A CHEMOTAXIS MODEL IN A STRATIFIED DOMAIN

ELENA-ROXANA ARDELEANU (SGARCEA)

The purpose of this paper is to study a mathematical model of reaction-diffusion
with chemotaxis that may describe a process of bioremediation of a polluted
medium. We shall prove the existence of an asymptotic solution developed with
respect to certain small parameters of the problem.
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1. INTRODUCTION

We deal with the study of a mathematical model of reaction-diffusion
with chemotaxis that may describe a process of bioremediation of a medium
polluted with a pollutant of concentration c(¢,z) by an action of a bacteria of
density b(t,z) which is able to destroy the pollutant.

A mathematical reaction-diffusion model of chemotaxis is expressed by
a system of equations which describe the movement of some microorganisms
(bacteria in our case) whose density is denoted by b in response to chemical
gradients emitted by the chemoattractant ¢ (in our case the pollutant). For
surveys on this subject we refer to [6], [7], [8], [14], [16]. Generally, a chemo-
tactic system consists of two equations for b and ¢ with initial conditions

(1) gi—V-(D(b,c)Vb)—i—V-(K(b,c)ch) =g (b,c) —h(b,c),
(2) b(0,&) = bo(§),

Q OV (b0 V) = (bre),

(4) c(0,8) = co(§),

and boundary conditions.

In the previous equations D(b, ¢) and (b, ¢) represent the diffusion coeffi-
cients of the attracted population b and chemoattractant ¢ respectively g (b, ¢)
and h (b,c) are functions describing the rates of growth and death of b and
¢ (b, ¢) is the function describing the degradation of the chemoattractant. We
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still denote

() f(b,¢) =g (b,c) = h(b,c).

If f(b,c) is positive the rate of growth of bacteria g (b,c) is greater than its
mortality rate h (b, ¢) and if f (b, ¢) is negative the degradation of b is dominant
against its growth. The function K characterizes the chemotactic sensitivity.
In literature especially the particular models with special forms for D, K, f
or ¢ have been studied (see the surveys [14], [16]).

The model proposed in this paper focuses on the case in which the kinetic
term and the chemotactic sensitivity have a weak influence on the flow.

The chemotaxis model will be set in a stratified 3D domain which can be
viewed as a sequence of layers along a space coordinate, in each layer certain
problem parameters having constant values, different from one layer to the
other. The mathematical model is given by a system of n nonlinear parabolic
equations which are made dimensionless, form which displays a dimensionless
small parameter (or parameters) e. We adopt a perturbation procedure (see
e.g., [4]), namely we do an asymptotic analysis by developing all the functions
with respect to the powers of the small parameters and retain two systems
for the O-order and 1-order of approximations. The existence and uniqueness
of a global in time solution for the asymptotic model are studied within the
framework of the evolution equations with m-accretive operators in Hilbert
spaces, under certain assumptions for the nonlinear functions f and K.

2. THE MODEL FORMULATION

We consider that the spatial 3D domain is
Q= {¢=(2,9,2) R 2 € (0,L), & = (y,2) € M},

where 5 is an open bounded subset of R? with a sufficient regular boundary
(e.g., of class C?). We assume that the domain © is composed of n parallel
layers (z;—1, ;) along the Oz axis. The separation of the layers being due to
the fact that certain parameters of the problem have constant values in the
layer i, i.e., they do not depend on the variable z in (x;_1, z;).

We consider that in each layer ¢ the chemotaxis process is modeled by
the equations (1) and (3) written for the b; and the chemoattractant ¢;. In our
model, we shall consider a particular form of the function ¢ (b, ¢) encountered
also in other studies (see [10]). However, there will be an essential difference
with respect to that model, because it will be considered that the chemoat-
tractant diffusion is positive. Let us consider

Brici

— b;.
1+ Baici '

(6) i (bi,ci) =
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Thus, in each layer i, i = 1,n, we consider constant values for D;, d;, (1;, (o
with

(7) D; >0,6; >0, B1;, >0, B2; > 0.

These values as well as the expressions of the functions f;, K; which do not
depend explicitly on = are different from one layer to another. Therefore, the
domain €2 consists of n subdomains §2;, having the boundaries

o0 =Ty uluTlet i=1,... n,

where I'l® are the lateral boundary of ; and T'; = {x = x;},i =0,...,n. The
surfaces I'g and I',, are the external boundaries, while I'; with i =1,...,n—1
are the boundaries between layers. We denote

Qi = (0,T)xQ;, %i:=(0,T)xIy, Xt.=(0,1T)xT i=1,...n.

The interaction between the layers is established by transmission condi-
tions for b; and ¢;, i.e., the continuity of the solutions and fluxes. We assume
that the system is closed for bacteria, namely the flux across the exterior
frontiers is zero. For the chemoattractant we can require homogeneous Dirich-
let conditions on the external boundaries (the pollutant does not reach the
boundaries).

With these considerations, we propose as mathematical model the fol-
lowing system

(8) % — D;Ab; +V - [bZKZ (bi, Ci) ch] = fz (bi, Ci) in Q;,
Oci o Puc

(9) E = 0;Ac; 1+ Boicy b; in Q;,

(10) b:(0,£) = b;0(§) in Q,

(11) ci(0,£) = ¢i0(§) in Q,

for all ¢ = 1,n, where ¢; and b; o are initial conditions for ¢; and b;. At the
interface between two layers we have the conditions

8bi 862'
12 —Di—— + biK; (bi,ci) 7 =
(12) 5 T (bi, i) 5

Obit1 dcit1
= —Dit1—— + bit1 K1 (big1, ¢ 2,
1, T b+ Kin (bit1,Civ1) 5 "

(13) bi = bi+1 on Zi,
(14) Ci = Ci+1 ON X,
(15) 5%2 = 51‘—}—18;;_1 on 3,
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for ¢ = 1,n — 1 together with the boundary conditions on the exterior hori-
zontal and lateral boundaries

(16) —D4 gb + b1 K4 (blacl) gil =0 on X,
17 *D ab +b K (bnycn)%zoon Zna

(17) s

(18) Vb -v=0o0n X i=T1n,
(19) c1 = 0 on X,
(20)
(21)

20
21

¢, =0 on X,

c; =0 on Eﬁ“t, i=1,n.

Here v is the unit outer normal to I’é“t and % is the normal derivative.

In order to write the dimensionless system, we consider characteristic
values denoted by index “a”: L, for length, T, for time, b,, ¢, for concentra-
tions ¢; and b;, respectively, D,, d, for the diffusion coefficients, K, for the
chemotactic reaction, f, for the rate of variation of b;, 51, and (o, for the
kinetic coefficients and we introduce the relations

Ezg*Laa t:t*Ta, bz :b;(baa Ci = C;Cav D’L :D:Daa
6 =070, K=K/ Ko, [fi=ffa, Bri=DBiPra Boi= B35,
where the superscript “*” denotes dimensionless quantities. They are replaced

in the dimensional system and we get the system equations in dimension-
less form

(22) - DDIAN + KV (5K (5, ¢f) Vel] = Ff; (0. ¢) n Q1.
86* % * /Blﬁlz 3 * s *

(23) T =607 Ac — e ;kbz in Q7,

(24) RO =@, e,

(25) G0.6) = el (€), € €0,

for all i = 1,n, where D, K, f, § are dimensionless parameters given by
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The dimensionless boundary conditions are

ob; oct
26 —DD* Kb*K* b*. ¢f t—
( ) a + ( 19 Z ) 837*
= —DD1+1 O* H + sz+1 +1 (bi+1aci+1) 6;*1 on %7,
(27) bi = bjyy on X7,
(28) c;‘ =i, on XF,
(29) 62 8 * = 041 83;;1 on Ei?
fori=1,n—1 and
ob} N oct
(30) ~-DD; o + Kbi K5 (b%,¢}) &Ci =0on Xf,
oby, oct
3 " + KbEK (b5, cl) e 0on X7,

(31)

(32) Vb -v=0o0n % i=Tn,
(33) 1 =0 on X,

(34) ¢, =0on X},

(35)

35 ¢ =0on Xy i=Tn.

t Wk o

To simplify the writing, the superscrip will be no longer indicated.

2.1. Hypotheses

In the system (22)—(35) we assume that the influence of the kinetic term
and chemotactic coefficient are of e-order with respect to the other dimension-
less parameters and we set

(36) Bo=¢, K=c¢.

The other parameters D, f, &, 31 are assumed of O (1).
We make the following hypotheses, for all i = 1,n:
i1) bi,0 > 0 and there exists an ¢ such that b; o > 0;
12) ¢i,o > 0 and there exists an ¢ such that ¢; o > 0;
i3) D; > Dy > 0 in §; with Dy = min D;;
)

i=1n

ig) 0; > 00 > 0 in §2; with dp = mind;;

i=1,n
i5) (r1,7m2) — K;(r1,72) are bounded in absolute value, i.e., |K;(r1,72)| <
Ky for any 71,719 € R.
We observe that generally, equations with nonlinear terms f; do not
admit global solutions in time (see [11], [12]). In this article we consider the
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next form for f; for which we shall prove the existence of a global solution
in time

(37) fi(ri,re) = —kiry + € fi(r1, m2),
where k; are positive constants for i = 1,n with kg = min k;. We consider that
i=1n

ig) (r1,72) — \ﬁ(rl, r9)| are bounded for any rq,ry € R.

2.2. e'-order and c'-order approximations

We write the series expansions of all functions with respect to the small
parameters Oy = K = . We have

Ci(t’f):czo(’ )+5C7,1(t’§)+a
K (bisei) = Ki (00, ¢) + & (Ka),, (b, ¢)) b + ¢ (Kq),, (0], ¢]) ef + -+,

fi (biyer) = fi (0, ¢)) + e (fi)y,, (09, ¢0) b} +e(fo),, (B9, c)) e+,

where (K;)p;, (Ki)e;, (fi)v;» (fi)e, represent the derivatives of K; and f; with
respect to b; and ¢;.

We replace these series in the system (22)—(35) and by equaling the
coefficients of the powers of € and ¢! we deduce the systems corresponding
to the €%-order and e!-order approximations, without writing the symbol “*”,
as specified before.

So for the £%-order approximation we get

§
§

) N
(38) 6t — DDZAbz = —fk‘zbz 1n Qi,
o 0 7 070 :
(39) 8152 = 552'A0i - ﬁlﬂlici bi in @Q;,
(40) b7(0,€) = bio(€) in Q,
(41) (0,€) = ¢;0(€) in Q,
for i =1,n,
ool
(42) D’L% = DZ'+1W on Ei,
(43) b) =bY.; on ¥,
(44) cg = ch on X,
oc) 8c?+1
(45) 51871’ 5z+1 O on EZ’,
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fori=1,n—1,

bO
(16) Pl =0, (1) e
b()
(47) T =0, (66 €T,
(48) Vv =0, (t,&ex i=Tmn,
(49) At,6) =0, (t,Eex=ux,uxl i=Tn.

Next, identifying the coefficients of ¢! we obtain the following system for the

el-order approximation

b — -
(50) 5.~ DDilAbj + fhibj = Fi(t,€) in Q;,
1
ay > #et = Hilt,€) in @
(52) ¢;(0,€) = 0 in
(53) b;(0,€) = 0 in €,
for i =1,n,
— . Ob} ob}
(54) <_ a i+1 a+1) == G’L (tu xi7§,) on Eia
(56) cl1 = ¢;,q1 on X,
dct dctiq
i =0 : 2,
(57) J e dit1 % "
fori=1,n—1,
— b} ,
(58) _DDlg = GO (t, xo,f ) on 20,
(59) DD O, =Gn (t,zn,&) on X
n 6[]} - n PR (3] ny
(60) Vb} v =0 on Xl
(61) i (t,6) =0, (1§ €T =FUD, U

for i = 1,n, where we have denoted by &' := (y, z) € Qo,

& (. AS — Biuc (¢, €)b; (t,€),

(63)  Hi(t,€) = —Puc(t, 5)
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for all ¢ =1, n,

(64) Gilt, 2,€) = ( b0t K (b7, c2) %Z
ocy
z+1(t 3] z+1( i+15C ?+1) 3;1) x:%’
for alli = 1,n — 1, and by
0

@ Glred) = (Heom e 5

r=x0

0

(66) G (ta$m£,) = (bg (t,z) K (bgv n) 8@?)

Once solved the system for the e%order approximation the functions Fj(t, ),
H;(t,€), Gi(t,z;, &), Go (t,z0,&"), Gy, (t,xp, &) become known.

We retain only the first two approximations because the equations for
the next approximations raise the same mathematical treatment as those cor-
responding to the e!-order system. Further approximations can be used for
numerical purposes.

We shall resume in detail the definition of the solutions bg, cg and bzl, cZ1
in the next sections.

3. THE c-ORDER APPROXIMATION

We resume the system (38)—(49) for the ’-order approximation. For the
moment we recall only the equations for b?. In order to simplify the writing
we shall no longer write the “0” superscript symbol. We get the system

b;
(67) %t DD;Ab; + fkb; =0in Q;, i=1,n,
(68) bl(()?g) = bz,O(é-) in in 1= ].,’I’L,
ob; b1 J—

(69) Dl% =D 5 O1 i, 1=1,n—1,
(70) bi = bi+1 on Zi, 1= 1,n - 1,

b
(71) ?9; =0 on %,

bn
(72) 881} =0 on En,

(73) Vb -v=0o0n X% i=Tn.



9 A chemotaxis model in a stratified domain 229

Functional framework. We introduce the functions

b1(t,€), c1(t, &), z € (xo,x1)
(74) b(t7£)7 C(t,f) = T y
bn(t,€), cn(t, &), z € (xp_1,2n)

b10(§), c10(§), = € (zo,21)
bo(§), co(§) = ¢ -+ ,
bn,O(f)a Cn,(](é.)? YIS (xn—laxn)

bDl, 5(51, S (xg,:cl)

D(z), 6(z) =< - :
E-Dnv g(snv T e (xn—lawn)
?k‘l, xT € (I‘o,ﬂ?l)
ba)={ - ,
?kn’ HAS (ﬂjn—laflf‘n)
Bifu, = € (xo,1)
(75) Pr(x) =4 -

Eﬂln’ M (fl?nfl,l’n)

Similarly, we define f(b, ¢, z) and K (b, ¢, z).
We notice that assumption (7) and hypotheses i;)—i4) imply similar
properties for the functions defined before. Namely, we have

(76) co(§) > 0,
(77) bo(§) > 0,
(78) D(x) > Dy > 0,
(79) d(x) > dp > 0,
(80) Bi(x) > 0.

Recall that Q = (xg,z,). We consider the Sobolev space V = H!({2)
endowed with the standard norm

lelly = (I + 1v%]?)

We denote V' the dual of V and H = L?(Q) with V. C H C V'. We also
specify that by (-,-) and || - || we shall denote the scalar product and the norm
in L2(Q). The value of g € V' at 1 € V is

(81) 9(W) =(g: %)y v

where (-, )y 1, represents the duality between V' and V.

1/2
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Now, we define the operator A :V — V' by

(82) (Ab, )y =Y /Q [DD;Vb; - Vi + Fhibi] dé
=1 i

_ /Q [D(@)Vb- Vi + k(2)by] A, Vi € V.

So, we are led to the Cauchy problem

(83) %(t) b AB(t) = 0 ace. £ € (0,T),
(84) b(0) = bo.

We shall prove that (83)—(84) has a strong solution implying that (67)—
(73) has a solution in the sense of distributions and that this solution is unique.

3.1. Main results

THEOREM 3.1. Let by € L? (). Then problem (83)—(84) has a unique
strong solution

(85) be WhH2([0,T); V)N L? (0,T; V) N C([0,T]; L*(2))

which satisfies the estimates
¢
(86) Ib(t)[1* + 040/0 Io(r)IF, d7 < [lbol*,

(87) [b(6) ~ (1) < b0 — Bo

where ag = 2min { Do, ko} and b(t) is another solution of (83) with b(0) = by.
In addition, if by € V', we have the regqularity

(88) be Wb ([0,T]; L*(R2)) N L™ (0,T; V).

)

Proof. We prove the existence of the strong solution using the Lions’
theorem for the time independent case (see [15]). To this end we show that
the operator A is positively defined, bounded and coercive. We have

JAb(e)ll = sup[(Ab(E), ¥}y
VeV Iyl <1

< sup

/ (D(x)Vh - Vo + k(x)by) dg‘
vev; luly<i o

< sup (Do [VOIHI9[ly + Kool [[]ly)
eV lylly <1

< max{Doo,koo}  sup |blly [[¢[ly < max{Doo, koo } [[b]]v,
PeV; Py <t
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where Do, = max D; and ke = max k;.
i=1,n i=1,n
Then we compute

(AB(E), () = /Q D(x) (V)2 dé + /Q k()bde
> Dy [Vb|2 + ko|[b]* > min {Dy, ko} b3 > 0

and we conclude that the operator A is coercive.

It follows that the operator A satisfies the hypotheses of Lions’ theorem
and we conclude that the problem (83)-(84) has a unique strong solution as
claimed in (85).

To obtain (86) we multiply (83) by b, integrate over (0,t) and we get

t
Ib()[1* — [1bol|* + 2/0 (Ab(7), (7)) dT = 0.
Using the fact that the operator A is positively defined we have
t t
IO ~ [bol + 2D [ VB ar -+ 200 [ b2 ar <0
0 0
which implies (86) with g = 2min {Dy, ko }.

In order to obtain (87), let us consider two solutions b and b corresponding
to the initial data by and by. Writing (86) for (b(t) —b(t)) we get

Ib(8) = 38|12 + a0 /Ot 16(r) = ()% ar < |Jo0 — B

which implies (87) since the second term in the left hand side is positive.
Next, we multiply (83) by § @ and integrate over (0,t). We get

/Ot/9<ddb> d§d7+/ /D bey )dng+
/ / b—dfdr—o

Using (78) we can write

tldy, |2 ) ) t db
- (M| A7+ Do[IVO)|” < Do [[Vbo[|™ — koo [ [[6(T)I] || 5~ (7)|| 7
0 T 0 dT
Further,
Hlds |2 )
- D
/ dTm dr + Do [Vb(0)]
db

< Doy Vol + =2 /Hb P dr+ dT( ar.
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Then we can write
1 [t||db
) /0 E(T )
We deduce that

(89) /Ot db

E(T)
We use (86) and finally we get
(90) 16ty < Cv,

2 2 t
k
dr + Do [ Vb(t)[|* < Doo | Vbol* + - / lo(r)[I* dr.
0

2
dr + 2D [|VB(1)[* < 2Duc [ Vbo> + KT [lbo][* = €.

where Cy = /||bo]|* + 2%0.
Because by € V' the relation above implies (88) and it yields that

b € WH2([0,T]; L*(9)) N L™ (0, T; H' (). O

We return in the equation (67) and we deduce that

— b, -
DD;/\b; = (?915 + fkib; € L? (0,T; L* (%))

which together with the boundary conditions on the externals boundaries im-
plies that b; € L? (0, T:H 2(Qi)), i = 1,n. This assertion is proved in a similar
way with the regularity of the weak solutions (see [3]) modifying the proof
correspondingly to the Neumann boundary conditions on T';.

In conclusion, in each layer the functions b? have the regularity

(91) bf € Wh2([0,T1; (H' (%)) N L (0,T; H' () N
NC([0,T); L2(0)) N L (0,75 H* ()
In order to show the connection with the physical model we verify if the

solution falls within an accepted physical domain. This being a concentration
we shall check its positiveness.

PROPOSITION 3.2. Assume by € L? (), bg > 0 a.e. in 2 and let by be

a positive constant such that 0 < by < bps. Then the solution b to problem
(83)—(84) satisfies
(

©
[\
SN—

0<b(t) <bpy a.e. inQ, Vte|0,T].

Proof. Recalling that the positive and negative parts of b are bt =
max{b,0} and b~ = —min{b,0}, we have to prove that b~ (¢t) = 0 for each
t € [0,7]. We multiply (83) scalarly by b~ (¢) and get

db

/Q (1) + /Q D(@)Vb(t) - Vb~ (£)de + /Q k(2)b(t)b~ (£)dE = 0.
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We use the Stampacchia’s lemma
N R
©3) 5ol —/D ) |95 (1)] de - / k() [b~ (9] dg = 0
and integrating over (0,7") we have
o I O1 e PO +D0/ v () dT—i—ko/ Jo= ()| ar <o.

But b, = 0 since by(t) > 0 and the two last terms are positive since Dy, kg > 0.
It follows that ||b~(¢)|| = 0 whence b(¢) > 0 for each ¢ € [0,T].
Now, we consider the equation (83) written equivalently

/0 ¢d§dt+/ /D )Vb - V¢d§dt+/ / x)bypdeédt =0

for any ¢ € L?(0,T;V).
Next, we still have

/OT/ (;it(b—bM)wdfdt—‘r/T/QD(l‘)V(b—bM)deé'dt
/ / ) (b= bar) + k(x)by] pdédt = 0

and make 1) = (b — by;)T. We obtain

—Hb o) (1)) fbeofbMﬂy +/ /D )|V (b bar)*|* dédt+

+/0 /Qk(:c)](b—bM)ﬂ dédt = / / x)bag (b — byy) " dédt.

Since by < by it follows that (bg — bas)T = 0 and we have
H(b o)t ()] +D0/ /\v (b—bar)t|* dgdt+

+k:0/ / |(b— bar)™|* dédt < 0.
0 Q
Finally, we get
b= ba* @I =0
This means that b(t,§) < by a.e. in Q for any ¢t € [0,7]. O
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Now we resume the system of the %-order approximation for ¢ written
without “0” superscript symbol

(94) 68(? — 08;Ac; + B1Biibic; =0in Q;, i=1,n,
(95) ¢i(0,§) = ¢io(§) in Q;, i=1,n,
(96@' . 60i+1 .
(96) 6187"[; = 6Z+18T on Z“ 1= 1,77/ ].,
(97) ci=cpiond;, i=1n—1,
(98) ci(t,6) =0, (L& er=Yux,uxld i=Tn.

The problem (94)—(98) is similar to the problem (67)—(73) treated in the
space Vo = H}(Q) endowed with the standard norm
[Pl = IVl

with V] = H~1(Q) its dual.
Here we define the time dependent operator B(t) : Vi — V{ by

(99) (B(t)e, ¥)yy v, = Z/Q [06:Vei - Vi + B1Buibi(t)eiyp] dé
i=1 7%

- /Q [§(2)Ve - Vi + B (@)b(t)ew] dE, Yo € Vo

So, we are led to the Cauchy problem

(100) %(t) +B()e(t) = 0 ae. t € (0,T),

(101) c(0) = ¢
and we can give the next result.

THEOREM 3.3. Let cg € L?(Q) . Then problem (100)—(101) has a unique
strong solution

(102) ce WH([0,T1; Vg) N L2 (0, T; Vo) N C([0,T); L*(2))
which satisfies the estimates
t
(103) le(®)]? +25o/0 lle(r)II%, dr < fleoll®
¢
(104) le(t) — 2(t)[1* + 250/0 le(r) = &(n)II, dr < leo — @0,
(105) le@®)lly, < Cw,

where Cvy, is a constant and ¢ (t) is another solution of (100) with ¢(0) = ¢g.
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In addition, if co € Vo we have the regularity
(106) ce W (0,T]; L*(Q2)) N L™ (0,T; Vp).

Proof. The proof is similar to the one of Theorem 3.1, just that the space
H1(Q) is replaced by H{ ().

In order to obtain (103) we multiply (100) by c(t), we integrate over
(0,t) and we get

;/Otd||c(7')||2d7'+/t/6(x) (Ve(r))? dedr+
+ [ sipnmasir =o

For the last term in the right hand side we take into account the relations (80)
and (92) and we can write that

1 ¢ 1
3 I + 8 [ [9e(r)]dr < 5 e
0

which implies (103).
To obtain (104) we consider two solutions ¢ and ¢ corresponding to the
initial data cp and ¢g and we write (103) for (c(t) —¢(?)).
Next, we multiply (100) by @(t) and integrate over (0,t). We have
—(7)

/t I dT—I—/ /5 ) (Ve(r d£d7‘+
/ | pita & (r)dedr =0,

Using (79) we can write

/dc 2 de

T dr & VO < 6 Vel = [ [ Bia)biretn) o ragar

and further

[ 2

dr + 6 [|[Ve(®)|?

¢ de
< 6o [VeolP + Brocbas [ [ el \m dcdr
< be [ Vo2 + Brocbar / (o)l H dr
d
< oo | Veol? 4 Blecis M/ lle(m)]? dT—l— di( Car.
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So, we get

t de ? 2 2 2 32 2

; 3 (D[ 47+ 280 [IVe)]” < 2000 [[Veoll™ + Biocbn T lleo]|” = C1
and from here we deduce that [[c(t)l|y, < Cy, with Cy, = 2%. O

It is obvious that in the same way as before we get in each layer
(107) ) € Wh2([0,T; L*()) N L™ (0,T; Hy(24)) N L* (0,T; H* (%)) -

PROPOSITION 3.4. Assume co € L?(2), co > 0 a.e. in Q and let cpy be

a positive constant such that 0 < cg < cps. Then the solution ¢ to problem
(100)—(101) satisfies

(108) 0<c(t) <ecpy ae inQ, Vtel0,T].

This result ends the proof of the existence and uniqueness of the solution
for the system (38)—(49) of €-order approximation.

4. THE ¢'-ORDER APPROXIMATION

We resume the system (50)—(61) for the e!-order approximation. We have
again two systems, one for bZ1 and one for c}. In order to simplify the writing
we shall no longer write the “1” superscript symbol. First we write the system

0b;

(109) e DD;Ab; +?kibi =Fi(t,§) in Q;, i=1,n,
(110) bl(o,é) =0in Qi, 1= l,n,
— b, — b;

(111) <_DDZZ$ +DD;q 88;1> =G; (t,xi,fl) on Y;,
(112) bZ = bi+1 on Ei, = 1,’1’L — 1,

—_ 0b ,
(113) —DD1% = Gy (t, xo,f) on Y,

_ by,
(114) —DDH% =G, (t,acn,ﬁl) on X,
(115) Vb;-v=0o0n X i=T1n,

where F;, G; are given by the relations (62) and (64)—(66).
We recall that 0 < bY(¢, &) < by for any ¢ € [0, T] by Proposition 3.2 and
K; (bo cO) are bounded in absolute value by hypothesis i5).

R}
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We calculate

ocY 2 ocy 2
HOLACIONEIO) axu) m): [ o 6. ) Gro)| a <
(116) < K2,b%, / d§<KMb |9 (t) H?,{&(Qi)gCa.e.te(O,T).

Here we used the relation (105).
Now, we recall the next result (see [9]): if n € H'(Q), § € H'(Q) then
nf € L*(Q) and

(117) [0l < Clnll o 101 g1 ()
and we calculate
0
(118) Ha(b?@)ff COROEI0)] I
0 ="/ llr2()
860 0, 0%
895 (t) +b; (t)w(t) Ly
o) 9P 9?9
< Ky || 5o ()55 () + Ky ||b)(t) 5 (t) :
ax 8(13 LQ(Q—L‘) 8x2 L2(Qi)

But bY € L? (0, T; H*(€;)) and we get that %l;? (t) € HY() for i = 1, n.
So, for the first norm we use (117). For the second norm we have 0<u(t) <

2 0
by for any t € [0, 7] and we use ||b;(¢) 8$2’ (t) L) < by ‘ a5 )‘ Lo We
return in (118) and we obtain
(119) Ha (zﬂ(t)K- 00, 1) 2 (t)) < Cae te(0,T).
oz \'" A oz 2 ’

We mention that C represents several constants.
We deduce that

(120) by (t,) K; (b, cD) ‘Z; (t,-) € H () a.e. t € (0,T)

and so its trace on I'; exists on L? (I';) implying that
(121) G; € L*(0,T; L*(I)), i=1,n.
Next, we know by (62) that
Fi(t,€) = ffi (8. ) = V- [BVK; (o, &) Vel
By hypothesis ig), ﬁ ( i) 2) € L™ (Q;) and by (120) it yields that
V- [b)K; (b),¢)) V)] € L (Qi) -
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So, we obtain that F; € L? (Q;).
We recall the definition of operator A : V — V’

(bt = [ (D) Vo K@l Vo eV,

Then for a.e. t € (0,T) we define E(t) : V — V' by

(122) (B WV—EZ/ Wﬁ+§:/ (t2,€) o

for any ¢ € V and so we are led to the Cauchy problem

(123) 3?( 1) + Ab(t) = B(t) ae. ¢ € (0,T),

(124) b(0) = 0.

Equivalently, it can be written

/0 T<jl;(t),w(t)>wvdt+ /Q D(2)Vb - Vpdédt + /Q (z)bibdedt

= Fypd&dt + Gi(t, i, & )pdodt

for any ¢ € V.
THEOREM 4.1. The problem (123)—(124) has a unique strong solution

(125) be Wh2([0,T]; V)N L2 (0, T; V) N C([0, T); L*(2))

which satisfies the estimate

t 1 t
(126) \|b(t)\|2+040/0 lb(7)][3, dr < ao/o IE(T)|§ dr,

where o = min { Dy, ko }.

Proof. We know that the operator A satisfies the hypotheses of Lions’
theorem and that E(t) € L?(0,T;V’). We conclude that the system (123)-
(124) has a unique strong solution as claimed in (125).

To obtain (126) we multiply (123) by b, integrate over (0,¢) and we have

5 1607 = 5 ol + [ D) [93(7)
+Ak@%@ﬁ&séummmwmmw-
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Using the hypotheses for D(z) and k(z) we can write

1 t t
§Hb(t)H2+D0 [ iweiEar ko [ pm)ar <
0
< o [ NEE R ar + 2 [ o ar
and so we get

1 t 1 ¢
5 16O + o / o2 dr < / | B2 dr + 20 / 1b(r)|I2 dr,

where ag = min { Dy, ko}. From here we get (126) as we claimed.

Now, we resume the system (50)—(61) for the e'-order approximation for
cZ1 written without the “1” superscript symbol

(127) a;t" — 08;Ac; + B1Brib?(t)e; = Hy (t,€) in Q;, i=1,n,
(128) ¢i(0,§) =01in Q;, i=1,n,
(129) 5; 0% _ g, 260 s T
zax — Oi+1— 5 81‘ 79 — 4 )
(130) C; = Cj4+1 ON Ei, 1= 1 n — 1
(131) ¢i(t, &) =0, (t,&)er=%ux,uxi i=Tn.

We recall that H;(t,&) is given by relation (63). We know by Proposition 3.4

that ¢! is bounded and by (107) we deduce that (?;E (t) € L?(Q;) a.e. t € (0,T).
Since Ac2(t) € L? () a.e. t € (0,T) and b} (t) € L%(£2;), with these arguments
we obtain that H; € L? (O,T; LQ(QZ-)).

We define the operator By(t) : Vo — V§ by

(Bi(0)e )y = [ [6@) Ve Vo Ar() (0] dé
for any ¢ € Vy and H(t) : Vo — Vj by

HO W)y, =Y [ Hiudg ae. t< 0.7)

So, we have the Cauchy problem

(132) j§< B+ Bu(t)e(t) = H(t) ae. t € (0,T),

(133) c(0) = 0.

THEOREM 4.2. The problem (132)—(133) has a unique strong solution
(134) c e WH([0,7); Vg) N L* (0, T; Vo) N C([0,T); L*(R2))
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which satisfies the estimate
2 ! 2 I 2
(135) eI +8 [ Nl ar < 5 [ 1HEIE, ar
0 do Jo 0
Proof. The proof is the same like in Theorem 4.1. To obtain (135) we

multiply (132) by ¢(t) and integrate over (0,t)

; /D el dr + /0 (B(r)e(r), e(7))vg v, A7 = /0 (H(), ey v, AT

Further, we can write
1 Cc 2 t X c\T 2 T t X 0 T C2 T T
101+ [ [ 8@ (etr)tagar+ [ [ mapmenas
= [ @) ar

and using the hypotheses and the result from Proposition 3.2 we get

1 t t
3 11 +80 [ 19 ar < [ 1@y ey ar.

Next, we have that

t t t
1+ [ el dar < 5= [ 1H @I ar+ G [l ar
and from here we obtain (135). O
It is obvious that by Theorem 4.1 and Theorem 4.2 we can write
b e W2([0, T (H(@0)') 0 L2(0, T3 HY () 1 C([0, T L()).
cf € WHRA([0,T0; H™ (%)) 0 L*(0,T; Hg (€4)) N C([0, TT; L*(€%))
for each layer i, i = 1,n.

Finally, with the results for the approximations € and &' it can be
characterized the solution for the chemotaxis model.

COROLLARY 4.3. Problem (22)—(35) admits a unique solution up the
order of approximation €,

(136) be Wh2([0,T]; V') N L*(0,T;V) N C ([0,T]; L*()),
c € WH2([0,T]; V9) n L2 (0, T; Vo) N C([0, T); L*()),
given by
(137) b(t, &) = bO(t, &) +eb' (t,€) + 0(?),
c(t,€) = (1, €) +ec! (1,€) + 0(*) — 0.
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Remark. This implies that problem (22)—(35) has a unique solution up
to the order ¢ in each layer 7, i = 1,n given by

bi € WH2((0,T); (H*(94))") N L2 (0,75 H () N C([0,T; L*(€%)),
ci € WHRA([0,T); H™ (%)) N L2 (0,T; Hy (%)) N C([0,T1; L* (%)),
with
bi(t, &) = Y (¢, €) + ebj (t,€) + 0(e?),
ci(t,€) = & (t,€) + ec} (t,€) + 0(?) — 0.

The further order of approximations corresponding to €™, n = 2,3, ... in-
volve equations which are similar with those for the e!'-order of approximation,
so that we no longer study them. However, for the next order of approxima-
tions it might be necessary to complete the set of hypotheses with additional
assumptions regarding the properties of the functions K; and f;.
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