USING MONOGENOUS SURFACES IN SOLVING
PLANE BOUNDARY PROBLEMS

LIDIA ELENA KOZMA

The Dirichlet and Neumann boundary problems are formulated using some sur-
faces associated with monogenous functions. The spatial image of a monogenous
surface associated with the solution of a boundary problem provides new methods
of solving such a problem. The transformation of a Neumann boundary problem
into a Dirichlet boundary problem is done using monogenous quaternions. The
transformation of surfaces with negative Gauss curvature into monogenous sur-
faces with the same total curvature, is also discussed.
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1. INTRODUCTION
Monogenous quaternions are the subject of many papers and books. The
topic we are dealing with is related to quaternions of the form
(1.1) K =z +iy+ ju(z,y) + kv(z,y),

where 1,1, j,k are elements of an associative but noncommutative A4 alge-
bra, with

ij=—ji=k, jk=—-kj=1i; ki=—ik=j; i®=j>=k=—-1.
Quaternions of the form (1.1) comprise the complex functions
f(2) = flx,y) = u(z,y) +iv(z,y); 2=-1, z==x+iy.
With each quaternion (1.1) a real surface
(1.2) (S): T=1iy+ ju(z,y)+ kv(z,y),

is associated, where i, j, k are the Euclidean versors, and ¥, u(z,y), v(x,y) are
as in (1.1).

In our papers [1], [2], [3] some geometrical properties of a surface (S)
were given namely:
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Ty. A surface (S) : 7 = iy + ju(z,y) + kv(z, y) is monogenous if and only
if the function f(z,y) = u(x,y) + iv(z,y) is monogenous.

T5. The mean curvature of a monogenous surface is zero, that is, the
surface is minimal.

T3. The total (Gauss) curvature of a monogenous surface is negative.

In [4] we showed that the solution to the Neumann plane problem for
the disc |2| < a can be obtained using the solution of the Dirichlet problem
for the same disc. Between the quaternions corresponding to these solutions
there is a linear relation.

For the Dirichlet problem the function u(x,y) is continuous on the boun-
dary C, that is supposed to be sufficiently smooth.

We recall (see [6]) that if u(z,y) is the solution to the Dirichlet problem

(1.3) Awu = 0 in a simply connected domain D C R2,

. ule =wuo(¢), ¢ € C( boundary of D), ( =z + iy,
then
(1.4) K =z +iy + ju(z,y) + kv(z,y)

is the quaternion associated with the solution wu(z,y), where v(z,y) is the
harmonic conjugate of u(z,y). The monogenous surface

(8): T =iy+ julx,y)+ kv(z,y)

is then associated to the Dirichlet problem (1.3).
The Neumann problem

(1.5) Avu = 0 in a simply connected domain D C R?,
‘ %’C =u1(¢), ¢ € C (boundary of D)

can be reduced to a Dirichlet problem for the function v(z,y) : D C R? — R,
namely,

(1.6) { Av =0 in a simply connected domain D C R?,

0
vle = vo(d) = [y ur(¢)dg,
where v(z,y) is the harmonic conjugate of u(x,y).
In the particular case when the domain D is the disc |z| < a, the solution

to the Neumann problem with u*(z,y) and v*(z,y) is associated (see [4]) with
the monogenous surface

(1.7) (S*): T=iy+jut(z,y) + kv*(z,y)
and the quaternion
(1.8) K* =z +iy+ ju™(z,y) + kv*(z,y).

Let K be the quaternion (1.4) associated with the solution to the Dirich-
let problem (and with the surface (5)), and let K* be the quaternion (1.8)
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associated with the solution to the Neumann problem (and with the surface
(5*)). Between these quaternions there exists ([4]) a relation of the form

(1.9) K*=K-A,
where A is an unknown quaternion of the form
A=a+ b+ jc+ kd.

If K and K* are known, then we have

2% + % + wu* + vo* zu* + yv* —yv — zu
_ c—=
(110) x2+y2+u2+v2 ? x2+y2+u2+02 ’
. B u*v —vtu (v —v) +y(u—u")
_932—|—y2—|—u2+v27 - :U2—|—y2—|—u2+v2

Relation (1.9) of multiplication of two quaternions can be regarded ([5])
as the multiplication of two space rotations given by square matrices of order 2.
If K = 2+ iy + ju + kv is the quaternion associated with the solu-
tion to the Dirichlet problem, then it can identified with a rotation matrix
K = [RY], with
(1.11) R?zlcos%—i—[ll—l—mJ—i—nK] sin%,
where # = [i + mj + nk and
10 0 ¢ 0 —1 i 0
RN R i B R B P
and 1) is the rotation angle around the vector ¢ satisfying
(1.12) cos% =z, lsin% =y, msin§ =u, nsin% =v, || <1
Explicitly, (1.11) can be written as
Cos % + insin % (—=m +il) sin 5
(1.13) [RY] =

—(m +1l) sin% cos% —insin 3

For the quaternion K* = = + iy + ju* + kv* associated with the solution
to the Neumann problem, of rotation matrix K* = [R%Zi |, we have ([4])

cosw—*:w l*sinﬂzy m*sinﬁzu* n*sinﬂzv*
2 ’ 2 ’ 2 ’ 2 ’
(1.14) . .
W=, =1 omt = —— = —— T = 1T +m*T + 'k

Sin 3 Sin 3
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2. MAIN RESULTS

We have

THEOREM 2.1. If K1 = {Rﬁl] and Ko = [R%b;] are the quaternions of
the form (1.13) associated with the solutions to the Dirichlet problems

2.1) { Au=0 in D C R?,

ule = ui(x,y) on the boundary C of D,
and
(2.2) { Au=0 in D C R?,

ulo = uz(x,y) on the boundary C of D,

with rotation angle Y1 around the vector ty :7l15+77113+nlg, respectively with
rotation angle 1y around the vector ty = loi + maj + nok, satisfying (1.12),
(1.14), then the solution to the Dirichlet problem

(2.3) Au=0 in D C R?,

‘ u’C:u1<$7y)+u2(x7y) on Ca

has an associated quaternion of the form

(2.4) K= [Rg’l %} :

This quaternion represents a rotation of the same angle as in the first rotations,
thus ¢ = 1 = 9, around the vector
(2.5) t=11+12 = (Ii + l2)i + (m1 +ma)j + (n1 + no)k,
with I = la.

Proof. The rotation angle v associated with the quaternion K in problem
(2.3) is the same as the rotation angles ¥ and 12 because of (1.12) and (1.14)

that yield
V2 Y1 ()

xzcosﬂ:cos— y = l1 sin — = [y sin —
2 27 PRy TR g

For the rest of the conclusion we use the superposition principle and equations
(1.12) and (1.14). O

3. THE CONNECTION WITH MONOGENOUS SURFACES

I. Let u(z,y) be the solution to the Dirichlet problem (1.3) and
(3.1) (8): T=iy+jule,y) +kv(z,y)

the monogenous surface associated with it.
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THEOREM 3.1. All points of the monogenous surface (3.1) are ordinary.

Proof. The normal vector at an arbitrary point is given by
(3.2) To X Ty = i(u2 + uf/) + juy — kuyg,

hence 7, x 7, # 0 for any non-constant solution u(xz,y). Here we used the
monogenity conditions u; = vy, uy = —v;. U

II. We consider again the Dirichlet problem (1.3) and suppose that the
solution u(z,y) € C?(D) and the associated monogenous surface is (3.1). Let

(3.3) ¢z, y) =0

be the equation of the boundary C' of the domain D and suppose that ¢
satisfies the conditions of the implicit function theorem.

Let y = ¢(z) be the implicit function defined by equation (3.3). Then
on the boundary C' we have

(3.4) { u = up(z, p(x))

v = vo(z, p(2))

and the surface (S) becomes the curve

(3.5) (Sp): T =ip(x)+ juo(z, p(x)) + kvo(z, p(x)).

Now, the Dirichlet problem (1.3) can be reformulated in the form: determine
the monogenous surface (S) given by (3.1), that passes through the curve (Sp)
given by (3.5).

Ezample 3.1. Consider the Dirichlet problem for the unit disc with con-
stant data on the boundary, where ¢(z,y) = 0 is the circle 2 + 32> — 1 = 0,
u = up = constant and v = vy = constant. By (3.5), in this case the curve
(Sp) will be

p =1V 1— 22+ jug + k(vg + C)
which is a plane curve. When z € (—1, 1), the vector 7p describes a segment.
According to the Meusnier-Catalan theorem, among the minimal surfaces
with total Gauss negative curvature, the only ruled surfaces (different from a
plane) are the straight helicoids with director plane. As a result, the surface
associated with the solution to our Dirichlet problem is either a plane or a
straight helicoid with director plane of the form 7 = (u cosv, usinv, av).

III. Recall the Identity Principle for Holomorphic Functions: a function
w(z) holomorphic in a domain D C R? is uniquely determined in D by its
values at the points of a sequence converging to a point in D.

We can now extend this result as follows.
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THEOREM 3.2. Let D C C be a complex domain and let H(D) be the
set of holomorphic functions on D. If f,o € H(D), f = u(z,y) + iv(z,y),
¢ =u(z,y) +w(z,y) and
(Sp): 7p =iy + julz,y) + ko(z,y),
(Sp): Ty =1y+julz,y)+ ko(z,y)
are the monogenous surfaces associated with the holomorphic functions f and
@, then for a sequence of points (zy,yn) € D converging to the point (zg,yo) €

D such that T¢(xn, yn) = To(Tn, Yn) and T¢(xo,y0) = Tu(x0,y0), the surfaces
(S¢) and (Sy) coincide on D, that is,

Proof. The proof is immediate because the bijectivity between the func-
tions f, ¢ € H(D) and the corresponding associated monogenous surfaces, and
the Identity Principle for Holomorphic Functions that holds for f and ¢. O
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