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We prove that a locally Stein open subset of the blow-up X of Cn+1 along a
k-dimensional linear subspace L is Stein if and only if it does not contain an open
subset of the form U \ (L×Pn−k), where U is an open neighborhood of t0×Pn−k,
for some t0 ∈ L.
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1. INTRODUCTION AND PRELIMINARIES

A complex manifold X is called Stein if it is holomorphically convex and
its global holomorphic functions separate points and give local coordinates at
every point.

From Oka’s characterization of Stein domains in Cn (see [4]) follows that
the Steiness of a domain Ω ⊂ Cn is in fact a local property of its boundary.
More precisely, an open domain Ω of Cn is Stein if and only if it is locally
Stein in the sense that for each boundary point x ∈ ∂Ω there exists an open
neighborhood V = V (x) such that V ∩ Ω is Stein.

In the case of a general complex space X the Levi problem asks whether
a domain in X is Stein if it is locally Stein.

R. Fujita [2] and A. Takeuchi [5] showed that for complex projective
space there is a similar result as in Cn: a locally Stein domain over Pn either
is Stein or coincides with Pn.

Let L denote a k-dimensional linear subspace of Cn+1 and let X be the
blow-up of Cn+1 along L. Suppose that D is a locally Stein open subset of X.
The aim of this paper is to give an answer to the following question: under
what additional geometrical conditions D is Stein?

The motivation of this work is the recent paper of M. Colţoiu and C. Joiţa
[1] in which the authors considered this question and gave the answer for the
case of open subsets of the blow-up of Cn+1 at a point.
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Let A = L × Pn−k be the exceptional divisor of X. We shall say that
an open subset D of the blow-up X satisfies the condition (P ) if there exist
a point t0 in L and an open neighborhood U of t0 × Pn−k such that U \ A is
contained in D.

The main result of this paper is the following theorem.

Theorem 1. Let D be a locally Stein open subset of the blow-up X. Then
D is Stein if and only if the condition (P ) does not hold.

Definition 1. Let M be a complex manifold. Suppose that A ⊂ M is
an analytic subset of M of positive codimension and D is an open subset of
M \ A. A boundary point z ∈ ∂D ∩ A is called removable along A if there
exists an open neighborhood U of z such that U \A is contained in D.

In the proof we will use the same technique as in [1]. An essential role
will play the fact that if M is a Stein manifold, A is a closed analytic subset
of M of positive codimension and if D is locally Stein at every point of ∂D \A
and there are not points in ∂D ∩ A which are removable along A, then D is
Stein (see [3], [6]).

2. PROOF OF THEOREM 1

As X is the blow-up of Cn+1 along L, it is in fact a line bundle over
L × Pn−k and we will denote by π : X → L × Pn−k the corresponding vector
bundle projection.

Let t1, t2, . . . , tk be the coordinate functions in L and denote by t =
(t1, t2, . . . , tk). Let z0, z1, . . . , zn−k be the coordinate functions in Cn−k+1 and
denote by

z = (z0, z1, . . . , zn−k) ∈ Cn−k+1 \ {0}, [z] = [z0 : z1 : . . . : zn−k] ∈ Pn−k.

For i = 0, 1, . . . , n− k we consider the sets

Ui = {(t, [z]) ∈ L× Pn−k | zi 6= 0}.

The standard local trivializations we shall denote by

ψi : π−1(Ui) → Ui × C, i = 0, 1, . . . , n− k.

For each (t, [z], λ) ∈ (Uj ∩ Ui)× C we have that

(1)
(
ψj ◦ ψ−1

i

)
(t, [z], λ) =

(
t, [z],

zj
zi
λ

)
.

For i = 0, 1, . . . , n− k we consider the sets

Wi = {(t, z, λ) ∈ L× (Cn−k+1 \ {0})× C | zi 6= 0}.
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Let us define a holomorphic mapping F : (L × (Cn−k+1 \ {0}) × C) → X, in
the following way, for (t, z, λ) ∈Wi we put

F (t, z, λ) = ψ−1
i (t, [z], ziλ).

Notice that for every (t, [z], λ) ∈ (Uj ∩ Ui)× C it follows from (1) that

(ψj ◦ ψ−1
i )(t, [z], ziλ) = (t, [z], zjλ)

and then, we have that

ψ−1
i (t, [z], ziλ) = ψ−1

j (t, [z], zjλ).

Thus, the mapping F is well defined. Furthermore, since the mapping

(t, z, λ) ∈Wi → (t, [z], ziλ) ∈ Ui × C

is a surjection, we conclude that F |Wi : Wi → π−1(Ui), is a surjection itself.
We shall verify that F is a local trivial fibration over X with fiber C∗

and that the transition functions are linear on each fiber.
For i = 0, 1, . . . , n− k we denote by

Φi : Wi → π−1(Ui)× C∗, Φi(t, z, λ) = (F (t, z, λ), zi)

and we claim that Φi are the local trivializations. In order to show that the
mappings Φi are invertible and well defined, for every i = 0, 1, . . . , n − k we
consider the mappings

Φ̃i : Wi → (Ui × C)× C∗, Φ̃i(t, z, λ) = ((t, [z], ziλ), zi)

and

χi : (Ui × C)× C∗ → π−1(Ui)× C∗, χi((t, [z], λ), µ) = (ψ−1
i (t, [z], λ), µ).

Therefore, Φi = χi ◦ Φ̃i.

Since Φ̃i are invertible and for every ((t, [z], λ), µ) ∈ (Ui×C)×C∗ we have

(2) Φ̃−1
i ((t, [z], λ), µ) =

(
t,
µ

zi
z,
λ

µ

)
,

and the mappings χi are invertible too and for every (ζ, µ) ∈ π−1(Ui) × C∗

we have

(3) χ−1
i (ζ, µ) = (ψi(ζ), µ),

we conclude that Φi are invertible and from (1), (2) and (3) it follows that for
all (ζ, µ) ∈ π−1(Uj ∩ Ui)× C∗, if π(ζ) = (t, [z]), then(

Φj ◦ Φ−1
i

)
(ζ, µ) =

(
ζ,
zj
zi
µ

)
and our claim is proved.
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Since F is a local trivial fibration over X with fiber C∗ there exists a
holomorphic line bundle F̃ : Z → X, such that Z \Z0 = L×(Cn−k+1\{0})×C
where Z0 is the zero section and F = F̃ |L×(Cn−k+1\{0})×C.

We consider that D is an open subset of X and is locally Stein, but
not Stein. Since F−1(D) is an open subset of L × Cn−k+1 × C, according to
[1, Lemma 1], F−1(D) is locally Stein at every point of (∂F−1(D)) \ (L ×
{0} × C) and is not Stein. Hence, we deduce that there exists a boundary
point P ∈ (∂F−1(D)) ∩ (L× {0} × C) which is removable along L× {0} × C
(see [3], [6]). Therefore, there exist t0 ∈ L and λ0 ∈ C such that

(t0, 0, λ0) ∈ (∂F−1(D)) ∩ (L× {0} × C) ⊂ L× Cn−k+1 × C

is removable along L × {0} × C. Then, according to Definition 1 there exists
ε > 0 such that

F−1(D) ⊃ {(t, z, λ) ∈ L× (Cn−k+1 \ {0})× C : ‖t− t0‖ < ε,

|zj | < ε, ∀j = 0, n− k, |λ− λ0| < ε}.

We shall prove that D possess the property (P ), i.e., D contains an open
subset of the form U \A, where A is the exceptional divisor of X and U is an
open neighborhood of t0 × Pn−k.

We denote by B the open ball Bε(t0) = {t ∈ L : ‖t− t0‖ < ε} and by Ωδ

the punctured open disk {λ ∈ C : 0 < |λ| < δ}. The proof will be complete if
we will show that for every [z] ∈ Pn−k and every i ∈ {0, 1, . . . , n−k} such that
(t, [z]) ∈ Ui there exist an open set V in Pn−k and a positive number δ > 0
such that (t, [z]) ∈ (B × V ) and

ψi(D ∩ π−1(Ui)) ⊃ B × V × Ωδ.

Let (t, [z̃]) ∈ Ui be an arbitrarily fixed point in Ui, and such that t ∈ B. Let
choose a positive number T such that

T > max
{
|z̃j |
|z̃i|

: j = 0, 1, . . . , n− k

}
.

We fix arbitrarily a point λ1 ∈ C∗ such that |λ1 − λ0| < ε and we take δ ∈ R+

such that δ < ε
T · |λ1|. In order to show that ψi(D ∩ π−1(Ui)) contains an

open set of the form B × V × Ωδ, we consider an arbitrary point (t, [w], ν) in
B × V ×Ωδ. We put µ = ν

λ1
and observe that µ 6= 0 and |µ| = |ν|

λ1
< δ

|λ1| <
ε
T .

Let z = µ
wi
· w. Thus, zi = µ 6= 0 and therefore, (t, z, λ1) ∈Wi.

For every j = 0, 1, . . . , n− k, we have

|zj | =
|µ · wj |
|wi|

≤ |µ| · T < ε,
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hence, (t, z, λ1) ∈ F−1(D) ∩ Wi. Therefore, F (t, z, λ1) = ψ−1
i (t, [z], ziλ1) ∈

(D ∩ π−1(Ui)). Finally, we have

ψi(F (t, z, λ1)) = (t, [z], ziλ1) = (t, [z], µλ1) = (t, [w], ν).

The proof of Theorem 1 is now complete.
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