S
the mapping 7'(s) : C — C is nonexpansive and T'(st) = T'(s)T(t) for each
s,t € S. We denote by F(S) the set of common fixed points of S.

The open ball of radius r centered at 0 is denoted by B,. For a subset
A of E, we denote by ¢0A and the closed convex hull of A. Weak convergence
is denoted by —.

Below, Lemmas 2.1 and 2.2 can be found in [16, 10, 14], Lemmas 2.3 and
2.5 in [17], Lemma 2.4 in [12], and Lemma 2.7 in [20].

LEMMA 2.1. Let f be a function of semigroup S into a Banach space E
such that the weak closure of {f(t) : t € S} is weakly compact and let X be
a subspace of [°°(S) containing all the functions t — (f(t),z*) with z* € E*.
Then, for any p € X*, there exists a unique element f,, in E such that

(fur %) = e (f (1), 27)

for all x* € E*. Moreover, if u is a mean on X then
[ f0au(e) e st e s).

We can write f, by [ f(t)du(t).

LEMMA 2.2. Let C be a closed convex subset of a Hilbert space H, S =
{T'(s) : s € S} be a nonexpansive semigroup from C into C such that F(S) # &
and X be a subspace of [°°(S) such that 1 € X and the mapping t — (T'(t)x,y)
be an element of X for each x € C and y € H, and i1 be a mean on X.

If we write T(p)x instead of [ Tyxdu(t), then the following hold.

(i) T(n) is a nonexpansive mapping from C into C.

(ii) T'(pw)x = x for each x € F(S).

(iii) T'(p)x € co{Tix : t € S} for each x € C.

(iv) If p is left invariant, then T'(u) is a nonexpansive retraction from C
onto F(S).

Recall the metric (nearest point) projection Pk from a Hilbert space H
to a closed convex subset K of H is defined as follows: given x € H, Pxz is
the only point in K with the property

| — Prz| = inf{llz —y| -y € K}.

Py is characterized as follows.
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LEMMA 2.3. Let K be a closed conver subset of a real Hilbert space H.
Givenx € H andy € K. Theny = Prx if and only if there holds the inequality

(x—y,y—2)>0, VzeK.
LEMMA 2.4. Assume A is a strongly positive linear bounded operator on
a Hilbert space H with coefficient ¥ > 0 and 0 < p < ||A||=t. Then ||I —pA| <
1—p7.
LEMMA 2.5. Let C be a closed convex subset of H and T : C — C a

nonexpansive mapping with F(T) # @. If {z,} is a sequence in C weakly
converging to x and if {(I —T)x,} converges strongly to y, then (I —T)x = y.

The following lemma is an immediate consequence of the inner product
on H.

LEMMA 2.6. For all x,y € H, there holds the inequality
lz + yl* < ll2l* + 20y, = + ).
LEMMA 2.7. Assume {a,} is a sequence of nonnegative real numbers
such that
ant1 < (I —yp)an +90p, n >0,
where {y,} is a sequence in (0,1) and {d,} is a sequence in R such that

(i) 32 7n = o0;
n=1

(ii) imsup dp /v <0 or Y |6, < 0.
n—00 n=1

Then lim a, = 0.
n—oo

Throughout this paper, A will denote a strongly positive linear bounded

operator with coefficient 7 > 0 and f a contraction with coefficient 0 < av < 1
on Hilbert space H.

3. STRONG CONVERGENCE OF A GENERAL INTERATIVE METHOD

The following is our main result.

THEOREM 3.1. Let S = {T'(t) : t € S} be a nonexpansive semigroup on
H such that F(S) # @. Let X be a left invariant subspace of 1°°(S) such that
1 € X, and the function t — (T'(t)x,y) is an element of X for each x,y € H.
Let {un} be a left reqular sequence of means on X and let {a,} be a sequence

[ee]
in (0,1) such that o, — 0 and ) oy, = 00. Let zg € H, 0 < v < ¥/ and

n=0
let {zy,} be generated by the iterative algorithm (1.6). Then {xz,} converges in
norm to x* € F(S) which is a unique solution of the variational inequality
(1.7). Equivalently, we have Pps)(I — A+ ~f)x* = ™.
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Proof. Since a, — 0 and 0 < ¥ — v, we my assume, with no loss of
generality, that o, < [|A]|~! and
(3.1) 0 < [2(7 —va) + an¥(2va = 7)]ay, < 1.

Let p be an arbitrary element of F'(S). Then

[nt1 = pll = [[(I = anA)(T(pn)@n — p) + an(v.f(2n) — Ap)|
< (1= 5om)lln — pll + anl 1/ (n) — Ap|| (by Lemma 2.2)
< (1 =7am)|zn — pll + an(Y[f (zn) = f(OI + [ f(p) — Apl)
< (1= —ra)an)|zn = pll + anllvf(p) — Apll
_ - v/ (p) — Apl
=1 =G —r)aon)|lzn —pll + (F — 7)o 5
It follows from induction that
| /() = Ap|
7 —a
Set D ={y € H :|ly—p| < Mp}. Weremark D is a S-invariant bounded
closed convex set and {z,,} € D. We will show that

(3.2) limsup sup || T'(pn)y — T ()T (1n)yl =0, VL €S.
n—oo yeD

l2n — pl Smax{uxn—p\ }—Mo, n>0.

Our proof of (3.2) follows the lines of a proof in [1]. Let ¢ > 0. By [3, Theo-
rem 1.2], there exists 6 > 0 such that

(3.3) coFs(T(t); D)+ Bs C F.(T(t); D), VteS.
By [3, Corollary 1.1], there also exists a natural number N such that

R R
—_— T(t —Ti| —— T(t
N1 T t(NH; on

for all t,s € S and y € D. Let t € S. Since {uy} is strongly left regular,
there exists ng € N such that ||, — Uipal| < 0/(Mo + [|p||) for n > ng and
i=1,...,N. Then we have

(3.4) <,

(3.5) sup
yeD

1 K
T'(pn)y —/MZT(tlS)ydﬂn(s)
i=0

= sup sup
yeD |z]|=1

N

1
sup sup |(pn)s(T(8)y, z) — (Lipn)s(T(8)y, z
N 12 50 o o7 2) = (gen)(T(5)y:2)
<.

s [lan — il (Mo + 1)) <6, ¥ > no.

e

1 K
(s3] = {377y ST l2)

<
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On the other hand, we note that

1 L X
[+ 2 T(Eydin(s) € co{N T T TEw) s e s}.

From (3.3), (3.4), (3.5) and the above, we have

N N
Ty = [ s S TS o) + (Tl [y STyt (s))
i=0 1=0

N
1 )
€ co{N 1 ;0 T(t's)y : seS} + Bs CcoF5(T'(t); D) + Bs C F.(T(t); D),

for all y € D and n > ng. Therefore,

limsup sup ||T(¢)T (pn)y — T (pn)yll < e.
n yeD

Since € > 0 is arbitrary, we get (3.2). In this stage, we will show
(3.6) lim ||z, — T(t)z,| =0, Vtels.
n

Let t € S and € > 0. Then there exists § > 0 which satisfies (3.3). Take
Ly = (ya + ||A]) Mo + ||7vf(p) — Ap||. From lim a,, = 0 and (3.2), there exists
ko € N such that a,, < §/Lo and T'(un)x, € F5(T(t)), for all n > kg. We
note that

[an (v f(zn) — AT (pn)zn) |
< an(Yf(@n) = FP) + 117 f (p) — Apll + | AT (pn)2n — Apll)
< an(yallzn = pll + [Allllzn = pll + v (p) = Apl)
0
< an((va+ [ADMo + 17/ (p) — Apll) < Lo =4,
for all n > kg. Therefore, we have
Tnt1 = T(pn)2n + an(vf(2n) — AT (pn)zn) € Fs(T(t)) + Bs C Fo(T(1)),
for all n > kg. This shows that
limsup ||z, — T(t)z,| < e,
and since € > 0 is arbitrary, we get (3.6).
Banach’ s Contraction Mapping Principal guarantees that Pp(s)(vf+(/—
A)) has a unique fixed point z* which is the unique solution of the variational
inequality
We show that
(3.7) lim sup(z,, — z*, vf(z*) — Az") <O0.

n—oo
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To see this, we take a subsequence {zy, } of {z,} such that

limsup (z,, — 2%, vf(2¥) — Az™) = klim (@, — 2", vf(z") — Ax™).

n—oo

We may also assume that z,, — z. Note that z € F'(S) in virtue of Lemma 2.5
and (3.6). Therefore,

limsup (2, — a*, 7f(2%) — Az*) = (= — 2, 7f(2*) — Az*) < 0.

n—oo
Finally, we prove ||z, — *|| — 0. To this end, we calculate
(3-8)  llzn+1 — x*”z = [|({ = anA)(T(pn)zn — %) + an(vf(2n) — Ax*)Hg
< (T =an AT ()0 —2*) > 200 (v f (€)= Ax*, 2p41—2") (by Lemma 2.6)
< (1= an¥)?llzn — (1 + 20n (v f (20) — A2*, 2py1 — 2¥).
On the other hands,
(7f(@n) =7f(@%), 2n1 — 2%) < yallzn — 27| || — 27|
< yallzn—a* |V (1 =an¥)?|len—2*|2 + 200 (7 f(2) — Az*, ps1—2*) (by (3.8))
< va(l = any)l|zn — |+ yallzn — o[ V2AN0f (20) — Ar*, 2nin — 2*) |V
Since {z,} is bounded, we can take a constant Gy > 0 such that
val|zy — 2|27 f(2n) — Az*, wnir — 2%)] < Go, (Vn).
So, from the above, we reach the following
(39) <'7f(xn) - ’Yf(x*)vxn-‘rl - {L'*> < ’Ya(l - anﬁ)Hwn - x*HZ + GU\/ Q.-
Now, combining (3.8) and (3.9), we obtain
lzn1 =¥ < (1= a?)?llen — &)1 + 200 (7f (2n) = 7f(27), 2np1 —*)
1200 (7 f(27) = A, Tni1 — 2%)
< (1= an9)?||zn — 2" + 205 (va(l = ap¥) |20 — 2> + Gov/aw)
+20m (v f(27) — A2*, Tnyr — 27)
= (1 - 2a,7 + 27 4 2a,va(1 — ap¥))||zn — z°||* + 200, Go/on
+20m (vf(27) — Az™, Tnyr — 77)
= (1 - [2(7 = 70) + an7(2ya = )]an)|lzn — 2"
+2a, (Gov/am, + (v f(2") — Az™, xpy1 — 7).
It then follows that
(3.10) [[rnt1 —2*[* < (1= [2(3 = ya) + an¥(2ve = 7)) |20 — 2*|* + B,

where

Bn = 2(Gov/an + (vf(x¥) — Ax™ xpq — x¥)).
By (3.7), we get limsup 3, < 0. Now, considering (3.1), applying Lemma 2.7

n—oo

to (3.10) concludes that ||z, —z*|| — 0. O



9 Iterative methods for semigroups of nonexpansive mappings 67

COROLLARY 3.2. Let S, X, {un} and {an} be as in Theorem 3.1. Let
u,xo € H and define a sequence {x,} by the iterative algorithm

Tnr1 = (I — an A)T (up)zy + apu, n > 0.

Then {x,} converges in norm to a x* € F(S) which is the unique solution of
the minimization problem

1
11 in - (Az,z) — .
(3.11) Ln s (Az, x) — (2, u)

Proof. 1t suffices to take f = u and v =1 in Theorem 3.1. [

4. SOME APPLICATIONS

COROLLARY 4.1. Let S and T be nonerpansive mappings on H with
ST = TS such that F(S) N F(T) # @. Let {an} be a sequence in (0,1)

o0

satisfying conditions ay, — 0 and > ap, =o00. Let xg € H, 0 < v <7/« and
n=0

define a sequence {x,} by the iterative algorithm

n—1ln—1
1

Tpi1 = (I — anA)ﬁ ZZSizjn + anyf(zn), mn>0.
i=0 j=0

Then {x,} converges in norm to a unique x* € F(S) N F(T) which solves the
vartational inequality
(A=~fz*,x—a") >0, xze€F(S)NF(T).

In particular, taking f =uw € H and v = 1, ¥ is the unique solution of the
minimization problem

) 1

min -

zeF(S)NF(T) 2

Proof. Let T(i,j) = ST for each i,j € NU{0}. Then {T(i,j) :i,j €

NU{0}} is a semigroup of nonexpansive mappings on C'. Now, for each n € N,
n—1n—1

(Az,x) — (x,u).

define 1, (f) = 25 > Y f(i,]) for each f € 1°°((NU{0})?). Then, {4} is a
i=0 j=0
regular sequence of means [17]. Next, for each x € C' and n € N, we have
1 n—1n—1 o
Tae = 5 55 571
i=0 j=0

for each n € N. Therefore, applying Theorem 3.1, the result follows. [
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COROLLARY 4.2. Let § = {T'(t) : t € Ry} be a strongly continuous
semigroup of nonexpansive mappings on H such that F(S) # @. Let {an}
e.)

be a sequence in (0,1) satisfying conditions o, — 0 and > «a, = oo. Let
n=0
x0 € H, 0 <~y <7¥/a and define a sequence {x,} by the iterative algorithm
1 [t
(4.1) Tpy1 = (I — a"A)t/ T(s)xnds + anyf(zn), n>0,
n Jo
where {ty} is an increasing sequence in (0,00) such that lim ¢, = co and
n—oo
lim t,/tp+1 = 1. Then {x,} converges in norm to a unique z* € F(S) which
n—oo

solves the variational inequality (1.7).

Proof. For n € N, define p,(f = Jor f(t)dt for each f € C(Ry),
where f € C(Ry4) denotes the space of all real Valued bounded continuous
functions on Ry with supremum norm. Then, {,un} is a regular sequence of
means [17]. Further, for each z € C, we have T'(juy,)x = fo s)xds. Now,
apply Theorem 3.1 to conclude the result. [

COROLLARY 4.3. Let § = {T'(t) : t € Ry} be a strongly continuous
semigroup of nonexpansive mappings on H such that F(S) # &. Let {a,}
oo

be a sequence in (0,1) satisfying conditions oy, — 0 and > o, = oco. Let

n=0
xo € H, 0 <y <7/« and define a sequence {x,} by the iterative algorithm
o
(4.2) zpp1=0{- anA)rn/ exp(—rps)T(s)xpds + anyf(zn), n>0,
0

where {rp} is a decreasing sequence in (0,00) such that lim r, = 0. Then
n—oo

{zn} converges in norm to a unique x* € F(S) which solves the variational
inequality (1.7).

Proof. For each n € N, define i, (f) = rn [y~ exp(—rat) f(t)dt for each
f € C(Ry4). Then, {u,} is a regular sequence of means [17]. Further, for each
x € C, we have T(py)x = 1y [ exp(—rynt)T(t)zdt. Now, apply Theorem 3.1
to conclude the result. 0O

COROLLARY 4.4. In Corollaries 4.3 and 4.4, if we take f =uw € H and
v =1, then {z,}, defined by (4.1) and (4.2) converge in norm to the unique
solution of the minimization problem (3.11).

COROLLARY 4.5. Let T be a nonexpansive mapping on H such that
F(T) # @. Let {an} be a sequence in (0,1) satisfying conditions o, — 0
o0

and Y, o =00 and let Q = {qn.m} be a strongly reqular matriz. Let xo € H,
n=0
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0 <y <7/a and define a sequence {x,} by the iterative algorithm

o0
Tpy1 = (I — anA) Z dnmT " xy + anyf(zn), n>0.

m=0

Then {x,} converges in norm to a unique x* € F(T) which solves the varia-
tional inequality (1.5). In particular, taking f =w € H and v = 1, x* is the
unique solution of the minimization problem (1.2).

Proof. For each n € N, define
NN(f) = Z Qn,mf(m)
m=0

for each f € I*°(NU{0}). Since @ is a strongly regular matrix, for each m,
we have gy, m — 0, as n — o0; see [8]. Then, it is easy to see {uy} is a regular

(o]
sequence of means. Further, for each z € C, we have T'(p,)z = Y gnmT ™.
m=0

Now, apply Theorem 3.1 to conclude the result. [
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