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For a Banach algebra A, its second dual A” is (-1)-weakly amenable if A" is
a Banach A”-bimodule and the first cohomology group of A" with coefficients
in A’ is zero, i.e. H'(A”,A") = {0}. In this paper, we study the (-1)-weak
amenability of the second dual of James algebras. Moreover, we show that
Lip,T is not (-1)-weakly amenable if 1 < o < 1 and T is the unit circle.
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1. INTRODUCTION

Let A be a Banach algebra and E be a Banach A-bimodule, then a
bounded derivation from A into E is a bounded linear map D : A — FE
such that for each a,b € A, D(a-b) = Da-b+ a- Db. For example, let z € X
and define 6, : A — E by d,a =a-x — x - a, then d, is a bounded derivation
which is called an inner derivation. Then Z!(A, ) is the space of all bounded
derivations from A into E, N1(A, E) is the space of all inner derivations from
A into F, and the first cohomology group of A with coefficients in F is the
quotient space H'(A, E) = f,ll((‘:?)

A Banach algebra A is amenable if H'(A, E') = {0} for each Banach
A-bimodule E. This concept was introduced by B.E. Johnson in [5].

The notion of weak amenability was introduced by W.G. Bade, P.C. Curtis
and H.G. Dales in [1] for commutative Banach algebras. Later, Johnson defined
weak amenability for arbitrary Banach algebras in [6], in fact a Banach algebra
A is weakly amenable if H'(A, A’) = {0}.

Let A be a Banach algebra and A” be its second dual, for each a,b € A,
feA and F,G € A” we define f-a,a-fand F-f,f-F e A by

f-a®)=fla-b), a-f(b)=f(b-a)
F-fla)=F(f-a), [-F(a)=F(a-[)
Now, we define F' - G, F x G € A” as follows

MATH. REPORTS 15(65), 3 (2013), 271-279



272 M. Eshaghi Gordji, S.A.R. Hosseinioun and A. Valadkhani 2

F-G()=FG-f), FxGf)=G({[-F).

Then A” is a Banach algebra with respect to either of the products -
and x. These products are called respectively, the first and the second Arens
products on A”. Then A is called Arens regular if F'- G = F x G, for all
F,G € A”. In this paper, A” is considered with the first Arens product.

In [7], A. Medghalchi and T. Yazdanpanah, introduced the notion of
(-1)-weak amenability. A Banach algebra A is (-1)-weakly amenable if A’ is
a Banach A”-bimodule and H' (A", A’) = {0}.

Here, we give some examples which are and some others which are not
(-1)-weakly amenable Banach algebras. For example, in Theorem 2.2 we show
that Lip,T is not (-1)-weakly amenable for 3 < o < 1, where T is the unit
circle.

Also, for James algebra J,J"” is (-1)-weakly amenable, see Example 2.2.

For (-1)-weak amenability of a Banach algebra we need A’ to be a Banach
A”-bimodule, in [4] we give some conditions, for a Banach A-bimodule X, which
makes X’ a Banach A”-bimodule.

Let X be a Banach space, then + : X — X" is the natural embedding
and 1, is denoted by & (z € X), and X is the natural embedding of X in X"

Let A be a Banach algebra and let E be a Banach A-bimodule, then the
iterated conjugates of E, denoted by E', E”,E" ... are Banach A-bimodules,
and the map p : E" — E" with p(T') =T' | is an A-bimodule homomorphism
which is called natural projection.

All concepts and definitions which are not defined in this paper may be
found in [2] and [3].

2. MAIN RESULTS

Let A be a Banach algebra with a closed ideal I. Then, we have the

identifications
(A/T) ~1°, (A/I)" ~ A" /1"
where I° = {A € A": \|; = 0}.

Let E be a Banach A-bimodule and I be a closed ideal in A, then F is
a Banach I-bimodule. In the case IE = EI, we have E is a Banach A/I-
bimodule.

Let I be an ideal in A. Then [ has the trace extension property in A,
whenever for each A € I’ with a- A = \-a (a € A), there exists 7 € A" such
that 7|y =Aand a-7=7-a,(a € A).

For a Banach algebra A, we define the center of (A”,-) as follows,

Z(A" Y ={Fe A" F-G=FxG,(Ge A"}
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THEOREM 2.1. Let A be a Banach algebra and, I be a closed ideal in A
and its second dual I”, be a closed ideal in A”. Then

(1) If A"/1" is (-1)-weakly amenable, then I has trace extension property.

(2) If A" is (-1)-weakly amenable and I" C Z((A”,-)) and 1" has the trace
extension property, then A" /1" is (-1)-weakly amenable.

(3) If I and A"/I" are (-1)-weakly amenable and 1" = I" and A’ is a
Banach A”-bimodule, then A" is (-1)-weakly amenable.

Proof. (1) Let A € I' with a- A = A-a , for all « € A. By Hahn-Banach
theorem there exists f € A’ such that f|; = A. We define

D:A"/I" — I° = (A/T)
DF+I"Y=F-f—f-F (Fe A"

then for each x € I and F € A” with F' = w* — lim a,,, we have
(0%

DF +1")(z) = (F-f-f F)a)=F(f-z—z-f)

= limf(x-aq —aq-x) =lmAx-ay — aq - )

= limas(A\-z—2-\)=0.

It follows that D is a bounded derivation in Z'(A”/I",I°). By (-1)-weak
amenability of A” /I", there exists A\g € I° such that D(F+1) = F-\g—\g- F.
Now, put 7 = f — A\g € A, then for each a € A

a-7—7-a=(a-f—f-a)—(a-d—X-a)=D@+I1")-D@@a+1") =0

so, at = Ta. Moreover, since A\g € I° and f|; = |7, then 7(x) = f(z)—Ao(z) =
A(z), and 7|r = A. Tt follows that ar = 7a, for all a € A.

(2) First, we show that I is a Banach A”/I"”-bimodule. Since A" is (-1)-
weakly amenable, then A’ is an A”-bimodule and for each A € I° and F € A",
we have A - F, F - A € I° so I° is an A”-bimodule. On the other hand, since I”
is a closed ideal in A”, then I° is an I”-bimodule and since I0- 1" = 1" .10 =0
then I° is a Banach A”/I"-bimodule. Let D € ZY(A”/I" (A/I)) and let
7m:A— AJI, a— a+ I be the quotient map. We define D = 7’ o Don’” i.e.,

D:A" — A
D(F)(a) = D(F +I")(a + 1) (ac A,F e A")

then D € Z'(A”, A'), since for each F,G € A" with F = w* — limé, and
(0%
G=w"— 1ién 55 we have

D(F-G)a) = D(F-G+I"Ya+I)=D((F+1I")-(G+1")) (a+1I)
= DF+I"-(G+I")+(F+I1")-D(G+I")(a+1)
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= G+I"((a+1) - D(F+I")+ F+I"(D(G+1")- (a+ 1))
= hgl(zsﬁ +1"((a+1I)-D(F +1"))

+lim(aq + I")(D(G +1") - (a+ 1))
= liénD(F + 1" (bg-a+1I)+ lim D(G + I"Y(a-an +1)
= lién]jF(bg ca) + liglEG(a CQq) = liéna - DF (bg)
—Hién DG - a(ay)
= lién bs(a- DF) + lim 4a(DG -a) = G(a- DF) + F(DG - a)

= (DF-G+F-DG)(a).

On the other hand, if A” is (-1)-weakly amenable then there exists \g €
A’ such that DF = F-X\g— Ao F, for all F € A”. For G € I" we have
G-M—X-G=DG=DG+1") =050, G-Ag = X-G. Let \g € A” defined
by Ao(F) = F(Xo), for all F € A”. We have I"” C Z((A”,-)), then for each
F e A” and G € I, we have

F-2(G) = M(G-F)=F\-G)=F(G- )
= F-G(\) =X F-G) =X F@G).
If we take 0y = 5\0|p/ € I'", then we have F'- 6y = 6y - F. Since I"” has
the trace extension property, then there exists Ag € A" such that Aol = 6
and F'- Ag = Ag - I, for all ' € A”. For each a € A, we define 7 € A’ by
7(a) = Xo(a) — Ag(a), (more precisely 7 = p(Ag — Ag), where p: A” — A’ is
the natural projection). Then

7(x) = Xo(x) — Ao(#) = Ao(#) — Ao (&) = Oo(&) — Ao(#) = 0

for all z € I, we have 7 € IY. (Note, that since I? = (A/I)’ then we can assume
7 as an element in (A/I)). On the other hand, we have D = 0y, and 7| =0
then for each a € A and F € A” with F = w* — lim a,,, we have

(64

D(F+1")(a+1) = D(F)(a)=(F-X—XF)(a)
= F(A-a—a-X)=limay(Ag-a—a- N\
= limAo(a-aq —aq-a) —lim(Ag-a—a- Ao)(aq)
= lim ()\o(a-aa—aa-a)—Ag(a-aa/—\aa-a)>
= lim7(a-aq —aq-a) =lim7(a-aq —aq-a+1)

= ligénT((a—l—I)(aa—l—I) —(aa+I)(a+1))
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= ligl(r-(a+l)—(a+l)-T)(aa+1)

= limao +1"(7 - (a+1) ~(a+1)-7)

= (F+I)(r-(a+1)—(a+1)-7)

= (F+I"y-7—7-(F+1") (a+1).
Therefore, D(F 4+ 1") = 6 (F +1") and H'(A"/I",(A/I)') = 0.

(3) Let D € Z*(A”,A") and i: I — A be the inclusion mapping. For
Fel” xelwedefine Dy =7 oDoi", ie.

Dl(F) :D(i//(F))|] (FEA//) .

We see immediately that D1 € Z'(I”,1'). Since I” is (-1)-weakly amenable,
then there exists \; € I’ with D1F = F-A\;—\;-F, for all F € A”. Now, extend
A1 to an element in A, say \g and put Dy = D—6),. Then Dy € Z1(A” A") and
Dol =0. Let a € Aand F,G € I" with F = w* —lim a,, and G = w* —liénbg
where (aq)a , (bg)s are in I, then we have

Dyo(F -G)(a) = Dso(F)-G(a)+ F - Ds(G)(a)
= D9(i"F)-G(a) + F - Do(i"G)(a)
= G(a-Dy(i"F)) + F(Dy(i"G) - a)
= 11511 bs(a - Da(i"F)) + lim o (D2(i"G) - a)

= lién Dy(i"F)(bg - a) + lim D2 (i"G)(a - aq)
= 11[1311D1F(bﬁ ~a) +lim D1G(a - aq)

— ljén(i)\OF(bB a) —lim0),G(a - aq) = 0.

This means that Dy|;n2 = 0 and it follows from I”2 = I that Ds|pr = 0.

Now, we define
D:A"/I" — I

D(F +1")(a) = Da(F)(a) (F e A" a€ A).

Note that D is well-defined since Dy|n = 0 and D € Z'(A”/1”,1°). On
the other hand, A”/I"” is (-1)-weakly amenable then there exists fy € I° such
that D(F +1") = 64, (F +1"). Let € A and G € I” with G = w* —limb,.

o

Then we have
fo-G(z) = G(z - fo) = lim(z - fo)(ba) = lim fo(ba - ) = 0.
It follows that fo - I” = 0 and similarly I” - fo = 0, so
Dy(F) = D(F+1")=0d4(F+1")
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(F+I") - fo— fo-(F+1")
= F-fo—fo-F=06z(F).

This means that Dy = D — 0y, then D = §),44, and A” is (-1)-weakly
amenable. [

Ezample 2.1. Let E be a Banach space without approximation property
and A = EQFE' be the nuclear algebra. Then F(FE) ~ E®QFE', as linear spaces,
where F(F) is the space of continuous finite-rank operators on E. Let N'(E) be
the space of nuclear operators with the nuclear norm || - ||, then by using 2.5.3
(iii) of [2], the identification of EQE’ with F(E) extends to an epimorphism

R:EQE — N(E)

with I = ker R, and I = {0} if and only if F has approximation property.
Moreover, if dim I > 2, then I has not trace extension property and by previous
theorem A”/I" is not (-1)-weakly amenable. For more details, definitions and
some theorems which are used in this example, see 2.5.3 and 2.5.4 of [2].

Ezample 2.2. Let N<¥ = U N* and P be the set of elements p =

keN
(p1,---,pk) of N<% gsuch that k > 2 and p1 < p2 < -+ < pg. For a sequence

a € CN, define N(a,p) for p € P by

k—1
2 2 2
2N (a,p)” = Z |ap; 1 — ap; [T | + |og, — ap,
j=1

set N(a) = sup N(a,p) so, N(a) € [0,+00]. We define
peP

J ={a€Cy: N(a) < o}

where Cp = {a € CV: lim «a,, = 0}. J is a commutative closed subalgebra of
n—00

[*°, and is called the James algebra. By 4.1.45 of [2], we have some properties
for J such as:

1) J is an ideal in J",
2) J is Arens regular,
3) J"=M(J) (isometrically isomorphic)
where M(J) is the set of all multiplicative functionals on 7,
4) J has a bounded approximate identity,
5) J is weakly amenable,

6) J is not amenable.
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By using Lemma 3.1, J' is a Banach J”-bimodule. Since 7 has a bounded
approximate identity, then J is essential and by using 2.9.54 of [2]|, we have
HY(T,J') = H'(M(T),T).
Now (3), (5) imply that J” is (-1)-weakly amenable.

THEOREM 2.2. Let % < a <1 andlet T be the unit circle. If A = lip,T,
then A" = Lip,T is not (-1)-weakly amenable.

Proof. Define D : Lip, T — (lip,T)" by

+o0
D(F)(h) = Y kh(k)F(~k)

k=—0o0

for all F € Lip,T and all h € lip,T, where iL(k) and ﬁ'(kz) are the Fourier
coefficients of h and F' at k, that is

f(k) 1 Wf(@)e‘““@de.

~ o -

First, we check that D is well-defined. It follows from 4.5.14 of [2] that
there is constant C, > 0 such that for each F' € Lip,T

+o0 %
( L !F(k)\2> < Ca|Flla

k=—0o0
so, we have

400 400 % 00
> \kﬁ(k)ﬁ(—k)lé< > Ik Iﬁ(k)2> < > Ik IF(—k)I2> < CallkllallFlla-

k=—o00 k=—00 k=—o00

Then, [DF(h)| < C2||h||o||F|lo and so, DF € (lip,T)" and D is a bounded
linear operator. Let F,G € Lip,T and h € lip,T, by 4.4.26 (i), (ii) of [2],
lin{e, : € T} is dense in (lip,T)', where e, f = fa, for each f in lip,T. So,

VI

there are sequences (z,,) C T and (¢,) € C such that D(F) = Ztnsxn. Note
n=1

o0
that DF(h) = Ztnf(a:n), for f € lip,T. We can extend DF to Lip,T, say
n=1
DF. (This is valid since the Bernstein inequality in 4.5.14 of [2] is valid for all
f in Lip,T). For each [ € lip,T, we have

h-DF(l)= DF(l-h) :i tnh(xy) :i tnh(zn)eq, (1) = (i tnh(ajn)smn) (1).
n=1 n=1 n=1
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The last equation is valid since ||z,|| = 1(n € N) and

00 00 [e's)
D ltnh@n)en, | < ltnea, MBl2all = 121D ltnga, | < oo.
n=1 n=1 n=1

o
Hence, we have h - DF = Ztnh(mn)sxn. On the other hand, (lip,T)"”
n=1

is isometrically isomorphic to Lip,T, by 7(F)(z) = F(e,) for x € T and F €
Lip,T. So, for G € Lip,T there exists a ®¢ € (lip,T)” such that ®g(e,) =
G(z), then by the continuity of ®¢, we have

DF-G(h) = &g (itnh(fﬁn)%>

n=1
= Zt h(zn)Pc(es,) Zthxn
Z tnea, (h-G) = DF(h- Q).

Similarly, F - DG(h) = DG(h - F). Let F,G € Lip,T then F',G € L*(T)
and F - G = F + & where # is convolution product with

+oo
F«Gk) = 42 F()G(k - j).
Then, we have "
+oo
D(F-G)(h) = Z kh(k)F - G(— Zkh > F(HG(=k~j)
k=—o00 k=-o0 J=—00
+oo 4o R . R
= D D FMREGHG(—k - )
k=—00j=—00
+oo j—&-oo R N .
= Y Y EREGGk - )
j=—00 k=—o00
Moreover,
+o0 X /\ +oo 400 R R .
= Y kF(=k)h-Gk)= > > kF(=k)h()G(k - j)
k=—00 k——ooj:—oo

—Z ZkF k)h(k — §)G(5) Z ZkF k)h(k — §)G(5)

k=—00 j=—00 j=—00 k=—00
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“+o00 —+00

=Y Y (k+)F(=k = j)h(k)G())

Jj=—00 k=—00
and we have

+oo +oo
D@G)(h-F) = 37 jG-h-FG@)= 3 (~HGGR- F(~j)
+oo “+o0o

Now, by the definition of DF, we have
DF -G(h)+ F-DG(h) = DF(G -h) + DG(h - F) = D(F - G)(h)
it follows that D is a derivation. We have |[DF(h)| < C2||h||a||F||a, then D is a
nonzero bounded derivation in Z!(Lip,T, (lipoT)'). On the other hand, Lip,T

is commutative then we have H' (Lip,T, (lzpa )') # {0}. It follows that Lip,T
is not (-1)-weakly amenable. [
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