NON-DEGENERATE HYPERSURFACES OF A
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We consider a non-degenerate hypersurface of a semi-Riemannian manifold with
a semi-symmetric non-metric connection. We obtain a relation between the Ricci
and the scalar curvatures of a semi-Riemannian manifold and of its non-degenerate
hypersurface with respect to a semi-symmetric non-metric connection. We also
show that the Ricci tensor of a non-degenerate hypersurface of a semi-Riemannian
space form admitting a semi-symmetric non-metric connection is symmetric, but
not parallel. Finally, we get the conditions under which a non-degenerate hyper-
surface with a semi-symmetric non-metric connection is projectively flat.
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1. INTRODUCTION

In 1924, Friedmann and Schouten [5] introduced the idea of semi-symme-
tric linear connection on a differentiable manifold. In 1992, Ageshe and Chafle
[1] defined a linear connection on a Riemannian manifold and studied some
properties of the curvature tensors of a Riemannian manifold with respect
to the semi-symmetric non-metric connection. In 1994, they also considered
submanifolds of a Riemannian manifold and obtained the equations of Gauss,
Codazzi and Ricci associated with a semi-symmetric non-metric connection
and gave some properties of the submanifolds of a space form admitting a semi-
symmetric non-metric connection [2]. In 1995, De and Kamilya [4] studied the
properties of hypersurfaces of a Riemannian manifold with a semi-symmetric
non-metric connection. In 2000, Sengupta, De and Binh [9] defined a semi-
symmetric non-metric connection which is a generalization of the notion of the
semi-symmetric non-metric connection introduced by Agashe and Chafle [1].
They also studied some properties of the curvature tensor and Weyl projective
curvature tensor with respect to the semi-symmetric non-metric connection.
Finally, they obtained certain conditions under which two semi-symmetric
non-metric connections are equal. In 2004, Prasad and Verma [8] obtained
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a necessary and sufficient condition for the equality of the Weyl projective
curvature tensor of the semi-symmetric non-metric connection with the Weyl
projective curvature of the Riemannian connection. Moreover, they showed
that if the curvature tensor with respect to the semi-symmetric non-metric
connection vanishes, then the Riemannian manifold is projectively flat.

In the present paper, we studied a non-degenerate hypersurface of a
semi-Riemannian manifold admitting a semi-symmetric non-metric connec-
tion. We gave equations of Gauss and Weingarten for a non-degenerate hy-
persurface of a semi-Riemannian manifold with a semi-symmetric non-metric
connection. We also derived the equations of Gauss curvature and Codazzi
Mainardi with respect to a semi-symmetric non-metric connection on a semi-
Riemannian manifold and the induced ones of a non-degenerate hypersurface.
Then we showed that the Ricci tensor of a non-degenerate hypersurface of a
semi-Riemannian space form with a semi-symmetric non-metric connection is
symmetric but not parallel. Eventually, we observed that a totally umbilical
non-degenerate hypersurface of a projectively flat semi-Riemannian manifold
with a semi-symmetric non-metric connection is projectively flat.

2. PRELIMINARIES

Let M be an (n+1)-dimensional differentiable manifold of class C* and
M an n-dimensional differentiable manifold immersed in M by a differentiable
immersion

it M — M.

i(M), identical to M, is said to be a hypersurface of M. The differential
di of the immersion ¢ will be denoted by B so that a vector field X in M
corresponds to a vector field BX in M. We suppose that the manifold M
is a semi-Riemannian manifold with the semi-Riemannian metric g of index
v, 0 < v < n+4 1. Thus the index of M is the v, which will be denoted by
indM = v. If the induced metric tensor g = gju defined by

9(X,Y) =g(BX,BY), VXY ex(M)
is non-degenerate, then the hypersurface M is called a non-degenerate hy-

persurface. Also, M is a semi-Riemannian manifold with the induced semi-
Riemannian metric g (see [7]). If the semi-Riemannian manifolds M and M
are both orientable, we can choose a unit vector field N defined along M
such that

+1, for spacelike N

—1, for timelike N

for VX € x(M), where N is called the unit normal vector field to M, and
indM =indM ife=1,indM =indM —1ife =—

G(BX,N)=0, G(N,N)=c= {
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3. SEMI-SYMMETRIC NON-METRIC CONNECTION

Let M denotes an (n + 1)-dimensional semi-Riemannian manifold with
semi-Riemannian metric g of index v, 0 < v < n + 1. A linear connection V
on M is called a semi-symmetric non-metric connection if

(Vi)Y 2) = —7(V)g(X, 2) - 7(Z)§(X.Y)
and the torsion tensor T of V satisfies
T(X,Y)=7Y)X —7(X)Y
for any X, Y, Z¢e x(M ), where 7 is a 1-form associated with the vector field
Q on M defined by
9(Q, X) = m(X)
(see [1]).

Throughout the paper, we will denote by M the semi-Riemannian man-
ifold admitting a semi-symmetric non-metric connection given by

(1) VXY = V;(Y—i—?r(Y)X

for any vector fields X and Y of M , where V denotes the Levi-Civita con-
nection with respect to the semi-Riemannian metric g. When M is a non-
degenerate hypersurface, we have the following orthogonal direct sum:

(2) X(M) = x(M) & x(M)™.
According to (2), the vector field Q on M can be decomposed as:
Q= BQ+ uN,

where ) and p are a vector field and a function in M, respectively.
o
We denote by V the connection on the non-degenerate hypersurface M
o

induced from the Levi-Civita connection V on M with respect to the unit
spacelike or timelike normal vector field N. We have the equality

(3) VexBY = B(VxY) 4+ h(X,Y)N

[}
for arbitrary vector fields X and Y of M, where h is the second fundamental
form of the non-degenerate hypersurface M. Let us define the connection V
on M which is induced by the semi-symmetric non-metric connection vV on M
with respect to the unit spacelike or timelike normal vector field N. We obtain
the equation

(4) VexBY = B(VxY)+ h(X,Y)N
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for arbitrary vector fields X and Y of M, where h is the second fundamental
form of the non-degenerate hypersurface M. We call (4) the equation of Gauss
with respect to the induced connection V.

According to (1), we have

(5) VexBY = VpxBY + 7(BY)BX.
Hence, by applying (3) and (4) into (5), we get the relation
B(VxY)+h(X,Y)N = B(VxY) + h(X,Y)N + 7(BY)BX.
which implies
(6) VxY =VxY +7n(Y)X,
where 7(X) = 7(BX) and
h(X,Y) = h(X,Y).
By virtue of (6), we conclude that

(7) (Vxg)(Y,Z) = —n(Y)g(X, Z) — n(Z)g(X,Y),
and
(8) T(X,)Y)=7n(Y)X — n(X)Y.

for any X,Y,Z € x(M). Consequently, using (7) and (8), we can state the
following theorem:

THEOREM 3.1. The connection induced on a non-degenerate hypersurface
of a semi-Riemannian manifold with a semi-symmetric non-metric connection
with respect to the unit spacelike or timelike normal vector field is also a semi-
symmetric non-metric connection.

The equation of Weingarten with respect to the Levi-Civita connection
[¢]

6 is
(9) VexN = —B(AxX)

for any vector field X in M, where Ay is a tensor field of type (1,1) of M
which is defined by

(o}

h(X,Y) = eg(AnX,Y)
(see [7]). By using (1), we have

eBxNzeBxN—i-&/uLBX
because of
T(N)=9g(Q,N)=g(BQ+ uN,N) = ug(N,N) = epu.
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Thus, substituting (9) into above equation, we get

(10) VixN = —B((Ay — eu)X), & =1,

where I is the unit tensor. Applying the tensor field Ay of type (1,1) of M
defined

(11) AszlN—ﬁ;LI,

into (10), the equation of Weingarten with respect to the semi-symmetric
non-metric connection can be obtained as

(12) VexN = —B(AnX)
for X € x(M). Indeed, using (11) we get the relation
(13) h(X.Y) = cg(AyX,Y) + pg(X,Y).

From (11), we have the following corollary:

COROLLARY 3.2. Let M be a non-degenerate hypersurface of a semi-
Riemannian manifold M. Then,
i) If M has a spacelike normal vector field, the shape operator Ay with

respect to the semi-symmetric non-metric connection V is
[¢]
AN = AN - IU,I
i) If M has a timelike normal vector field, the shape operator Ay with
respect to the semi-symmetric non-metric connection V is
[e]
Ay =An + ud.

Now, we suppose that F,,E,, ..., E,,E, 41,...,E, are principal vector
fields corresponding to unit spacelike or timelike normal vector field N with
[0}

respect to V. By using (11), we have
AN(Ez) = AN(EZ) — EuEi = szz — E,U,EZ‘ = (k’z — EIU)EZ‘, 1 S ) S n,

where k,, 1 < ¢ < n, are the principal curvatures corresponding to the unit
spacelike or timelike normal vector field N with respect to the Levi-Civita
[0}

connection V. If we take
(o]
k, =k, —ep, 1<i<n,

then we obtain

where k,, 1 < ¢ <n, are the principal curvatures corresponding to the normal
vector field N (spacelike or timelike) with respect to the semi-symmetric non-
metric connection V. Therefore, we can give the following corollary:
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COROLLARY 3.3. Let M be a non-degenerate hypersurface of the semi-
Riemannian manifold M. Then,

i) If M has a spacelike normal vector field, the principal curvatures cor-
responding to unit spacelike normal N with respect to the semi-symmetric non-

~ o
metric connection V are k, =k, —p, 1 <1 <n.
ii) If M has a timelike normal vector field, the principal curvatures cor-
responding to unit timelike normal N with respect to the semi-symmetric non-

~ (o]
metric connection V are k, =k, +p, 1 <1 <n.
4. EQUATIONS OF GAUSS CURVATURE AND CODAZZI-MAINARDI

We denote the curvature tensor of M with respect to the Levi-Civita
(o]

connection V by

o [¢] o o [¢] o

R(X.Y)Z Z-NyVZ-Vig 2

I

<
>

<
=

and that of M with respect to the Levi-Civita connection V by
Then the equation of Gauss curvature is given by

o ,C\)_, o] [¢] [0}

R(X.,Y, Z,U) = R(BX, BY, BZ, BU) + ={h(X,U)h(Y, Z) — h(Y,U)h(X, Z)},

where
R(BX,BY,BZ,BU) = §(R(BX, BY)BZ, BU),

R(X,Y,Z,U) =g(R(X,Y)Z,U),

and the equation of Codazzi-Mainardi is given by

(¢}

R(BX, BY, BZ,N) = e[(Vxh)(Y, Z) — (Vyh)(X, Z)}

(see [7]).
Next, we find the equation of Gauss curvature and Codazzi-Mainardi
with respect to the semi-symmetric non-metric connection. The curvature ten-

sor of the semi-symmetric non-metric connection V of M is, by definition,

R(X,Y)Z =V V32 =NyVZ =V ;7.
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By taking X = BX,Y = BY, Z = BZ, and using (4), (12), we obtain the
curvature tensor of the semi-symmetric non-metric connection V as
(14)  R(BX,BY)BZ = B(R(X,Y)Z + h(X, Z)AxY — h(Y, Z)AnX )+
H(Vxh)(Y, Z) = (Vyh)(X, Z) + h(x(Y)X — 7(X)Y, Z)}N,
where
R(X,Y)Z =VxVyZ -VyVxZ — Vixy)Z

is the curvature tensor of the semi-symmetric non-metric connection V.
Setting

R(X,Y,Z,U)=§(R(X,Y)Z,U), R(X,Y,ZU)=g(RX,Y)ZU),

and using equations (13) and (14), we obtain the equation of Gauss curvature
and Codazzi-Mainardi with respect to the semi-symmetric non-metric connec-
tion given by

(15) E(BX, BY,BZ,BU) = R(X,Y,Z,U) 4+ e{h(X, Z)h(Y,U)—
—h(Y, 2)h(X,U) + ph(Y, Z)g(X,U) — ph(X, Z)g(Y, U)},
and

R(BX, BY, BZ,N)=¢{(Vxh)(Y, Z)~ (Vyh)(X, Z)+h(x(Y) X -x(X)Y, Z)}.
5. THE RICCI AND SCALAR CURVATURES

We denote the Riemannian curvature tensor of a non-degenerate hyper-
surface M with respect to the semi-symmetric non-metric connection V by R

and that of M by R with respect to the Levi-Civita connection V. Then, by
direct computation, we get
(16) R(X,Y)Z =R(X,Y)Z 4+ a(X,2)Y —a(Y,2)X,
where
a(X,)Y)=(Vxm)Y —n(X)n(Y) = (Vxn)Y.

THEOREM b5.1. The Ricci tensor of a mon-degenerate hypersurface M
with respect to the semi-symmetric non-metric connection is symmetric if and
only if m is closed.

Proof. The Ricci tensor of a non-degenerate hypersurface M with respect
to semi-symmetric non-metric connection is given by

Ric(X,Y) Zag (E;, X)Y, E;).
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Using (16) in above equation of Ricci tensor, we have

Rie(X,Y) = Rie(X,Y) — (n — 1)a( X, Y),

where Ric denotes the Ricci tensor of M with respect to the Levi-Civita con-
nection. Since Roic is symmetric, we obtain
Ric(X,Y) — Ric(Y, X) = (n— D{a(Y, X) —a(X,Y)} =2(n — 1)dn(Y, X)
which completes the proof. [
THEOREM 5.2. Let M be a non-degenerate hypersurface of a_semi-Rie-
mannian manifold M. If Ric and Ric are the Ricci tensor of M and M

with respect to the semi-symmetric non-metric connection, respectively, then

for VXY € x(M)
(17) Ric(BX,BY) = Ric(X,Y) — efh(X,Y)+
+h(ANX,Y) + enuh(X,Y) + £§(R(N, BX)BY, N),

n
where if N is spacelike, e = +1 or if N is timelike, ¢ = —1 and f =5 g;h
i=1
(Ei, E;).
Proof. Suppose that {BE:,...,BE,,BE,1,...,BE,, N} is an ortho-

normal basis of y(M ). Then the Ricci curvature of M with respect to the
semi-symmetric non-metric connection is

(18) Ric(BX,BY) Zelg (BE;, BX)BY, BE;) + ¢j(R(N, BX)BY, N)

for VX,Y € x(M). By takmg account of (18), (15), (13) and considering the
symmetry of shape operator we get (17). O

THEOREM 5.3. Let M be non-degenerate hypersurface ij a semi-Rie-
mannian manifold M. If p and p are the scalar curvatures of M and M with
respect to the semi-symmetric non-metric connection, respectively, then

(19) p=p+ [ +e(np— f)f +2:Ric(N,N),
where f* = > e;h(ANE;, E;).
i=1

Proof. Assume that {BF,,...,BE,, BE,1,...,BE,, N} isan orthonor-

mal basis of X(]TI ). Then the scalar curvature of M with respect to the semi-
symmetric non-metric connection is

(20) p=_eiRic(E;, E;) + eRic(N, N).
=1
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By virtue of (17), (20), we obtain (19). O

We now assume that the 1-form 7 is closed. In this case, we can define
the sectional curvature for a section with respect to the semi-symmetric non
metric connection (see [1]).

Suppose that the semi-symmetric non-metric connection V is of constant
sectional curvature. Then R(X,Y)Z should be of the form

(21) RX,Y)Z =9V, 2)X —g(X,2)Y},

where cis a certain scalar. Thus, M is a semi-Riemannian manifold of constant
curvature ¢ with respect to the semi-symmetric non-metric connection, which

we denote by M (c).

THEOREM 5.4. Let M be a non-degenerate hypersurface of a semi-Rie-
mannian space form M (c) with a semi-symmetric non-metric connection. Then
we get

(22) Ric(X,Y)=c(n—1)9(X,Y) +efh(X,Y) — h(ANX,Y) —enph(X,Y)
forVX,Y € x(M), where ¢; = g(E;, E;), €; = 1, if E; is spacelike or ¢; = —1,
if E; is timelike, and f = Y e;h(E;, E;).

i=1

7

Proof. Taking into account of (17) and (21), we have (22). O

From (22), the following corollaries can be stated:

COROLLARY 5.5. Let M be a mon-degenerate hypersurface of a semi-

Riemannian space form M(c) with a semi-symmetric non-metric connection.
Then Ricci tensor of M is symmetric.

COROLLARY 5.6. Let M be a non-degenerate hypersurface of a semi-
Riemannian space form M(c) with a semi-symmetric non-metric connection.
Then Ricci tensor of M is not parallel.

6. THE WEYL PROJECTIVE CURVATURE TENSOR OF A
NON-DEGENERATE HYPERSURFACE WITH RESPECT TO A
SEMI-SYMMETRIC NON-METRIC CONNECTION

We denote the Weyl projective curvature tensor of the (n+1)-dimensional
[e]

semi-Riemannian manifold M with respect to the Levi-Civita connection v by

o ] o

(23) P(X,Y)Z =R(X,Y)Z — %{1’%(?, Z2)X — }%'c(f(, Z)Y},
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o

VX.,Y.Z € X(M), where Ric is Ricci tensor of M with respect to the Levi-

Civita connection V (see [10]).

Analogous to (23), we define the Weyl projective curvature tensor of M
with respect to the semi-symmetric non-metric connection as

(24) P(X,Y)Z = R(X,Y)Z — %{Eﬁ(?, Z)X — Ric(X,Z)Y},

VX , }N/, Ze X(M ), where Ric is the Ricei tensor M with respect to the connec-
tion V. Thus, from (24), the Weyl projective curvature tensors with respect

to the semi-symmetric non-metric connection V and induced connection V,
respectively, are given by

(25) P(X,Y,Z,U)=R(X,Y,Z,U) —%{1’%(?, 2)§(X,U)-Ric(X, 2)g(Y,U)}
and
(26)

P(X,Y,Z,U) = R(X,Y, Z,U)— ﬁ{Ric(Y, 2)g(X,U) = Rie(X, Z)g(Y.U)},

where for all X, Y, Z € x(M),

P(X,Y,Z,U)=g(P(X,Y)Z,U), P(X,Y,Z,U)=g(P(X,Y)Z,U)

and Ric is the Ricci tensor of M with respect to induced connection V.
By using (25), we obtain

(27) P(N,BY,BZ,N) = R(N,BY,BZ,N) — %}%(BY, BZ).
Applying (17) in (27), we have
(28) Ric(Y,Z) = %ﬁ()ﬂ Z)—eP(N,BY,BZ,N)+
+feh(Y, Z) — h(ANY, Z) — uneh(Y, Z).
Then, taking account of (26), (25), (28) and (15), we get
P(X,Y,ZU) = P(BX,BY,BZ,BU) — e{h(X, Z)h(Y,U) — h(Y, Z)h(X,U)
+ ph(Y, Z)g(X,U) — ph(X, Z)g(Y,U)}

(29) + ﬁ{ﬁ(m BY,BZ,N)g(X,U) — P(N,BX,BZ,N)g(Y,U)}
+ i 1{€fh(X, Z) —eunh(X,Z) — h(ANX, Z)}g(Y,U)
1

——{efh(Y, Z) — eunh(Y, Z) — h(ANY. Z)}9(X, U).

From (29), we have the following theorem:
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THEOREM 6.1. A totally umbilical non-degenerate hypersurface in a pro-

jectively flat semi-Riemannian manifold with a semi-symmetric non-metric
connection is projectively flat.

1]
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