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We consider the optimal selection problem of the rebalancing portfolio with chance
constraints, where some of the parameters are uncertain. We model these un-
certainties using fuzzy numbers. The random variable of the chance constraints
follows fuzzy linear exponential distribution.
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1. INTRODUCTION

The selection problem of the rebalancing portfolio, under nonconvex
transactional costs, was defined in Konno et al. [7], [8], which proposed a
branch and bound algorithm for calculating an optimal solution of the mini-
mum cost rebalancing problem under concave transactional costs.

In order to purchase (invest) and/or sell (disinvest) assets, sometimes
the investor has to pay certain fees.

In this paper, the fees associated with x = (z1,x2,...,z,) are named
transaction cost, where x; represents the amount of investment (or disinvest-
ment) of the asset j (j = 1,...,n). The transaction cost of the entire invest-
ment is Y7 ¢j(z;), where ¢;(z;) is a non-decreasing nonconvex function up
to certain point x, [7].

J
Let us now consider a time horizon, composed from T moments of time;
we denote by (71¢, rat, - - - , Tt ) the vector of the rates of return of the n assets at

the t moment, and p; = Pr{(Ry, Ra,...,Rn) = (1,72, -, "mt) ), t =1,...,T
is known and where R, is a random variable, which represents the rate of the
return of the j asset (Pr stands for probability) ([5], [13], [14]).

Let r; = ZtT:l pirje be the expected rate of the return of the asset j
without transaction costs, and Z?:l rjz; the expected rate of the return of
the portfolio z = (z1,x9,...,2p).
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Because the current portfolio may deviate from the present efficient fron-
tier, the investors are inclined to “rebalance” the portfolio due to the change
of investment environment.

Let 20 = (29,29,...,22) [7], [8] be the portfolio at time 0. The investor
wants to change the portfolio at a certain later point, say one year later. Let
x = (x1,22,...,x,) the new portfolio, with the condition that its expected rate

of return Z?Zl rjx; is greater than a constant go and smaller than a constant
g1, because the investor wants to obtain an minimum guaranteed expected
rate of return, and also a maximum expected rate of return, if it is possible.

Let W[r(z)] = p| > g (rjt — rj)x;| be the risk of the problem, assumed
to be bounded, which means that the investor does not want a very big risk
Wo, but neither a small risk wg, which gives a less expected rate of return.

The investor is limited at a minimum My (maximum M) capital which
he wishes to invest in the rebalancing problem.

Let us introduce the new portfolio at a certain later point x = y +
20, with 20 = (29,29,...,2%) being the portfolio at time point 0, made up
by all the operations resulted from the rebalancing, a portfolio that has the
following meanings:

—ify; > 0,7 =1,...,n, then ¢;(y;) is the associated cost with purchasing
y; units of the asset j;

—ify; <0,5=1,...,n, then ¢;(y;) is the associated cost with selling
|y;| units of the asset j.

In this paper, we model the chance constraints from the minimal cost
rebalancing problem using fuzzy theory approach. Then, we solve the deter-
ministic equivalent of the fuzzy chance constrained minimal cost rebalancing
problem.

This paper is organized as follows. In Section 2, we review the theore-
tical background concerning the triangular fuzzy numbers. In Section 3, we
state the minimum cost rebalancing problem under the mean-absolute devia-
tion (MAD) model. In Section 4, we model the programming problem under
fuzzy linear exponential distribution with different choices of the distribution
parameters. In the last section, we solve the deterministic problem with modi-
fied subgradient algorithm.

2. FUZZY NUMBERS THEORY. SOME PRELIMINARIES

The purpose of this section is to recall some concepts which will be
needed in the sequel. The programming problem with chance constraints has
some uncertain informations which can be modeled through different methods
involving randomness and fuzziness in different scenarios. Buckley [1], [2], [3]
has defined fuzzy probability using fuzzy numbers as parameters in probability
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density function. The fuzzy numbers are obtained from the set of confidence
interval.

According to Dash et al. [4], the fuzzy chance constrained programming
problem is a chance constrained programming problem in the presence of am-
biguous information, where the random variable follows different fuzzy distri-
butions. In this paper, fuzzy random variables for chance constrained rebal-
ancing problem follow a linear exponential distribution, which is very efficient
from the practical point of view.

We place a “ 7 over a symbol to denote a fuzzy set. All our fuzzy
sets will be fuzzy subsets of the real numbers. So, a;, A,z all represent fuzzy
subsets of the real numbers.

Given the fuzzy number F' with membership function pz : R — [0, 1],

the set {b | ua(b) > a, V0 < a < 1} = Fla] is a-cut of F. F[0] is sepa-
rately defined as the closure of the union of all the Fla], 0 < a < 1. So, a
fuzzy number Fisa fuzzy subset of the real numbers satisfying the following
conditions:

— pi(b) =1 for some b (normalized);

— Fla] is a closed and bounded interval for 0 < a < 1.

A triangular fuzzy number Fisa triplet (y',%2,53) € R3. The member-
ship function of F is defined in connection with the real numbers yt, %, y° as
follows:

0 T e (—OO,yl),
z—y! 1,2

~ DR T e [y 'Y ]7
Yy T e (y Y ]7
0 z € (y3,00).

F(z) represents a number in [0,1], which is the membership function
of F evaluated in z. For any fuzzy number ]5, the a-cut of F is a closed
and bounded interval for 0 < a < 1, i.e., F([a]) = [g(), ¢*(a)]. We define
a partial order relation > between two fuzzy numbers ]?’1 and ﬁg using a-
cuts Fi[a] and Fy[a]. Let Fylo] = [qt(a), ¢** ()] and Fyla] = [a2(a), ¢** ()]

Then, Fy = F iff ¢X(a) > ¢2*(a), for each o € [0,1].

3. PROBLEM STATEMENT

We assume that for the expected rate of return to have chance constraints
with the probabilities p; = Pr{(Ri,Ra,...,Rn) = (ri;,rh, . 70}, t =
1,...,T and p} = Pr{(Ri,Re,...,Ry) = (r{p, 7y, ...,ri)}, t = 1,...,T
are known. The minimum cost rebalancing problem under the mean-absolute
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deviation (MAD) model can be formulated as follows

n
(P) min ) ¢;(y;)
j=1
subject to
n n
Pr(er(yj +al) < g1 < iy +x?)) > qi,
=1 i=1

n n
P’I"(Z’I";-,(yj + :B?) <g2 < er(yj + x?)) > q2,

j=1 j=1

n
My <Y (y; +29) < My,
j=1

vi<yi+a)<w, j=Ln,

T
wo < Z Dt
=1

Let us consider a set of nonnegative variables z, z;, t = 1,..., T, satis-
fying the following conditions

n

Y (e = ri)ys + (rje = r5)af
j=1

< Wp.

n
a—z =pey [(rje =)y + (rje = r)af),
j=1
2z =0, >0, 2, 20, t=1,...,T.

Then we have

n

pe > (e —r)ys + (rje —r)al]|, t=1,...,T.
j=1

!/
zt+ 2z =

Therefore, instead of Problem (P) we consider the following problem

n
(P1) min Y ¢;(y;)
j=1
subject to
n n
PT(ZTj(yj +al) <gr < iy + x9)) > q1,
j=1 j=1

n n
P?”(Z?”}-’(?Jj +af) <ga <Y iy + ﬂf?)) > g,

j=1 j=1
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n
My <> (y;+a9) < My,
j=1

T
wo <> (2 + 21) < W,
=1

2 — zé =Dt Z [(T’jt - Tj)yj + (Tjt - rj)x?],

w2 =0, >0, 2, >0, t=1,...,T.

As in [7] we can prove a similar result for problem (P).

THEOREM 1. The complementarity constraint z;z;=0, 2 >0, 2, >0, t=
1,2,...,T, can be eliminated from problem (P;). Moreover, Zthl(Zt —2z;)=0.

Proof. Let (yi,...,yk,25,..., 25, 2'1,...,2'7) be an optimal solution of
the problem (P;) without complementarity constraint and let us assume that
22} >0,2;>0,2; >0,vte I Cc{1,...,T}.

We see that

—if 2f > 2/{ > 0, Vt € I then consider a solution of problem (P)
(21, 2't) = (2 — Z’{, 0),Vt € I;

—if 0 < zt < 2/}, Vt € I then consider a solution of problem (P)

(,%Vt,z’t) (0,27 — 2}), VtEI.

Therefore, (yi,...,y}, 21,. .., 21, ;71’ .. ,zA’;) satisfies all the constraint of (P),
while the objective function valuein (v, ..., v}, 21, ..., 21, 2'1, ..., 2'7) is equal
with the objective function value calculated in (y7,...,y%, 25, ..., 25,27, ...,

2'7). Moreover, it checks that

T T n
Z(zt—Zt :Zptz Tt — +(Tjt_rj)x?]
t=1 t=1 j=1
T n
= Z pt Tgt y] +pt(7"yt TJ)$?] =0.
t=1 j=1

The theorem is proved. [

Thus, the mean-absolute deviation (MAD) model from Marinescu [10],
can be represented as a crisp chance constrained programming problem for
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the minimal cost of the portfolio transaction of the form

(P2) min ) ¢;(y;)
j=1

subject to
n n
P?‘(Z?"j(yfrwo-) <g < Zr§(yj+ﬁ?0)) > qu,
=1 i=1
n n
Pr(ZT;’ yi+a9) <g Z (y; + ) >>Q2,
J=1 J=1

Vi<yi+ai <7, j=1,...,n

T
wy <23z < W,
=1

n n
Zr]t—r] —ztg—ptZ(rjt—rj)xg, t=1,...,T,
: j:l

where g;, i = 1,2, is uncertain and Z?:l ri(y; + x?) represents the expected
rate of return for rebalancing portfolio.

We suppose that g; and go are fuzzy random variables and the others
real parameters My, Ma, v, i, Wop, wo are given. Their significations and
definitions are given in [9], [10], [11].

4. THE PROGRAMMING PROBLEM UNDER
FUZZY LINEAR EXPONENTIAL DISTRIBUTION

Let g1 and g2 be continuous random variables with probability density

function linear exponential

ug? )
Flgsap) =4 €272 (A tpg)  ifgi>0,
0 otherwise,

where A and p are uncertain parameters, describing the probability density
function. We will study both the case when the parameter A is a fuzzy number
and the case when the parameter p is a fuzzy number.

4.1. The parameter ) is a fuzzy number

Let g1 and g2 be fuzzy random variables with fuzzy density functions
linear exponential, A\ a fuzzy parameter and p is given parameter. So, the
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fuzzy chance constrained programming problem for the minimal cost of the
portfolio transaction is of the form

(Ps) min Y ¢;(y;)
j=1

subject to
~ n n
Pr(er(yj +af) <g <D iy +:c2)> =@,
J=1 j=1
~ n n
Pr( ot +a) < < Sorst+ad)) =
Jj=1 7j=1
n
My <) (yj +2) < My,
j=1
’y‘y<y]+x?<7]v j_]-a 7”,
T
wp < QZZt < Wo,
t=1
n n
bt Z(Tﬁ —15)Y; — 2 < —p Z(Tgt - T])OUJ, t=1,...,T
J=1 Jj=1

n

Let u=73""_, r;(y; +x9), u = Z?:i 75 (Y + x?) and u” =370, vl (y; +
ac?) Then v < g; < v is a fuzzy event. Pr(u < g; <u') is the probability of
this event which is a fuzzy number. Its a-cut is the set

/

Pr(u<g;<u')a) :{ / " (A 4 i) ag: | Aei[aJ} =[¢i(@), ¢" ()],

for 0 < a < 1. Denote g;[o] = [gix(), ¢} ()], the a-cut of the fuzzy number g;.

LEMMA 1. If ¢1 is a fuzzy random variable linear exponential distributed
with p real parameter given, and A1 is a fuzzy number, then the minimum
a-cut of the fuzzy probability of the event (u < g1 < u') is

, Mu/2

o2 ) W2 . W2
qi(a) — min {e—Al*(a)u—“T N e—)\l*(a)u - e—/\l(a)u—% _ e—/\l(a)u’_“T}

for a € [0,1], where M[a] = [A.(a), A (a)].
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Proof.

’

u 2 _
Pru<g <)o) = {/ e M=t (M +M91)dgl‘/\1 € )\1[04]} =

M) <M < X(a)} = [ak(e), g™ ()]

2 /2
_ {e—)\lu—% R

The function
u2 , u/2
Frluu/yay) = em Mo — e
is an increasing function of in A; until a maximum and it is decreasing at
infinite. So, it results that the minimum of the function f; is attained in
A1«(a) for fi increasing, or if f; is decreasing then the minimum of f; is
attained in Aj(«). Thus, the minimum a-cut of the fuzzy probability of the
event (u < g <) is
1 : ~A (a)u—ﬁ ~A (oz)u’—M —X‘(oz)u—M —)\*(cu)u’—M
q*(a):mln{e 1x 2 —e 2, el 2 —e 1 2 } O
LEMMA 2. If g is a fuzzy random variable linear exponential distributed
with w real parameter given, and Mo is a fuzzy number, then we have the
following relation for the minimum «-cut of the fuzzy probability of the event
(u" < go <) is

112 2 12 2
¢%(a) = min {e—%*w)u“—% _e A (@utg X (@ - _e—Azw)u—%}

for a € [0,1], where Aofa] = [Aax(a), Nj(av)].
Proof.

u

2
Pr(u" <9 <u)la] = {/ e X0 (Mg + M92)dg2‘)\2 € )\2[04]} =

"

Xau(0) < 22 < X5(@) } = [2(@), ¢ ()]

—-A u”—““//2 - u——““z
— e N2 7 e 2 >

The function

72 2
_ "_pu _ _pu
fZ(u//gu; )\2) —e AU B} —e Aau B)

is increasing in A9 until a maximum which is attained for

2_ 12
In( %) — pti

u

AQ max —

)
U—U”

and after this point it is decreasing at infinite. It results that the minimum of
the function fs is attained in Ag. (@) if A2 < Aamax or in Aj(a) for Aa > A max-
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So, the minimum a-cut of the fuzzy probability of the event (u” < gy < u) is

112 2 . 112 . 2
2(0) = min { @ _ @t i _ gt l g

4.2. THE MODEL WITH p - A FUZZY NUMBER
AND ) - REAL PARAMETER GIVEN

Let i be a fuzzy number. Also, let the variable X a fuzzy random variable
linear distributed with A\ real parameter given, and denote it with X.

LEMMA 3. If g1 is a fuzzy random variable linear exponential distributed
with A real parameter given, and 1 is a positive fuzzy number, then we have
the following relation for the minimum a-cut of the fuzzy probability of the
event (u < g; <u'):

g bs@e® @ (e
2 2

. e
qi(a):mm{e T —e , € —e 2 }

for € [0,1], where firla] = [u1.(a), ()]
Proof.

- _ u g2 B
Pr(u<g <u)o] = {/ e M (A 4 g )dgn ‘ P € m[a]} =

. B u2 _ ;B 7J(I2 " N
= {e T eI (@) < i < (@)} = (g (@), (@)

The function

2 2
_ _kHiu N\ 1Y
Au Au =

fa(u,u's pn) = e > —e

is increasing in p; until a maximum which is attained for

Aln(Y) — 2M\(u' — )

W2 — 2

H1max =

)

and after this point it is decreasing at infinite. It results that the minimum of
the function f3 is attained in () if g1 < pg max or in pf(a) for g1 > p1 max-
So, it results that the minimum a-cut of the fuzzy probability for the event
(u<g <u)is

g pa@w® e pf(e)u”?
qi(a):mln{e’\“ T e T e g 2 . O

LEMMA 4. If g2 is a fuzzy random variable linear exponential distributed
with \ real parameter given, and [io is a positive fuzzy number. Then we have
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the following relation for the minimum a-cut of the fuzzy probability of the
event (u” < go < w) is

12 2 * o u//2
_)\uI/_HQ*(g)U “Au— H2x (20‘)“ _)\u//_“2( 2)

. W (GO
qf(a):mln{e —e , € —e TS }

for a € [0, 1], where fiz[a] = [p2. (), p3(a)] .
Proof.

u

~ - g 1293 _
Pr(u” < gy <u) [a]:{/ e~ 92 22(>\+u292)d92‘u2€u2[a]}=

1

2

o\ 2w _ _ K u? ~ ~x% *
= e e i (0) < a2 < () | = [a¥(0),0% ().

The function

2 2
D/ —E2v “u— H2v
Au T — e Au 5

fa(u" uypg) = e

is increasing in po until a maximum and and it is decreasing at infinite. So,
it results that the minimum of the function f; is attained in po.(«) for f4
increasing or in pj(av) if fi is decreasing. Thus, the minimum a-cut of the
fuzzy probability for the event (u” < gy < w) is

"2
_)\u//_M —)\u—M _)\u//_M
2 2 2

: I (GOl
qf(oz):mln{e —€ , € —e M }

5. AN ALGORITHM FOR SOLVING THE DETERMINISTIC EQUIVALENT
OF THE FUZZY MINIMUM COST REBALANCING PROBLEM

5.1. The deterministic equivalent of the rebalancing problem

Depending on the choice of the parameters A;, ¢ = 1,2 for the functions
fi(u,u's M) and fo(u,u”; A2), we have more cases for fuzzy chance constraints.

In this paper, we will consider further on the case, where the functions,
with unknown parameters \;, ¢ = 1,2 are decreasing. The others cases will
be treated likewise.

THEOREM 2. Assume that g; is a fuzzy random variable linear exponen-
tial distributed with p real parameter given, and \;, i = 1,2, is a positive fuzzy
number. Also, assume the following conditions A max < A1 and Az max < As.
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Then the problem (Pg) 18 equivalent with the following problem

n
(Py) min Y ¢;(y;)
j=1
subject to
2 12
e M@= AV > i (),

12
—Ag(a)u”—

Lo Nl
= QQ (a)7

e
n
M2 < Z(yj —|—33']) < Mla
j=1
Vi<yi+a) <, i=1,...m,
T
wy < 222,5 < Wy,
t=1

n n
Dt Z(rjt — 7)Y — 2 < —pi Z(Tjt — Tj).’E?, t=1,...,T.
J=1 j=1

Proof. This theorem results from Lemma 1 and Lemma 2. 0O

The deterministic equivalent of the minimum cost rebalancing problem
is a nonlinear programming problem. In what follows we will describe a con-
vergent algorithm in order to find a solution of this problem.

5.2. Subgradient method

We solve the nonlinear programming problem using the subgradient
method. The algorithm is simple, but it has a big running time. We con-

sider the triangular fuzzy numbers A = (AN AL A, o = (Ao, A0, AD), @1 =

(¢1, a1, 41) and G2 = (g3, 42, 43)-
From problem (Py) we obtain the following model.

n
(Ps)  min Y c;(y))
j=1
subject to

2
e[—A'{—a(Xf—Al)] [Z?;lrj(yj—x?)]—H(Z?ZITJ;yrI?)) _
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2
_ e[—A/{—a(Xf—h)] [E?:l r}(yj—l‘?)] —M(E?ﬂ Té(yjizg)) _

¢ +a(d —q) + k1 =0,

I o)’

o[ =2a)] [ S5y (y—a?

2
Y IS VRNAVERS) | ST I e U N

—¢/2+ a(gy — ¢2) + ko =0,

n
Z(yj—I—a:?) — My + k3 =0,
j=1
n
Z(yj +al) — My —ky =0,
=1
i+l =+ ke =0, j=1....n,
yj+$?—’7§'_kj+n+4:07 j=1....n,
T
QZZt—W0+k2n+5 :07
t=1

T
222t — WO - k2n+6 = 07
t=1

n n
P> (e =1y — 2oy (e —1)a) + kipone, t=1,...,T.
J=1 Jj=1

The solution set of problem (Ps) is denote by S = {(v, k) | v =
(Y15 Yns 215 2r)'s k= (k1o kangras), 0 <a <1, ki >0} and is
a compact subset of R3™2T+7  Let us consider go : R” — R the objec-
tive function of the problem (Ps) and g : R3"F2TH7 _, R2FTH6 the con-
straints function of the problem (P5), where we assume that g(y’ ,a,k) =

(gl, . ggn+T+6)t is a continuous function.
The augmented Lagrangian L associated with problem (Ps) is

L - R3n+2T+7 % R27’L+T+6 % R+ N ];{277,—}-T—l-67

where

L(y',a,k‘;u, c) = gg(y',a,k‘) +c Hg(y',a, k‘)” + <u,g(y',a,k‘)>,
with (y/, a, k) €S, uecR™7T+6 cc R, and ||-|| is the Euclidean norm, and
() is the Euclidean inner product.
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So,
L(y,a,k;u,c) =

n o (ys—a?
=2 i)+ C[(e -] [0ty -] Ly

2

0)* 2
_e[—Xf—Oé()\,{—Al)] [Z;}erg(yj_m?)]_“( j=1 ]2(?‘/] ]>) _q/ll_i_a(qi/_ql)‘i‘kl) +

2

n a0’ 2
[0 3] [ -] (B o) — gy +a(g) ) +k2>
n 2 n 2
+<Z(yj+$?)—M1+k3> +<Z(yj—l—a:?)—M2—k4> +
£ 2
fl ) n ! )
3 (it af =yt kia) Y (W] =~ i)
. <

2

T 2 T
+<2 > - Wo+ k2n+5> + <2Z 2 — wp — k2n+6) +
t=1 t=1

n 2 %
+ Z <pt Z it — T] — 2t + Pt Z it — rj)l' + kt+2n+6> :| +

t=1 j=1 j=1

n

2
u (6 [—Xf—a()‘i’—h)] [2?21 75 (y; —m?)] - M(Z?:l Té(yrw?))

2

n g0
_e[_/\lll_a()"ll_/\ﬂ] [Z?:l T}(yj_x?)]_u(Z]:l Jz(yj ])) — ql + a( — q1) + /ﬁ)

2
T <e[—ké’—a<w—xz>}[zy -] o))

2

n ZT'L: i ( _ZO)

e[ ag )] (S y—ey] - o) g5 +a(ds —g2) + m)
n n
+u3<2(yj + »T?) — M + k‘z) + U4<Z(yj + 33?) — My — k4>+
Jj=1 j=1
n
+ Z Uj+4 (yj + m -+ k:]+4> =+ Z Ujtn+4 (y] + x kj+n+4) +
Jj=1 7=1
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T T
+U2n+5 (2 Z 2z — Wo + k2n+5> + U216 (2 Z 2t — wo — k2n+6> +
t=1 t=1
T n n
+ Z Ut+2n+6 <pt Z(Tjt —75)yj — 2+ pe Z(Tjt - Tj)if? + k‘t+2n+6> :
t=1 =1 j=1
The dual function H is defined as

H(u,c)= min L, a,kiuc), weR*™ I ccR,.
(y'e,k)eS

Then the dual problem of (Ps) is given by
(P%) max H(u,c).

(u,c)ER2n+TH6XR
The modified subgradient algorithm is devised for solving the dual prob-
lem. Let us outlines the steps of the algorithm:
Step 0. Choose a vector (ul,c!) with ¢! > 0, let p = 1 and go to the
Step 1.
Step 1. Given (u?,cP), solve the following subproblem

i L0kt )
y 7a7

and let (y'?,aP, kP) any optimal solution. We have two situations:
° Ifg(y’p, ab, kp) = 0, then STOP; by Theorem 3, (u?, ¢P) is a solution to
the dual problem and (y’p ,aP, k:p) is a solution to the primal problem:;
e Otherwise, go to Step 2.
Step 2. Let

Pt = P — spg(y’p,ap,kp), Pt — P 4 (Sp 4 ep) Hg(y’p,ap,kp)

where sP and €P are positive scalar stepsizes; replace pby p+1set p=p+1
and repeat Step 1.

For proving the stoping step of the algorithm, we need the following
theorem from [11].

)

THEOREM 3 (Theorem 5 from [6]). Let inf(P5) = sup(P%) and suppose
that for some

(’EL, 6) c R2n+T+6 X R+ and (?], a, ]2) c R3n+2T+7’

min  L(y, a,k;u;¢) = go(y/, & k) + ¢||g(v/, &, k)| + (@, 9(y/, &, k)) .
(v, o,k)ES

Then (y', &, k) is a solution to (Ps) and (u,¢) is a solution to (PZ) if and

only if g(y',a,k) = 0.

The next proposition demonstrates that for the certain values of step-
sizes € and sP, the distance between the points (uP*!, cP*l) generated by
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the algorithm and the solution (@, ¢) of the dual problem, decrease at each
iteration.

PROPOSITION 1 (stepsize). Let (u?,cP) be any iteration which is not a
solution of the dual problem for any p, that is, from Theorem 3, g(y’p, ol kp) #*
0 for all p. Then for any dual solution (u,c), we have

H (?TL, 6) - (uerl? cp+1) H < H (ﬂa 6) - (up7 CP)H
for all stepsizes sP such that
H(ﬂ, E) — H(uerl’ Cerl)

0<sP<?2 5
5|g(yP, v, k)|

, 0< el <sP,

Proof. We have
@0 = @t e = fla = wrt P+ fo - e =
=+ 00 ) [+ = = 5+ ) ) =
= ||a — uP||* + 2sP(a — uP)g(y”®, o, kP) + (sP)? g (¥, o, kP) H2 + (6 — )=
—2(— ) (s + ) [|g(y™, o, KP) || + (sP + €)* || g(y", oP, kP) H2 :
For
0<e?P<s?, e—cP >0, Hg(y'p,ap,k:p)H >0
we have the inequality
H(m ¢) — (upH,cpH)HQ _
= ||lu— usz + 2sP(u — up)tg(y’p,ap,k:p) + (sp)2 Hg(y’p,ap,kp)H2 +
+(E—cP)? —2(c— D) ||g(y?, o, kP) || + (27)? Hg(y'p,oep,k:p)HZ.
By using the subgradient inequality
H(a,0) — Hw?,@) < (@—u)'( - gy, a?, 7)) + (e — ) [lg(y’?, o, 1)
we obtain
[(@,6) — (P, |]° < |lu—u?|® + e — #)? — 267 (H(u,¢) — H(uP, "))+
+5(sP)? Hg(y'p,ap,/cp)H2.
The proof is complete. [

PROPOSITION 2 (convergence of the algorithm). Let (u?, cP) be any itera-
tion of the subgradient algorithm. Suppose that each new iteration (uP*!,cPt!)
. . _ H(u,c)—H(uP,cP)
1s calculated from Step 2 with sP = Sllg (e ar k| and 0 < € < sP, where

H(a,¢) is the optimal dual value. Then H(uP,c’) — H(u,c).
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Proof. The proof of this proposition is similar with the proof of Theo-
rem 9 from [6]. O
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