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1. INTRODUCTION

The study of higher-order duality is significant due to the computational
advantage over first-order duality as it provides higher bounds for the value of
the objective function when approximations are used (Mangasarian [4|, Yang
[10]). Mangasarian [4] and Hason [3] had also indicated, by example, that one
advantage of second-order duality when applicable, is that if a feasible solution
in the primal problem is given and first-order duality conditions do not apply,
then we can use second-order duality to provide a lower bound of the value in
the primal problem (see also Yang [10] for new and interesting results in this
sense). In [11], Zhang and Mond introduced a concept of second order (F, p)-
convexity and gave some duality results. Recently, Yang and all [9], Aghezzaf
and Hachimi [2], Preda [5, 7] had obtained results for higher-order duality in
multiobjective mathematical programming. The class of (F, «, p, d)-type I
functions considered in this paper is more general than the classes presented in

[9-11].
Consider the following nonlinear multiobjective programming problem:
(MOP) minimize f(x) = (fi(x), ... , fm(x))

subject to x€A = {xeX / g(x) < 0},

where X C R® , X open, and f: X — R™, g : X -R® are twice differentiable
functions on A.
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This paper is organized as follows. In Section 2 we defined a new class
of functionals (F, «, p, d)-type I and some concepts of generalized convexity
type. Thus, in Section 3, relative to the dual of Mond-Weir type, some duality
results are given.

2. SOME PRELIMINARIES

In this section, we introduce the notion of function g-sublinear and give
some definitions of second order quasi and pseudoquasi.

Definition 2.1 ([2]). We say that y€A is an efficient solution for problem
(MOP) if and only if there exists no x€A such that f(x) < (y).

Definition 2.2 (|2]). We say that y€A is a weak efficient solution for prob-
lem (MOP) if and only if there exists no x€A such that f(x) < {(y).

Definition 2.3. A functional F : X x X x R"— R is g-sublinear if

k _
(la) F(x,y; > a) <max F(x, y; a),Vx, yeX, a; € R" | i€ 1,k , keN*
i=1 i=Lk

(1b) F(x,y;aa) =aF(x,y;a),Vx,yeX, a €R, = 0, ac R" .

We see that the class of F-sublinear functionals is more large then the
class of sublinear functionals considered, for example, in Preda |7].

Let F be a g-sublinear functional and suppose the functions f = ( fi, ...,
fm): X =>R™and h = ( hy, ... , hy) : X =R" are twice differentiable at yeX.
Let p = ( pt, p?), where p'= (p1, ..., pm JER™, p? = (pms1, --r Pmir JERT. Let
a = (a', a?) where al: X x X - R, a? : X x X = R} and let d(-, 1) : X
x X — [0, +00).

For the sake of simplicity, we will use the following notations

if f: X—=Randf: X xX = R% ,then A(f, x,y, 8,p) = B(x, y)[Vi(y)
+ V2i(y)p]

and
Py Alfws x, 3, 8, p))-
Definition 2.4 ([2]). (f, h) is said to be second order (F, «, p, p, d)-type
I at y, if for all x€A we have
(2a) f(x) — f(y) + 3pVZ(y)p 2 F(x, vy ; A(f, x, 3, o, p)) + p'd?(x , y)

(2b) - h(y) + 3pV2 h(y)p = F(x, vy ; AL, x, 3, 2, p)) + p?d*(x , y).
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Definition 2.5 ([2]). (f , h) is said to be second order quasi (F, «, p, p,
d)-type I at y, if for all x€A we have

(3a) f(x) < f(y) - sp VX(y)p = F(x, vy : A(f, x, v, o', p)) £ -p'd® (x, y)

(3b) - h(y) + 3pVZ h(y)p £ 0= F(x, v ; Ak, x, v, 0%, p)) < -p*d*(x, y).
If in the above definition, x # y and inequality (3b) is satisfied as
(SC) - h(y) =+ %pv2 h(y)p § 0= F(X’ Y A(h7 X5 Y 042, p)) < -p2d2(X ) y)

then we say that (f, h) is second order quasistrictly-pseudo (F, «, p, p, d)-type 1
at y.

Definition 2.6 ([2]). (f , h) is said to be second order pseudoquasi (F, «,
p, p, d)-type I at y, if for all x€A we have:

(4a) f(x) < f(y) - gpVE(y)p == F(x, v ; A, x, y, @', p)) <- p'd*(x, y)
(4b) -h(y) + pV2 h(y)p £ 0= F(x,y; A(h, x, y, a2, p)) < -p?d*(x, y).
If in the above definition, x # y and inequality (4a) is satisfied as

(4e) f(x) S £(y) - 5pVH(y)p = F(x, v ; Alf x, 3, @', p)) <- p'd*(x , y)

then we say that (f , h) is second order strictly pseudoquasi (F, «, p, p, d)-type
I at y.

Definition 2.7 (|2]). (f, h) is said to be second order weak strictly-pseudoquasi
(F, «, p, p, d)-type T at y, if for all x€A we have:

(5a) f(x) <f(y) - 5pVH(y)p = F(x, v ; A(f, x, v, @', p)) < -p'd*(x, y)
(5b) - h(y) + %pVQh(y) <0=F(x,y;Ah x,y 0% p)) <-p?d? (x,y).

Definition 2.8 (|2]). (f, h) is said to be second order strong pseudoquasi
(F, «, p, p, d)-type T at y, if for all x€A we have:

(6a) f(x) <f(y) - 5pVH(y)p = F(x, v; Alf, x, 3, o', p)) < - pld®*(x , y)

(6b) -h(y) + 5pV2h(y)p £ 0= F(x,y; A(h, x, ¥, 0%, p)) < - p?d*(x, y).
If in the above definition, inequality (6a) is satisfied as

(6c) f(x) < f(y) - gpVi(y)p = F(x, v ; A(f, x, y, @', p)) < - p'd%(x, )

then we say that (f , h) is second order weak pseudoquasi (F, «, p, p, d)-type 1
at y.

Remark ([2]). Note that for the scalar objective functions the class of
second order pseudoquasi (F, a, p, p, d)-type I, the class of second order weak
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strictly-pseudoquasi (F, «, p, p, d)-type I, and the class of second order strong
pseudoquasi (F, «, p, p,d)-type I functions coincide.

Definition 2.9 (|2]). (f, h) is said to be second order sub-strictly-pseudo-
quasi (F, «, p, p, d)-type T at y, if for all x€A, x # y, we have:

(Ta) f(x) S f(y) - 5pV(y)p = F(x, v ; Alf, x, 3, o', p)) < -p'd*(x, y)
(7b) - h(y) + %pv2h(y) <0=F(x,y;A(hx v a? p) < 2d2(X ).

Definition 2.10 ([2]). (f, h) is said to be second order weak quasistrictly-
pseudo (F, «, p, p, d)-type I at y, if for all x€A we have:

(8a) f(x) <f(y)- spVH(y)p = F(x, vy ; Af, x, 3, !, p)) £ -pld*(x, )
(8b) -h(y) + 3pV2h(y)p £ 0= F(x, y; A(h, x, y, 2, p)) < -p*d*(x, y).

Definition 2.11 ([2]). (f , h) is said to be second order weak quasisemi-
pseudo (F, «, p, p, d)-type I at y, if for all x€A we have

(9a) f(x) <f(y)- 3pVH(y)p = F(x, v ; Af, x, 3, @', p)) £ -pld*(x, y)
(9b) - h(y) + 3pV?h(y)p £ 0 = F(x, v ; A(h, x, y, 02, p)) < -p*d*(x, y).

Definition 2.12 ([2]). (f, h) is said to be second order weak strictly-pseudo
(F, «, p, p, d)-type T at y, if for all x€A, x # y, we have

(10a) f(x) < f(y) - 5pVH(y)p = F(x, v ; A(f, x, v, o}, p)) < -p'd*(x , )

(1Ob) - h(Y) =+ %pv2h(Y)p g 0= F(X7 Y A(hv X, Y, 042, p)) < -,02d2(X 3 Y)

3. GENERALIZED MOND-WEIR TYPE DUALITY

Consider the following Mond-Weir type dual of (MOP)
maximize f(y) + Vi85, (v)e - 5pVZ[E) + viogs, (¥)elp,
subject to uVf(y) + u VX(y)p + vVg(y) + v VZg(y)p = 0,
(GMWD)  vy,g5, () - 5pV2Vi, 85, (1P 2 0,k = 1,2, ..., v,
v 20,

u=0, ute=1,

where v > 1, JsNJy = @ for s # t and UJsf {1,2, ... ,q}= Q.
Relative to (MOP) and (GMWD) we glve some duality results.
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THEOREM 3.1 (Weak Duality). Assume that for all feasible z for (MOP)
and all feasible (y, u, v, p) for (GMWD), any of the following holds:

(@) w> 0, and (f(-) + vi85,(-)e , v3.85.(-)), k = 1,v, is second order
strong pseudoquasi (F, a, p, p, d)-type I at y with

min{upoao(' ’ Y)_lz miﬂ[pkak(‘ 7Y)_1 ]} z 07'

(b) u> 0, and (uf(-) + v3,85,(); V3,85, (")), k = 1,v , is second order
pseudoquasi (F, o, p, p,d)-type I at y with

min{poao(’ ) Y)_17 kIElilL[pkak(' 7Y)_1 ]} Z 0.
Then, f(z) £ f(y) + Vio&s, (v)e -5pV2[f(y) + V1,83, (v)elp.

Proof. Suppose contrary to the result of the theorem that f(x) < f(y)
+ viogs,(V)e - 3pVA[E(y) + Viogy,(¥)elp. Since x is feasible for (MOP) and
v 20, we have £(x) + v,y (<)e < £(y) + V205, (¥)e —20V2IE(Y) + V3,3, (5)elp.
Since (y, u, v, p) is feasible for (GMWD), it follows that
V8, () + 3PV g, (P S0, k=12, .. v
By hypothesis (a), we have
F(x, v ; A(f() + vio85,()e, x, 3, o, p)) < -p°d*(x , )
a*F(x, v; Avigr, (): % v,1,p)) = F(xy; Alvigy, (), x, v, @fp)) < -pfd?(x
), k=1,...v.
Since a®(x ,y) > 0, of(x ,y) >0,k = 1,2, ... , v and u > 0, we have
(s, 5 AWC) =+ viggy, () x5 L) < - ¥, ) ()
F(x, v Avags, (% v, 1, p)) < -a5(x, ) Lkd(x ), k= 1,2, .y v
By g-sublinearity of F | we obtain
0=F(x,y;0) = F(x,y;uViy) + uV(y)p + vVg(y) + vVg(y)p) =

=Pl y; Aduf() + viggs, (), % 3 L p) + ZA(VJngk() X,y 1,p)) <

< max{F(x, y ; A(uf(:) + VJOgJO( ), %, v, 1, p)),
li’naﬁ [F(x, v ; A(VJngk() x, v,1, p)It <

=1,v

< max{- a’(x, y)tup’d*(x , y), max [o*(x, y) "o d*(x , y)]} =

=1,v

= -min{ a®(x, y)'up’d*(x , y), min [oX(x, y)T'pEd?(x, y)]} 0,
k=1,v
contradicting.
By hypothesis (b), we have

o £(x) + vio8y, (x)e < £(y) + vigy, (v)e - 3pV[E(y) + vi,85,(v)elp, which
implies

uf(x) + vio81,(x) < uf(y) + viogs,(y) - 5pVIuf(y) + vi,g5,(y)Ip;

o-vygy(y) + %pVQVJngk(y)p <0,k=1,2,..,v, which implies
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F(Xa Yy A(Uf() + VJogJo(')7 XY, aO’ p)) <- p0d2(X ) Y)
F(XJ Y A(VJngk('), XY, aka p)) g _pkdz(x I Y)a k - 17 27 ey U
Since a®(x,y) >0, o®(x,y) >0,k =1,2, ... , v and u > 0, the above
inequalities give
F(x,y; A(uf(-) + vi,85,(), X, ¥ 1, p)) < - a(x, y)71p°d*(x , y)
F(X7 y ; A("Jkg:{k(‘)’ X7 )77 17 p)) é _ak(X7 y>_1pkd2<x 7 y)’ k - 17 27 R V.
By g-sublinearity of F | we obtain
0="F(x,y;0) =F(x,y;uVi(y) + uV(y)p + vVa(y) + vV3g(y)p) =

- F(X7 y; A(Hf() + VJogJO(.)7 XY, 17 p) + kzlA(VJngk(.% XY, 17 p)) S

< max{F(x, y ;5 Auf(-) + vip8,(), % v, 1, p));

g?ﬁ [F(X7 Y3 A(ijng('), X, y,1, p))]} §

< max{- a’(x, y)~'p0d*(x , y), max [-af(x, y) "' p*d¥(x , y)]} =

=1,v

— - min{ a%(x, y)'pd*(x , y), min [o¥(x, y) 7oA (x, y)]} S0,

=1,v

contradicting.
Hence, in both cases we have contradicting, so

f(x) £ £(y) + vi,85,(v)e - 5pVAIE(Y) + vi,85,(V)elp. O

THEOREM 3.2 (Weak Duality). Assume that for all feasible x for (MOP)
and all feasible (y, u, v, p) for (GMWD), any of the following holds:
() (f(-)+v3081,(-)es V3,83, (-)), k=1, v, is second order weak strictly-pseu-
doquasi (F, o, p, p, d)-type I at y with min{up®a®(-,y)~", min_[p*a*(-,y)~" [}
k=1,v
Z 0;
(b) (uf(-) +v3085,(-); V3,81, (), k = 1,v, is second order strictly pseudo-
quasi (F, o, p, p,d)-type I at y with min{p°a®(-, y)~!, min [p*a*(- ,y)~" [}
k=1,v
Z 0;
(¢) (f-) +vio85,(-)e, V3,83, (-)), k = 1, v, is second order weak quasisemi-
pseudo (F, o, p, py d)-type T at § with minfupad(,y) =), min_ foa(,v)~} ]}
k=1,v
Z 0;
(d) (uf(-) +v3,85,(), v3.83,.(-)), k = 1, v, is second order quasistrictly-
pseudo (F, o, p, p,d)-type I at y with min{p°a®(-,y)~!, min [pca®(-,y)~! [}
k=1,v
> 0.
Then, f(x) & f(y) +vio85,(v)e -5V [f(y) + v3,83, (v)e[p-

Proof. Suppose contrary to the result of the theorem that

f(x) < £(y) + vao85,(y)e - spVAIE(Y) + vaosy, (v)elp.
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Since x is feasible for (MOP) and (y, u, v, p) is feasible for (GMWD), we
have
o £(x) + Vyp85,(x)e < £(y) + vio8y, (V)e - 5pVAIE(Y) + viogy, (v)elp, which
TP ) vty () < () + Vi (3) - V) v, ()l
o-vygn(y) + %pvvangk(y)p <0, k=1,2, ..., 0.
By hypothesis (a), we have
F(Xa Y A(f() + VJogJo(')e7 XY 0407 p)) <- pOdZ(X ) y)
F(X7 Y A(VJngk(')7 XY ak7 p)) g _pde(X ) Y)v k = L2 .. ,v.
Since a®(x , y) >0, o®(x,y) >0,k =1,2, ... , v and u > 0, the above
inequalities give
F(x, y 3 AE() = vaogsy (), %, 3, 1, b)) < - a%(x, ) upld?(x , )
F(X7 Y A(VJngk(')7 X, ¥, 1, p)) é _ak(xv Y)_lpkdz(x ’ Y)a k = L2 .., v
By g-sublinearity of F, we obtain
0=F(x,y;0)=Flx y;uVily) + uVH(y)p + vVe(y) + vVig(y)p) =

- F(X7 y; A(Uf() + VJogJO(.)7 XY, 17 p) + kzlA(VJngk(.% XY, 17 p)) S

< max{F(x, y 5 A(uf(-) + viogy, (), % v, 1, ),

g?ﬁ [F(X7 Y3 A(ijng('), X, y,1, p))]} §

< max{- a’(x, y) " tup’d*(x , y), max [of(x, )" pfd*(x , y)]} =

=1,v

= - min{ a’(x, y)up"d*(x , y), min ot (x, )T, W]} S0,

)

contradicting.
Using hypothesis (b), (c¢) or (d), we obtain, also, contradicting, so

f(x) £ £(y) + vio8s,(v)e -5pV3E(y) + viogy, (Y)elp. O

THEOREM 3.3 (Weak Duality). Assume that for all feasible z for (MOP)
and all feasible (y, u, v, p) for (GMWD), any of the following holds:

(@) u > 0, and (f(-) +v1,85,(-)e; vi.85.(-)), k = 1,v, is second order
weak pseudoquasi (F, o, p, p, d)-type I at y with min{up®a®(- , y)~1,
min fpta¥ (- ,y)~! [} 2 0;

() (wf(-) +v1,83,(-)> V3,81, (-)), k = 1,v, is second order pseudoquasi (F,
a, p, p,d)-type I at y with min{p’a’(-, y)~!, min [pka®(-,y)~" [} 2 0;

=1,v
(¢) (f(-) +viogy, (e s V3,83, (), k= 1,v, is second order pseudoquasi (F,
o, p, p, d)-type I at y with min{up®a®(- , y)™', min [p*a*(- ,y)~! [} = 0;

=1,v
(d) (uf(-) +v3,85,(), v3.83,.(-)), k = 1,v, is second order quasistrictly-
pseudo (F,o,p,p,d)-type I at y with min{p’a®(-,y)~", min fp*a*(-,y)" T}z 0.
k=1,v

Then, f(x) £ [(y) + V.83, (v)e -0V [[(y) +V3083, (v)elp.
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Proof. 1t follows on the lines of Theorem 3.2. 0O

THEOREM 3.4 (Strong Duality). Let (y, U, Vv, D) be feasible solution for
(GMWD) such that

V30830 (V)¢ -3PV2(T) + Vio8s, ()efp 2 0

and assume that § is feasible for (MOP). If weak duality (any of Theorem 3.1.
or 8.2.) holds between (MOP) and (GMWD), then v is efficient for (MOP)
and (¥, 0, v, D) is efficient for (GMWD).

Proof. Suppose that ¥ is not efficient for (MOP), then there exists a
feasible x for (MOP) such that f(x) < f(¥). On using hypothesis, we have

f(x) < () + Vao83,(F)e -3BV2I(F) + Fao8s,(F)elp,
contradicts weak duality (Theorem 3.1. or 3.2.), so ¥ is efficient for (MOP).

Also, suppose that (y, @, v, P) is not efficient for (GMWD), then there
exists a feasible (y, u, v, p) for (GMWD) such that

£(5) + V185, (Ve -5DV2IET) + V1,85, (F)elp <
< £(y) + viogs,(v)e -gpV[E(y) + Vi85, (¥)elp-

Using hypothesis, we obtain £(§) < f(y) + vi,g5,(v)e -5pV2[f(y) +
V1,81, (y)elp, contradicts weak duality (Theorem 3.1. or 3.2.), since (y, u, v, p)
is feasible for (GMWD) and ¥ is feasible for (MOP). O

THEOREM 3.5. Let (¥, 1, v, p) be feasible solution for (GMWD) such that

V10830 (T )¢ -3PV2(7) + Vio8s, (V)efp 2 0
and assume that v is feasible for (MOP). If weak duality (Theorem 3.3.) holds
between (MOP) and (GMWD), then ¥ is weak efficient for (MOP) and (¥, 1,
v, p) is weak efficient for (GMWD).

Proof. 1t follows from Theorem 3.4. [

THEOREM 3.6 (Strict converse duality). Let X be feasible solution for
(MOP) and (', w, Vv, p) be feasible solution for (GMWD) such that

Uf(%) S Tf(F) + V3083, (¥) 5PV [Uf(F) + Vao85, (7)Ip-
If, condition (b) or (d) of Theorem 3.2. is satisfied for X and (¥, u, v, p), then
X =7.
Proof. We assume X # y and exhibit a contradiction. Since X and ( ¥, T,

v, D), are feasible for (MOP) and (GMWD) respectively, then v = 0, g(X) < 0
and

- VJngk(y) + %ﬁVQVJngk( Y)p é 07 k = 17 27 e, U
Using hypothesis, we have

Uf(X) + V3,85, (%) S Ul(y) + V1,85, (F) -3DVA[UL(F) + V1,85, ()P
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Using condition (b) of Theorem 3.2 , we get
P, 55 AW+ Vogy, (), X, 7, a’, p)) < - pPd*(x Y)

F(x,y; AFng (), X,7, 05 D) < < pkd (X,y), = 1,2,

Since a’(X,y) >0, o5(X,7) >0,k = .., v, we obtain

F(x,y; A@UC) + Vi85,(), X, ¥, 1, )) - 2( ) (R, Y)
F,5; AGng, (), x, 5 1L,Dp) = ( ), ), k= L2, v

Using condition (d) of Theorem 3.2 , we get

FG, 75 AMIO) + Taogo () X, 771, 9)) = - @ YR )
F(i ’ y 5 A(kang(')7 X ’ Y7 17 ﬁ)) (X Y) 1 kd ( y) k 17 27 e, U

By g-sublinearity of F, both systems gives:
0=F(x,7;0)=F(x,y:;uVi(y) + uV(F)p + vVe(y) + vVe()p) =
=F&,y; AM() + Viegy, (), X, ¥, 1,P) + ZA(VJngk( ), X,¥,1,Dp) <

< max{F(x, 7y ; A(uf(-) + VJogJO( );

max [P35 5 AW, 0,505 1 DI} £

<max{- ox,y )7} Od2( Y )s IEHQC [af(x, 7)Y -
)

=1,v
=-min{ a’(x, ¥ ) 'p°d*(x, ¥ ), min [of(x,5 ) pd*(x, 7))} £0,

k=1,v
contradicting.
Hence, in both cases we have contradicting, sox =y. U

COROLLARY 3.7. Let assumptions of Theorem 3.6 be verified, and let X be
(weak) efficient for (MOP) and (y, U, Vv, D) be (weak) efficient for (GMWD).
ThenX =7, i.e. § is (weak) efficient for (MOP).

Proof. The proof follows from Theorem 3.6. [
THEOREM 3.8. Let X be feasible solution for (MOP) and (¥, U, v, D) be
feasible solution for (GMWD) such that
fR) S f5) + V3,83, (F)e -5DV[f(F) + V183, (F)efp.

For each feasible x for (MOP) and (y, u, v, p) for (GMWD), if weak duality
(any of Theorem 3.1 or 3.2) holds:

(a) at'y, then X is efficient for (MOP).

(b) at y, then (5, @, v, D) is efficient for (GMWD).

Proof. (a) Suppose that X is not an efficient solution for (MOP). Then,
there exist a feasible x for (MOP) such that f(x) < f(X). Using hypothesis, we
have
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f(x) <f(¥) + V1,85, (V)e -5DVAET) + V1,85, (Velp,

which contradicts the weak duality for feasible solutions x for (MOP) and ( ¥,
1, v, p) for (GMWD), so X is efficient for (MOP).

(b) Let us assume on the contrary that ( y, U, v, P) is not an efficient
solution for (GMWD). Then, there exist a feasible (y, u, v, p) for (GMWD)
such that

f(¥) + Vio83,(¥)e -5DV2(T) + V3085, (F)elb <
< f(y) + viogs,(v)e -5pVAE(y) + viogy, (v)elp.

Using hypothesis, we obtain f(X)<f(y)+vi,g,(y)e -zpV[f(y) Vo 85,(y)elp,
which contradicts the weak duality for feasible solutions X for (MOP) and (y,
u, v, p) for (GMWD). Thus, ( v, @, v, p) is efficient for (GMWD).
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