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FOR NON-LINEAR OPERATORS
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In this paper we investigate the starlikness and univalence of certain integral

operators, considering the class of univalent functions defined by the condition

2/
ng(S) - 1‘ <A, |z| < 1, where f(z) = z+ a2z +--- is analytic in the unit disc
U={zeC:|z|<1}.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of analytic functions f(z) normalized by
(1.1) f(2) :z+Zakzk
k=2

in the unit disk U = {# € C : |z| < 1}. Denote by S the subclass of A
consisting of functions which are univalent. Given a < 1, a function f € A is
called starlike of order «, denote by S*(«), if and only if Re(zf'(2)/f(2)) > «a.
A function f € A is said convex of order a, denote by K(«), if and only if
zf'(z) € S*(a). In particular, the classes S*(0) = S* and K(0) = K are the
well-known classes of starlike and convex functions in U, respectively. In 1990
Komatu [2] introduced a integral operator

A

a 1 A—1
(1.2) La’\f(z)zr()\)/o o2 <1og1> F(t2)dt,

ze€U, a>0, A>0, f(2) € A Thus, if f(z) € A is of the form (1.1), it is
easily seen from (1.2) that

) A
a
(1.3) L) f(z) =z + E <> anz", a>0, A>0.
o a+n-—1
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We now define a function L) (z) by

00 A
(1.4) Lg(z)=1+z<ain> 2 a>0, A>0.
n=1

Using the above relation, it is easy to verify that

Ly f(z) = 2Lo(2) * f(2),

and
(1.5) ALt (2) = ali(z) — aLpt!(2).
Let V(m) denote the class of all functions f € A satisfying the condition
2
z
1.6 fl(z)=1l<m, ze€U 0<m<1.
o) (i) 7@

We set V(1) = V. We remark that from f € V(m) it follows that @ # 0 for
z € U. It is well-known that V' C S (see [4]) and so, for 0 < m < 1 one has
V(im) CS.

For proving our results we need the following lemmas.

LEMMA 1.1 ([1]). Let h(z) be analytic and convex univalent in the unit
disk U with h(0) = 1. Also let

g(z) =1+ biz4 bz +---
be analytic in U. If

(1.7) g9(z) +
then

< h(z), z€U, c#0,

(1.8)  g(z) <= ¥(z) = é /OZ tIh(t)dt < h(z), z€U, R(c) >0, c¢#0.

and (z) is the best dominant of (1.7) [7].

LEMMA 1.2 ([8]). If f,g are analytic and F,G are convex functions such
that f < F, g < G, then fxg < FxGQG.

LEMMA 1.3 ([9]). Assume a1 =1 and an, > 0 for n > 2, such that {a,}
is a convex decreasing sequence, i.e.,

Gn — 20n+1 + apyo >0 and apy1 — anio >0 for alln € N.
Then

> 1
Re {Z anz"_l} > 3 for all z € U.
n=1

LEMMA 1.4. Ifa >0 and A > 0, then Re{L}(2)} > 5 for all z € U.
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Proof. From the definition of L) () we have

& a A 0o
A _ n—1.,__ n—1
La(Z)—l—FZ(W) z —1+ZBnZ .
n=2 n=2
Since A and a are positive, we have B,, >0 for all n>2. We can easily find that

A A A A
a a (a+n+1)"—(a+n)
Bpi1— Bpys = —(—) =2 >0,
T o <a+n> <a+n+1> Tt Matnt+ 1)

for all n > 2.
Also,

Bn - 2Bn+1 + Bn+2 =

y((@+n)(a+n+1)*=2((a+n)? - 1D+ ((a+n)(a+n— 1))
(a+n—DMa+n)Ma+n+1)A '

Suppose £ = a + n, and
fla) = (z(z + 1)) = 2(2® = D)) + (a( — )N

From the assumption we have x > 1. For proving B,, — 2B, 11 + Bpi2 > 0 it
is sufficient to show that f(z) > 0 for z > 1. But it is equivalent with

(x:):(:zilyzz, .
o= (555) + (55)

_ 1 A+1 -1 A+1
g/(ﬂf) — )\I)\_l (:‘C + ) + (:E ) ’
(x — DM (z 4 )M
which is negative for all > 1. Therefore, g(z) is a decreasing function and

takes its minimum value equal to 2 at infinity. Hence g(x) > 2 for all z > 1,
and from Lemma 1.3 we get our result. [

Let

Then we have

LEMMA 1.5 ([5]). If f € V(m), d := |f"(0)[/2 < 1 and 0 < m <
V= B2 then f € S*

LEMMA 1.6 ([7]). If f(2) = 2z + apy12" 4+ -+ (n > 2) belongs to V(m)

and
n—1
0<m< ——o—,
(n—1)2+1

then f € S*.
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2. MAIN RESULTS

We now start our first result beginning with

THEOREM 2.1. Leta >0, A >0 and f € V(m) satisfy the condition

(f@) « IMY2) £0, VzeU,

and G be the transform defined by
z
G(z) = , zeU.
) (2/f(2)) * La™(2)

a )*“ f”(O)‘ <1

Further, let ¢ be a nonnegative real number such that c= ) (CL—H >

Then we have the following
(1) Gev ()
(2) G € 5%, whenever 0 <m < “2(v/2—c2 —¢).

Proof. From the definition of G we obtain

sz) = % « LI(2).
Differentiating 75 we get that
@1) : (G()) =G (G@)QG/(”
It is easy to see that
(2.2) P (f(zz)>/ « IM(2) = 2 <f(zz) * Lgﬂ(z))/.

From (1.5) and (2.2) we deduce that

z c * A+1Z /:CLL* )\Z—az * )\+1Z
<f(Z) La ”) 7y *lale) m gy el 3,

or

(23) : (G()) rolag) =5 RO

Let us define
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Then p(z) is analytic in U, with p(0) = 1 and p/(0) = 0. Combining (2.1) with
(2.3), one can obtain

z z

2.4 pz)=(14+a)=——a——
(24) ()= (a5 =
By differentiating p(z) we get that

(2.5) zp'(2) = (1 +a)z (G?z)) —az (f(i’)) s« L)(2).
In view of (2.3), (2.4) and (2.5), we obtain

s« L)(2).

ap(z) + 20/(2) = a(1 + a) sz) o

Tl <G(>> - <f()> *Lot?

z

*k A zZ —a2 z k A Z)—a z /* A z
7y * L@ gy < L) <f(2)> La(z)

_ aﬁ «LM2) —a [f(zz) - <(Zz))2 f’(z)] « L(2)
_ a( ZZ )2f’(z) « L2(2).

=a(l+a)

Hence

(26) b+ 5o = (

z

? A
i) ),

Since Re(L)(z)) > 3, by Herglotz theorem we can write

LNz) = 1dx,
a<>/ ()

ol=1 1 —xz

where p(z) is a probability measure on the unit disc || = 1, that is,

/m:l dpa(r) = 1.

<f(zz))2 F1(2) < 1+ mz% = h(2).

Since h(z) is convex in U, from the well known result [3] and (2.6) we obtain

p(x) + 22])/(2) < / h(t2)du(t) < h(z).

lz|=1

From f(z) € V(m) we have
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It now follows by Lemma 1.1 that

pe) <) = /0 111 4 me2)dr.

Therefore,
ma
2

z°.
a—+2
Also, it is easy to see that the second part is a consequence of Lemma 1.5. [J

p(2) <1+

We note that by considering more restrictions on a, A\ we can improve
the above result. It is well-known that for a > 0 and A € {0,1,2,3,...} the
function L) (z) is convex. So, we can get the following result.

THEOREM 2.2. Leta >0, A € {0,1,2,3,...} and f € V(m) satisfy the
condition
z
— >|<L()1‘+1 z)#0, VzeUl,
(75) -5
and G be the transform defined by

G(z) = : , Z .
D= <Y

Further, let ¢ be a nonnegative real number such that c= ’ (

D
f"(0)
=) A<

Then we have the following

A+1
(1)G e V(m (fh) ) The result is sharp especially when |f"(0)/2] <
—m

(2) G € S*, whenever 0 < m < (“T“))‘H (2%2%) _

Proof. Let us define

v = (i) @)

then p(z) is analytic in U, with p(0) = 1 and p(0) = 0. Using the same method
as on Theorem 2.1 we get

2
(2.7 b+ = (55) 119+ 12
But 1+ mz? and L)(z) are convex, and
2
(i) v
Using Lemma 1.2, (2.7) yields

A
1 / a 2
- <1 —2 ) 2
p(z)~|—azp (2) —|—m<a+2> z
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It follows from Lemma 1.1 that

a A+1
<1 2
p(2) +m<a+2> z

Therefore,

(2.) o) 11 (5 )M 2.

a+2

To prove the sharpness we follow the same way as in [6]. Let the function
f € V(m) be defined by

fz) = 1 —agz +mz?’

where as = f”(0)/2 and |as| < 1—m, so that 1 —agz+mz? # 0 for all z € U.
Moreover, since A > 0, a > 0, it follows that (a +2)M! > (a+ 1) 1 > (a)M!

and, therefore
A1 A1
a a
1— _a _a 2
a2<a+2> z+m<a+2> 271 #0,

for all z € U, provided |ag| < 1—m. Now, from the definition of G(z) we obtain

z
zeU,

z

G(z) = AL P
1—ay (#2) z—i—m((z“@) 22

2 A+1
which is analytic on U, ¢ # 0 on U and (i) G'(z)—1—-m ( 4 ) .

G(z) at+2
A+1
This means that G € V(m (ﬁ) ) Also, the second part is a easy conse-
quence of Lemma 1.5. Hence the proof is ended. [

Using Lemma 1.6, Theorem 2.1 can be generalized as follows.

THEOREM 2.3. Let n > 2, f(2) = z + ant12" L +--- € V(m). Suppose
a>0, A\>0 and

<fé)) « LMN2) #£0, Vzel,

and G be the transform defined by

G(z) = & , Z .
=Gy ne *<Y

Then we have the following

(1)Gev(;j;)

(2) G € S*, whenever 0 < m < {atn)(n-1)
ay/(n—1)2+1
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Proof. Let us define

p(2) = (G?Z)>2G’(z) =1—api (ai2>kzn+... ,

Then p(z) is analytic in U, with p(0) = 1 and p/(0) = --- = p»=D(0) = 0.
Using the same method as on Theorem 2.1 we get

Lo\ _Z ? ) % I
(29 b+ (0 = (05) 10+ 120

Hence the result follows as Theorem 2.1. O

Finally, using the similar methods as in Theorems 2.2 and 2.3 we get the
following result and we omit the details.

THEOREM 2.4. Let n > 2, f(2) = 2 + apt12" + -+ € V(m). Also
suppose a > 0, A > 0 and

<z> « L) (2) #£0, Vzel,

f(z)
and G be the transform defined by
z
e

Then we have the following

Weev(m(zm) )

A+1
(2) G € S*, whenever 0 < m < ((“'g")) \/(;"__ll)lﬂ'
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