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Let K be a field, V a K-vector space with basis e1,...,e, and let E¥ be the
exterior algebra of V. We study the Hilbert function of reverse lexicographic
ideals in ' and their Bass numbers.
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1. INTRODUCTION

Let K be a field, V' a K-vector space with basis e1,...,e, and let E be
the exterior algebra of V.

Let I be a graded ideal in £. The most important theorem in the study
of the Hilbert functions of graded algebras of the form E/I is the Kruskal-
Katona theorem [1, Theorem 4.1|, which is the precise analogue to Macaulay’s
theorem [3] on the Hilbert functions of homogeneous commutative rings. An
important role in this context play the lexsegment ideals (see, for example |1,
2, 5, 6] and the references therein). In fact, if I C E is a graded ideal, then
there exists a unique lexsegment ideal with the same Hilbert function as that of
I [1]. The reverse lexicographic ideals have not in general the same behaviour.
Indeed, given an Hilbert function H there is often no reverse lexicographic ideal
attaining H.

One of the purposes of this paper is to study the Hilbert function of E/I,
when [ is a reverse lexicographic ideal and state when a finite sequence of
non negative integers determines the Hilbert function of a reverse lexicographic
ideal.

It is known that the exterior algebra is self-dual. Hence, some results on
Hilbert functions or resolutions have dual counterparts [1].

In [7], the authors showed that the reverse lexicographic ideal has the
smallest graded Betti numbers among all strongly stable ideals with the same
Hilbert function in an exterior algebra. In this paper, we show that the reverse
lexicographic ideals give the lowest graded Bass numbers among all strongly
stable ideals with the same Hilbert function.
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The paper is organized as follows. Section 2 contains preliminary notions
and results. In Section 3, the Hilbert functions of reverse lexicographic ideals
are studied. The main result in this section consists in proving that, given a
finite sequence of non negative integers (hi,...hy), then there exists a reverse
lexicographic ideal I in F such that Hg/;p = 1+ > 1, hit' (Theorem 3.1). In
Section 4, we compare the Bass numbers of a strongly stable ideal in E' and the
Bass numbers of a reverse lexicographic ideal with the same Hilbert function
as I (Proposition 4.2).

2. PRELIMINARIES AND NOTATIONS

Let K be a field. We denote by E = K (eq,...,e,) the exterior algebra
of a K-vector space V with basis ey, ...,e,. For any subset o = {i1,...,iq} of
{1,...,n} with 1 <14y <ip <...<ig <n we write e, = €;; A...Ae;, and call
e, a monomial of degree d. The set of monomials in E forms a K-basis of F
of cardinality 2".

In order to simplify the notation we put fg = f A g for any two elements
fand g in E. An element f € E is called homogeneous of degree j if f € Ej,
where F; = /\j V. An ideal [ is called graded if I is generated by homogeneous
elements. If I is graded, then I = @;>0/;, where I; is the K-vector space of all
homogeneous elements f € I of degree j.

Let ex = €;,€;, - - - €;, be a monomial of degree d. We define

supp(e,) = {i:e; divides e, },

and we write
m(e,) = max{i : i € supp(ey)}.
Definition 2.1. Let I ¢ E be a monomial ideal. [ is called stable if for
each monomial e, € I and each j < m(e;) one has ejes\(m(e,)y € I.1 is

called strongly stable if for each monomial e, € I and each j € o one has that
€i€ao\{j} €1, foralli< J-

Let I be a graded ideal of E. The function Hg,;(j) = dimg (E/I);, j =
0,1,..., is Callgd the Hilbert function of E/I and the polynomial Hg) =
> js0 HE (7))t is called the Hilbert series of E/I.

It is known that if I is a graded ideal in E, then E/I has the unique
minimal graded free resolution over E:

F:i..oF 3P % Fy— B/

where F; = @;E(—j)%(E/1). The integers 8; j(E/I) = dimg Tor?(E/I, K);
are called the graded Betti numbers.
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Now, let My denote the set of all monomials of degree d > 1 in E. For
any subset S of E, we denote by M(S) the set of all monomials in S and we
denote by |S] its cardinality.

We write >eviex for the reverse lexicographic order (revlex for short) on
the finite set My, i.e., if u = €;, €, ---¢€;, and v = ej ej, - - - €;, are monomials
belonging to My with 1 <41 <ig <...<ig<nand 1 <j1 <jo<...<jg <
n, then

U >reviex UV if 1g = Jdytd—1 = Ja—1,- - - sl = Js+1 and i < js
for some 1 < 5 <d.
From now on, in order to simply the notations, we will write > instead of

>revlex-

Definition 2.2. A nonempty set M C My is called a reverse lexicographic
segment of degree d (revlex segment of degree d, for short) if for all v € M and
all w € My such that v > v, we have that u € M.

If M is a revlex segment of degree d and [M|=¢, ¢ is called the length of M.

Definition 2.3. Let I = ®j>0l; be a monomial ideal of E. We say that I
is a reverse lexicographic ideal of E if, for every j, I; is spanned by a revlex
segment (as K-vector space).

From now on, for the sake of simplicity, given a monomial ideal I = @©;>01;
of E we will say that I; is a reverse lexicographic segment of degree j if I; is
spanned as K-vector space by a reverse lexicographic segment of degree j.

Definition 2.4. Let M be a subset of monomials of E. Set e; = {e1,...,¢e;}.
We define the set

eM ={uej: ue M, jé¢supp(u), j=1,...,i}.

Note that e;M = () if, for every monomial v € M and for every j =
1,...,4, one has j € supp(u).

If M is a set of monomial of degree d < n, e, M is called the shadow of
M and is denoted by Shad (M) [4]:

Shad(M) = {ue; : we M, j ¢supp(u), j=1,...,n}.

We define the i-th shadow recursively by Shad’(M) = Shad(Shad’~*(M)).

If M is a revlex segment of degree d, then Shad(M) needs not be a revlex
segment of degree d + 1 [7].

For a subset M of monomials of degree d of F we denote by E1M the
K-vector space generated by Shad(M). Moreover, if I = @;>0l; is a monomial
ideal of E, we denote by Ej1l; the K-vector space generated by Shad(M (1))
and by Ey,_4, 14, the K-vector space generated by Shad®?~% (M (Iy,)), do > dy.
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If I ¢ E is a monomial ideal, we denote by G(I) the unique minimal set
of monomial generators of I and we define the following sets:

GI)g={ueG(): deg(u) =d}, G(I;i) ={ue G(I): m(u) =i},

, m;(I) = |G(I; )],
ford>0and 1<i<n.

PROPOSITION 2.1. Let M be a revlex segment of degree d < n — 2 of E.
Then the following conditions are equivalent:

(a) Shad(M) is a revlex segment of degree d + 1;

(b) [M] = (", 2)
(C) €n—(d+1) " "€n-2 € M;
(d) all iterated shadows of M are revlex segments.

If one of the above conditions is fulfilled, then Shad®(M) = My ,.

Proof. (a) < (b). See [7, Proposition 4.1].

(a) < (c). See |7, Corollary 3.8].

()= (d). If €p_(441) -~ en—2 € M, then e,_(q41) - en—2en € Shad(M).

Hence, Shad?(M) = My, and, consequently, Shad’(M) = My, for all
1> 3.

(d) = (c). Obvious. 0O

As a consequence of Proposition 2.1, we obtain the following result.

COROLLARY 2.1. Let I C E be a revlex ideal generated in degree d < n—2.
Then Shad(M (Iy)) is a revlex segment of degree d + 1 if and only if

=) (7))

3. HILBERT FUNCTION

In this section, we state under which conditions a finite sequence of non
negative integers determines the Hilbert function of a revlex ideal.

For a graded ideal I = @;>0l; of E, we denote by indeg([), the initial
degree of I, that is, the minimum s such that I3 # 0.

PROPOSITION 3.1. A revlex ideal I C E is minimally generated in at most
two consecutive degrees.

Proof. Let d = indeg(I). Then ejes---eq € Iy, and ejes---eqe, € Igy1.
As [ is a revlex ideal, it follows that e,,_(q42) - €n—2 € Ig+1, and consequently
Shad(M (l441)) = Mgyo. Therefore, the minimal monomial generators of I are
at most of degree d and d+1. [
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PROPOSITION 3.2. Let I C E be a revlex ideal generated in degree d <
n—2. If dimg I; = (";2) +mp_1(I), then

. n—2 n—1
dimg Ig41 = < d )+ (d+1) +mp-1(I).

Proof. As (Z:f) — mp—1(I) is the number of monomials v € My \ G(I)
such that m(v) = n — 1, it follows that

d—1

~(u20) - (i) e
(o) () () s
(i) () e €

The next result will be crucial in the sequel.

. . n—2
dlmK Id+1 = dlmK Ed+1 - [( ) - mn_l(I)}

COROLLARY 3.1. Let I C E be a revlex ideal generated in degree d < n—2
and b a positive integer such that b < (1) — (";2)

Let dimg Ed/Id = b, then
(i) dimg Ege1/Eidg=b— ("21), if b> (3°));
(ii) dimg Egy1/E1la=0,4f b< (37)).

Proof. First of all, observe that E1l; = I441 is a revlex segment set of
degree d + 1 (Corollary 2.1) and that (Zj) is the number of all monomials
z € My such that m(z) = n.

(i). Let b> (7).

Claim. b— (;7;) = (52) = mn-1(1)-

Since (Zj) is the number of all monomials w € M, such that m(w) =
n — 1, then (”_2) — my—1(I) is the number of all monomials u € My \ G(I)

d—1
such that m(u) = n — 1. Hence,

(2) = () (1) s

Since dimg Iy = (1)) — b, then

1) (527) - ma=0-(371):
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and the claim is proved.

Note that under our hypothesis, if u is the smallest monomial of G(I),
then m(u) € {n —2,n —1}.

(Case 1). Suppose m(u) = n — 2. It follows that u = €, _(441) - en—2 is
the smallest monomial of G(I) and consequently m,,_;(I) = 0.

Therefore, by Proposition 3.2, we have:

. n n—2 n—1
dimc Eayr/Erla = <d+ 1) - < d > - <d+ 1>

_(n—1 n—2\ (n-—2
B d d \d-1
and from the claim, we get the assert.

(Case 2). Suppose m(u) =n—1, then dimg I; = (”;2) +mp_1(I). Since,
by Proposition 3.2, dimg I411 = (";2) + (ZH) + myu—1(I), it follows that

. n n—2 n—1
dimg Eqy1/E1lq = <d+1> —< d )- <d+1> — mp-1(I)

- <Z B f) — mp_1(I).

From the claim we get the desired equality.

(ii). Let b < (Zj) In this case, if u is the smallest monomial of G(I),

then m(u) = n.
Hence, Shad(M(Id)) = Md+1 and dimK Ed+1/E1]d =0. O

THEOREM 3.1. Let (hy, ha, ..., hy) be a sequence of non negative integers
and d' a positive integer such that d' < n — 2.
Suppose that:

(1) ha=(3), ford=0,...,d —1;

@) he < (3) = (")

5 {h <he = (D) be> (7))
har+1 =0, if ha < (571);

(4) hg=0, for d>d +1.

Then there exists a unique revlex ideal J C F = K (e, ..., e,) of initial
degree d' and such that Hp,;(t) = 1+ Y7 hyt'.

Proof. Let Jg be the K-vector space generated by the revlex segment of
degree d and length (Z) — hg in the exterior algebra E = K (ey,...,ey), for
d=0,...,n.
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(Case 1). Let hgy > (:;,:11) First of all, note that J; = 0, for d =
0,...,d —1,and Jg = Ey4, ford > d + 1.

By definition Jy is the K-vector space spanned by the revlex segment of
degree d’ and length (1) —ha. By (2), ha < (})— (";2), then dimg Jg > (”6;2)
and from Proposition 2.1, Shad(M (Jy)) is a revlex segment of degree d’' + 1,
t.e., E1Jy is a K-vector subspace of Ey1q generated by a revlex segment of
degree d' + 1. Hence, applying the same reasoning of Corollary 3.1, proof
of (i), we can state that dimg Eg1/E1Jy = hg — (g,:ll) Thus, from (3),
it follows that hy 1 < dimg Eg41/E1Jey and so dimg Jyy1 > dimg E1Jy.
Hence, E1Jd/ - Jd’+1~

On the other hand, E1Jyy1 = Egy9 = Jy19 by Proposition 2.1. There-
fore J = @_ , Jq is indeed an ideal of E = K (e1, ..., e,) of initial degree d’ and
E/J has the desired Hilbert function. Note that J has generators in degrees d’
and d' + 1.

(Case 2). Let hy < (;L,:ll) In this case, J; =0, ford =0,...,d — 1, and
Jg = Eg, ford >d +1.

Moreover, the smallest monomial u belonging to M (Jy) is such that
m(u) = n. Hence, E1Jy = (Myy1) = Jy41- It follows that J = @]_,Jy
is an ideal of E = K (e, ..., e,) of initial degree d’ and Hp,y = 14371, hit'.

Note that J is an ideal generated in degree d’'.

The uniqueness part of the theorem is obvious. O

Remark 3.1. Let (hy,ha,...,hy,) be a sequence of non negative integers
satisfying the conditions stated in the Kruskal-Katona theorem [1, Theorem 4.1].
There exists always a (unique) lexicographic ideal in E such that Hp/,; =
1+ 7" hit' [1]. While there is often no revlex ideal .J in E attaining Hp/;.

For example, consider the sequence of integers (1,5,8,5,0); there exists
the lexicographic ideal I = (ejeq,e1e3) C E = K (e1, es,e3,eq,e5) such that
Hpg;p=1+5t+ 8t2 4 5t3, but no revlex ideal such that Hg,; = Hg/r can be
found.

Note that the sequence examined does not satisfy all the conditions in
Theorem 3.1.

4. BASS NUMBERS

In this section, we analyze the Bass numbers of revlex ideals in the exterior
algebra £ = K (e1,...,€p).

Let M be a finite left (right) E-module. We denote by M’ the right (left)
E-module Hompg (M, E). The graded Bass numbers of M’ are the integers
defined as follows [3]:

pi; (M) = dim g Ext’y (K, M');.
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The next result due to Aramova, Herzog and Hibi [1, Proposition 5.2]
relates the graded Betti numbers of the left E-module M to the graded Bass
numbers of the dual right F-module M’.

PROPOSITION 4.1. Let M be a graded right E-module. Then
Bi,j(M) = /-Li,nfj(M/)a fOT all 'La]
If I C FE is an ideal, then Homg(E/I,E) ~ 0 : I, where 0 : I is the
annihilator of I, that is, the set of all elements b € E such that ba = 0, for all

acl.
Thus, if I C E is a graded ideal, it follows that [1, Corollary 5.3]:

(2) dimg (E/I); = dimg(0: I)p—;, for all i.
For more details on this subject see [1].

LEMMA 4.1. Let I C E be a graded ideal.
(1) If I is a strongly stable ideal, then O : I is a strongly stable ideal in E.
(2) If I is a revlex ideal, then 0 : I is a revlex ideal in E.

Proof. The ideal 0 : I is spanned as K-vector space by all monomials e5
such that e, ¢ I, where & is the complement of o in the set {1,...,n} (see [1,
Proposition 5.7], proof).

(1). If T is a strongly stable set in F, i.e., a set of monomials of degree
d > 1 in FE such that for each monomial e, € T and each j € o one has that
(—1)a(”’i)ejea\{j} € T, where a(o,1) = |{r € o : 7 < i}, for all i < j, then the
set {e5 : e, ¢ T} is a strongly stable set in F, too. Hence, if I is a strongly
stable ideal, then 0 : I is a strongly stable ideal in E.

(2). If T is a revlex segment in E, then the set {e5 : e, ¢ T} is a revlex
segment in F, too. Hence, if I is a revlex ideal, then 0 : [ is a revlex ideal
in E. O

Remark 3.1 has pointed out that given a strongly stable ideal I C E there
is not always a revlex ideal with the same Hilbert function as I (see |8] for the
polynomial case). This fact justifies our assumption in the next results.

LEMMA 4.2. Let I C E be a strongly stable ideal and J & E a revlez ideal
such that Hp,;(d) = Hg/1(d), for all d. Then

HE/O:J(d) = HE/O:I(d)f fO’/’ all d.
Proof. From (2) and by our assumptions, it follows that
dimg(0: I)g = dimg(E/I)p—q = dimg (E/J)p—q = dimg (0 : J)g,

and we get the assert. [
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As a consequence, we obtain a bound similar to |7, Theorem 5.6] for the
Bass numbers of E/I, for I strongly stable ideal.

PROPOSITION 4.2. Let I C E be a strongly stable ideal and J & E a revlex
ideal such that Hg/;(d) = Hg/;(d), for all d. Then

Proof. First of all observe that, from Lemmas 4.1 and 4.2, 0 : [ is a
strongly stable ideal with the same Hilbert function as the revlex ideal 0 : J.
Hence, from Proposition 4.1 and |7, Theorem 5.6|, it follows that:

prij (E/T) = Bin—j(0: I) = Bin—3(0: J) = pij(E/J). O
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