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We investigate topological, metric and fractal properties of the set of incomplete
sums of the first Ostrogradsky series (also called Pierce expansion or Sierpiriski
expansion) and of the family of such sets in a metric space of compact subsets
with Hausdorff metric. The structure and fractal properties of the spectrum of
random incomplete sum of the Ostrogradsky series with independent addenda are
investigated. We also study the asymptotic behaviour of the absolute value of
the characteristic function of this random variable at infinity, and prove that the
random variable has an anomalously fractal singular distribution of the Cantor
type. Fine fractal properties of this probability measure are studied in details.
Conditions for the Hausdorff-Billingsley dimension preservation on the topological
support by its distribution function are also obtained.
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1. INTRODUCTION

There exist many different methods for the representation of real num-
bers via a finite as well as an infinite alphabet [11, 12, 25, 30, 34]. Conti-
nued fraction expansions, Q—representation, Cantor and Liiroth expansions
are among them. Each method has its own area of applications and some
advantages. Each representation generates its own metric relations and its
own “geometry”, which are the basis for the development of metric, fractal
and probabilistic number theories.

Continued fraction expansions (due to a highly developed theory and
different applications) “occupied” a special important place in mathematics.
There exist other theories (in some sense similar to the theory of continued
fractions but more complicated in a metric sense), connected with expansions
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of real numbers via alternating series. They are less developed, but give us
a wide perspective for the investigation of mathematical objects with a com-
plicated local structure (fractals, singular continuous measures, continuous
nowhere differentiable functions etc.). One of them is the theory of the repre-
sentation of real numbers via “the Ostrogradsky—Sierpiniski—Pierce series”.

About 1861, M.V. Ostrogradsky considered two algorithms for expanding
positive real numbers in alternating series:

(_1)k—1
1 ——  whereq; €N, qr11 > q1,
( ) quqz...Qk F wH ‘
(1!
2) Z e where gy €N, qry1 > qrlqr +1)
k

(the first and the second Ostrogradsky series, respectively). They were found
by E.Ya. Remez [28] among manuscripts and unpublished papers of M.V. Os-
trogradsky. Independently of these results, the series of form (1) appeared
in works of other authors. Among them we would like to mention papers by
W. Sierpinski [34] and T.A. Pierce [24]. In the Western mathematical lit-
erature [20, 21, 30-32] such expansions are called Pierce expansions, which
is unfair since the paper by Sierpinski was published essentially earlier. In
the former Soviet mathematical literature [6, 18, 19, 28, 37] the series of
the form (1) are called first Ostrogradsky series. The authors of the present
paper will use the latter variant, but it would be more correct to say “the
Ostrogradsky—Sierpinski—Pierce series”. Let us mention that the history of
the discovery and the study of such series was discussed in the paper [21].

In the present paper we study geometrical objects connected with the
first Ostrogradsky series and probability distributions on them. The main
aim of the paper is to investigate properties of infinite Bernoulli convolutions
generated by series of the form (1).

Let us recall that an infinite symmetric Bernoulli convolution is the prob-

o0

ability distribution of a random variable £ = ) &by, where & are indepen-
k=1
dent random variables taking values —1 and 1 with probabilities 1/2 and 1/2,

(o)

and by € R with > b2 < co. The study of (general non-symmetric) Bernoulli
k=1

convolutions with bounded spectra is equivalent to the investigation of the

distributions of random series Z &by, where Z |br] < oo, and & are inde-
k=1
pendent random variables taking values 0 and 1 with probabilities por and

D1k, respectively. Measures of this form have been studied since 1930s from
the pure probabilistic point of view as well as for their applications in har-
monic analysis, in the theory of dynamical systems and in fractal analysis. We
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shall not describe in details the history of the investigation of these measures,
because the paper [22] contains a good survey of Bernoulli convolutions, corre-
sponding historical notes and a discussion of some applications, generalizations
and problems.

For the general situation, necessary and sufficient conditions for the ran-
dom variable £ to be absolutely continuous are still unknown (see, e.g., [22, 23,
26, 27]) even for the simplest symmetric case of random power series where
b = A, A€ (0,1) and por = % Properties of the corresponding probabil-
ity measure py, depending on the only parameter X\, are well investigated for
A € (0,1/2]. In the case A € (1/2,1) the dependence of properties of p) on
A is rather mysterious. In the latter case the spectrum S, is the whole in-
terval [0, ﬁ], and one could think that p) has a density. Nevertheless, in
1939, P. Erdos [9] proved that the Fourier—Stieltjes transform of the measure
ux does not tend to zero if and only if A is the reciprocal of a Pisot number
in (1,2). So, in such a case uy is singular w.r.t. Lebesgue measure. Up to
now we do not know any other examples of A leading to the singularity of .
“Almost sure results” in the opposite direction were obtained by B. Solomyak
and Y. Peres [23, 25] who proved the long standing Erdés—Garsia conjecture:
for Lebesgue almost all A € (1/2,1) the corresponding probability measure py
is absolutely continuous w.r.t. Lebesgue measure.

There exist other interesting subclasses of infinite Bernoulli convolutions,
which depend on only one parameter. Actually, any expansion of real numbers
via absolutely convergent series (see, e.g., [11, 30]) generates a proper subclass
of Bernoulli convolutions depending on a real parameter. Based on Theorem 1
(Section 2), one can establish the following one-to-one correspondence between
the family of all infinite first Ostrogradsky series and the set I of irrational
numbers 7 from the unit interval: for any r € I there exists a unique sequence

{ax} = {qx(r)} such that ¢z 1 > g and

0 k—1
-1
=
— 9192 - - -Gk
The main purpose of the paper is to study properties of symmetric as well
as general non-symmetric Bernoulli convolutions 1, defined by infinite first
Ostrogradsky series, i.e., the probability distributions of random variables

0 k-1
¢:¢r:Z( 1) gka

iy 192 -4k

where 7 € I, ¢ = q(r), and {ex} is a sequence of independent random
variables taking the values 0 and 1 with probabilities pg; and pyy, respectively
(pok + p1x = 1). The random variable ¢ belongs to the class of random
variables of the Jessen—Wintner type (i.e., it is the sum of a convergent series
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of independent discrete random variables), and, therefore, is of pure type, i.e.,
it is either discrete or continuous and in the latter case it is not a mixture of
singularly continuous and absolutely continuous distributions.

For the symmetric case (por = %) as well as for the case 0 < po < 1 (for
any k € N) the spectrum (minimal closed support of ) coincides (Lemma 2)
with the set

C, = {x Ly = i CD"er o {0, 1}}

= qu(r)az(r) - qe(r)’

of all incomplete sums of the first Ostrogradsky series generated by an irra-
tional number r. That is why in Section 2 we study in details topological,
metric and fractal properties of sets C).. As a result, in Section 4 we show that
for any choice of r € I the probability distribution of 1 is either discrete or
singularly continuous, and the Hausdorff-Besicovitch dimension of the corre-
sponding spectra is equal to zero independently of the choice of the stochastic
matrix P = ||pi||, i € {0,1}, k € N, and r € I.

We also show (Section 5) that this class of Bernoulli convolutions does
not contain any Rajchman measure, i.e., the characteristic function fy(t) of
the random variable v (the Fourier—Stieltjes transform of the corresponding
probability measure) does not tend to zero as t tends to infinity. Moreover,
we prove that L, = limsup |fy(t)| = 1 for all values of the parameter r € I

[t|—o0

o0
and for any choice of the matrix P. So, it follows from [ max{pox,pix} =0
k=1

that the distribution of ¢ is continuous but it is “similar” to a discrete one (it

is supported by a set of zero Hausdorff-Besicovitch dimension and Ly = 1).
The independence of the above mentioned properties of ¢ of both r and
P can be explained by a rather fast convergence of the first Ostrogradsky series
(this fact also demonstrates that these series give good rational approximations
of real numbers). On the other hand, for a given r € I, if pj, = p’ € (0,1) and
por =" € (0,1), p” # p', then the corresponding random variables 1/, and 1),
are mutually singularly distributed (this follows directly from the Kakutani
theorem [15]) on the common spectrum C)., and all of them are singularly con-
tinuous w.r.t. Lebesgue measure. To emphasize essential differences between
these distributions, in Section 6 we study their fine fractal properties (see,
g., [36] for details). Since the spectra of all random variables ¢ are “very
poor” in both the metric and the fractal sense (their Hausdorff-Besicovitch
dimensions are equal to zero), to compare their “massivity” it is necessary
to use an appropriate dimension function (gauge function) for the Hausdorff
measure (see, e.g., [10, p. 37]) or an appropriate probability measure for the
Hausdorff-Billingsley dimension (see Section 6 for definitions). As an ade-
quate example of such a measure we consider the measure v* corresponding to
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the uniform distribution on C,. We prove a formula for the calculation of the
Hausdorff-Billingsley dimension of the spectrum of ¢ with respect to the mea-
sure v*. Moreover, we study internally fractal properties of ¥. In particular,
we find the Hausdorff-Billingsley dimension of the distribution of ¢ w.r.t. v*,
i.e., the infimum of the Hausdorff-Billingsley dimension of all Borel supports
of ¥ w.r.t. v*. We would also remark that for a more exact characterization of
internally fractal properties of 1) one can use the Hausdorff-Billingsley dimen-
sion with respect to the probability measure which is uniformly distributed on
the spectrum of .

The last section of the paper is devoted to the problem of the preservation
of the Hausdorff-Billingsley dimension of subsets of the spectrum under the
distribution function Fy. For the case where elements of the matrix P are
bounded away from zero we find necessary and sufficient conditions for the
dimension preservation in terms of the relative entropy of the distribution.

A considerable part of our results can be easily extended to other classes
of Bernoulli convolutions generated by fast convergent series.

2. TOPOLOGICAL, METRIC AND FRACTAL PROPERTIES
OF THE SET OF INCOMPLETE SUMS
OF THE FIRST OSTROGRADSKY SERIES

An expression (1) is called a first Ostrogradsky series. We denote this
expression by O'(q1,q2,...,qn,...). In particular, the latter notation sym-
bolizes that the sequence {¢,} determinates the series (1). The number g, is
called the n-th element of the first Ostrogradsky series (1).

Any partial sum

1 1 —1)nt
(3) 7_7+"‘+LEOl(Q17q27"'7qn)
q1 q1492 q14q2 - - - 4n
of the series (1) is called a finite first Ostrogradsky series.
By Leibniz’ well-known theorem on alternating series, the series (1) con-
verges and its sum is

2m—1  \p_1 2m—1  \k—1
rer(ane| S S - ! ZW)c[O,u.

i N92---4k G142 - - - Gam—1G2m i 11492---4

In fact, any Ostrogradsky series converges absolutely, because gn1+1 > @n-
One can prove that r({¢n}) # r({q),}) if the infinite sequences {¢,} and
{¢,,} do not coincide. However, for a finite first Ostrogradsky series we have

Ol(Q17q27‘ -3y 4n—1,49n,4qn + 1) = Ol(QhQQ: « 3y qn—1,qn + 1)7
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since
1 1 1

Qa2 Gn1Gn QG2 Gn1dn(@n +1) Q@2 qn1(gn + 1)

THEOREM 1 ([28]). Any real number x € (0,1) can be represented in
the form (1). If x is irrational, then the expression (1) is unique and has an
infinite number of terms. If x is rational, then it can be represented in the
form (3) in two different ways:

€r = Ol(Ql7q27 -+ +yqn—1,49n,qn + 1) - Ol(qlv(JQu -y 4n—1,qn + ]-)

The Ostrogradsky series have a rather high rate of convergence (they
k—1
converge “not slower” than the series Z = 1) = 1)
k=1
number can be well approximated by rational numbers which are partial sums

of the Ostrogradsky series corresponding to the initial number. Since the
Ostrogradsky series is alternating, we have

. So, any irrational

1)k-1 o0 (—1)i-1
Z =2 <
= k(@) a(@)a2(2) - G (@)
1
< .
q1(2)g2(2) - - - gmr1 ()
Let {qx} be a fized sequence of positive integers with g1 > g for any

k € N and let r be the sum of the corresponding Ostrogradsky series (1). Then
r =d — b, where

‘= Z b:Z:CH%-nCI%'

Since the Ostrogradsky series converges absolutely, we have
o0

1
E:———if—d+b

i 1192 - -k

q192 - - - 42i— 1

Let A= {0,1}, and let L be the space of infinite sequences of symbols 0
and 1, i.e.,

L=A={a:a=(a1,a2,...,a,...), ax € A}.
The sum s = s({ax}) of the series
o~ (=1 'ay
4 —,
@ ; 4192 - - - gk

where {ar} € L, is called the incomplete sum of the series (1). It is clear
that s depends on the whole infinite sequence {a}. We formally denote the
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expression (4) and its sum s by Ag,4,...a,... (the reason for such a notation will
be clarified later in Lemma 1, property 5). Any partial sum of the series (1)
is its incomplete sum. It is evident that the set of incomplete sums of the
series (1) has the cardinality of continuum.

One can define the notion of the set of incomplete sums for any absolutely
o0

convergent series » by in a completely similar way, and such a set can be
k=1
considered as a “geometrical image” of the corresponding series. This set

can be nowhere dense or can be a finite union of intervals. It can be of
positive resp. zero Lebesgue measure. In the latter case, its “massivity” can
by characterized by using different fractal dimensions (see, e.g., [10, Ch. 2]).
Topological, metric and fractal properties of the set of incomplete sums reflect
the “rate of convergence” of the series, and in some cases play an important role
in the analysis of mathematical objects connected with the initial series. For
instance, if by, = A¥, then the corresponding set of incomplete sum coincides
with the interval [0, ﬁ] for A € [1/2,1), and is a perfect nowhere dense set
of zero Lebesgue measure for A € [0,1/2). In the latter case, its Hausdorff-

Besicovitch dimension is equal to _kffgz)\ (for A = é we have a copy of the

classical Cantor set on the interval [0, 1/2]). It is worth to mention here that for
A € [0,1/2) the set of incomplete sums is a set of uniqueness for trigonometric
series if and only if the Fourier—Stieltjes transform of the corresponding above
defined Bernoulli convolution p) does not vanish at infinity, i.e., if A is a Pisot
number (see, e.g., [29] for details). More recent investigations on the topic can
be found in [3, 4, 7].

We shall study topological, metric and fractal properties of the set C;. of
all incomplete sums of the series (1). It is clear that C, C [—b,d], and for any
s € C, there exists a sequence {ax} = {ar(s)} € L such that

O}

— 114924k
Let c¢1, co, ..., ¢y be a fixed sequence consisting of zeroes and ones. The
/ .
set AL .., Of all incomplete sums Acic,. cpamir.amsy.... Where amy; € A

for any j € N, is called the cylinder of rank m with base cica...cpm. It is
evident that

/ /
AClCQ...Cma C Aclcg.‘.cm’

ac A

The intervals

1 1
Ag = [—b,d — } and Ap = [—b + —, d]
q1 q1
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are called the cylindrical intervals of rank 1. It is easy to see that

Aol = A =d+b— —,
q1
A6CAO, AllCAl, CTCA6UA/1CA0UA1.
Setting
kl—(—b—i—l)—(d—l)—Q—b—d—
q1 q1 q1
Lt r v :1<1_1_1_ )
g1 q192 49149293 q1 q2 4243
o R e
q1 2 2-3 k! q1
we have

3—e
q1 '

AgNA =& and [[-b,d]\ (AgUA)]| =kt >

The intervals

1 1 1 1
A00:|:—b—|—,d—:|, AOl [ bd——:|
q142 q1 q1 q142

1 1 1 1
AIOZI:—I)—F‘F,d], Allz[—b—i-,d—]
q1 41492 q1 q1492

are called the cylindrical intervals of rank 2. We have

1 1
[Ago| = [Ao1| = [A1o] = |A11|_d+b—*—7— pop—
q1 q1492 Q1Q2 - gk
A60 C Aoo C Ao, A61 C A()l C Ao, AIO C AlO C Al,

Al CALCAL ApNAp =0, ApNAy =0

1
inf Aj; =inf Ay = —b, supAyy =supAy=d— e
1
inf Alll = inf All = —b+ —, sup A/IO = sup All = d’

q1

ko = A0\ (A1 UAgo)| = ]A1\ (A U A10)| = |Ao| — 2]Ago| =

<d+b_) _22(11(]2 dk CI1QQ _ZQND

1 ( 1 1 ) 2-(3—6)
= l1-————0 ) > —.
q192 q3 4344 q192
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The cylindrical interval of rank m with base cica...cm (¢ € {0,1})
coincides with the interval

e Y

1
sm—l— Z =[=b+ Upm,d — vy,
:2¢>m a9z - 1:2i—1>m

Q1 q2 - -q2i—1
where

Iim, Um = Z L_FZﬂ’

k=1 i:2i—1<m 1492 - - - q2i—1 i2iem q1q2 - - - q2;

v = Z 1—6217} n Z C2;

i2i1<m P92 2102, A142 - - - G2
We denote it by A¢jcy...cn-

LEMMA 1. The cylindrical intervals have the following properties.

Linf Agiey.cp, =Inf AL o = =D+ U, SUP Aciyc, = SUDAL ., o0 =
d— U, A/qcz em © Aclcg...cm
2. The length of A¢cy...c,, 1S equal to
ad 1
A | = diam A/ d+b— _— =
[Berercn| = c1ezem Z Q142 - k:%:ﬂ Q.. qk

= z::q —0 (m— ).

q192 - m+19dm+-2 « - - dm+i

Aclcz .Cm @ C Aclcz...cm; a€ A
- Aceienem0 N Aliey.cm1 = &, moreover

=

km+1 = |A8162...Cm \ (Aclcg...cmo U Aclcz...cm1)| =
1 oo

_Zéz

I R e R P T LRRR

)

_ 1 S 1
4192 - - - Gm+1 oy dm+2dm+3 - - - Gm+1+44 '

o0
5. N Acicgocr, = ﬂ AL e =T = Dpiey ... for any {c} € L,
m=1

i.e., any ]_)oz'nt from the set C, can be considered as a “cylinder of infinite

rank” as well as a “cylindrical interval of infinite rank”.
o0

— / —
6- Cr - m U AC1CQ...Cmy Aclcz Cm Aclcg...cm N 07"-
m=l ¢;€A,i=I,

The set C). is a Cantor-like set, whose properties are stated below.
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THEOREM 2. The set C, of incomplete sums of the series (1) is
1) a nowhere dense set;

2) a perfect set;

3) a set of zero Lebesgque measure \;

4) a set of zero Hausdorff-Besicovitch dimension, i.e., ap(Cy) = 0.

Proof. 1. Property 1 is evident. It follows from Lemma 1, namely from
properties 6, 4, and 2.

2. Let = be a limit point of the set C).. Then for any k € N there exists a
cylindrical interval Ay, (2)ay(x)...ax(z) = Ak(z) of rank k such that x € Ag(z).
If this is not the case we would deduce that x belongs to an interval adjacent
to C, and there would exist € > 0 such that (x —e,2 4+ ¢) N C, = @, which is

o0

impossible because z is a limit point of C,. Then the intersection (| Ag(z)
k=1
contains a unique point, which belongs to C, and coincides with z. So, C) is
a closed set.
Let us now assume that C) has isolated points and x = Ay, 4y...q,... is One

of them. Then there exists € > 0 such that
(5) (x—e,z+e)N[Cr\ {z}] = 2.

Let us choose k sufficiently large for |Ag ay..0,] < €. Then Ay gy..0, C (x —
g,v+¢)and  # ¥ = Ay 4y ap(1—api1)apsoapss... € (T — &2 +¢€) N C;, thus
contradicting (5). So, C, is a closed set without isolated points, i.e., it is a
perfect set.

3. It follows from Lemma 1 (namely, from properties 2 and 6) that

o0

1 1
ACp) = lim 2™ <
( ) m—0o0 <QIQQ - Qm Z )

gm+19m+2 - - - Qm+i

i=1
. 2m . 2 2 2
< lim ——— = lim —— - ...-— ] =0.
m—0o0 (142 ...4m m—oo \ 41 42 qm
So, A(C;) = 0.

4. Let H*(-) be the Hausdorff measure and let H%(-) be the Hausdorff
premeasure (see, e.g., [10, p. 27]). The family of all cylindrical intervals of

rank m forms an &,,-covering of C, with &, = q1q;..qm' It is clear that
1 > 1 ¢
HE,, (Cp) < 27 > <
q14q2 - . . dm i—1 dm+19m+2 - - - Gm+i
2 2 2
< — — =0 (m— o)

. g . o
for any a > 0. So, H*(C;) = 0 for any a > 0 and, therefore, the Hausdorff—
Besicovitch dimension of C, is equal to 0. [
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The uniformity of the above properties of sets C, (and their indepen-
dence of the choice of r) is “relatively unexpected” because, for instance, for

the “binary series” Y. 27 properties of sets of incomplete sums can differ
i€MCN
essentially (in the topological sense as well as in the sense of the Lebesgue

measure and the Hausdorff-Besicovitch dimension). On the other hand, such
a uniformity is, in some sense, natural because of a rather high rate of con-
vergence of the first Ostrogradsky series, which plays an important role in
Diophantine approximation and in the metric theory of the corresponding ex-
pansion (see, e.g., [1]).

3. THE FAMILY OF SETS OF INCOMPLETE SUMS
OF ALL OSTROGRADSKY SERIES

As mentioned in Theorem 1, the sum of any infinite Ostrogradsky series is
an irrational number from [0, 1]. Any irrational number r € [0, 1] uniquely de-
termines an infinite first Ostrogradsky series O'(q1,q2, ..., Gk, --- ), @x = qu(7).
This series generates the set of its incomplete sums C,., which is a compact
anomalously fractal set (i.e., a continuum set of zero Hausdorff-Besicovitch
dimension) with

infC, = -b, = — _ supC, =d, = _
" " ; q192 . .. (J2¢’ " " ; q1q2 - .- q2i—1

So, there exists a natural one-to-one correspondence between the set I of all
irrational numbers from [0, 1] and the set of all Ostrogradsky series, hence a
one-to-one correspondence between the set I and the family

G={C,:rel}

of sets of incomplete sums.
Since qr4+1 > gk, it is evident that
o0 oo

. 1 1
1nf{—br:r€I}:—Z@:! —bo, SUp{dr:TEI}:Zm:
=1 : i=1 '

Moreover, for ro = O(q1,q2, ..., qk, - .. ) With gx = k, we have inf C,,, = —by,
sup Cy, = do. So, C, C [—bp, do] for any r € I.

Let K be the family of all compact subsets of [—bg, dy] and let pg be the
Hausdorff metric on K, i.e., for any A, B € K,

pu(A,B)=inf{e: A. D B, B. D A},

:dg.

where
E.={z:2eR" p(x,E)=inf{|lz —y|:y€ E} <e}
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is an e-neighbourhood of the set E.

It is well known [8, p. 67] that (K, pg) is a complete metric space. So,
the Ostrogradsky series determine the continuum family G of compact anoma-
lously fractal subsets and G is a subspace of K.

THEOREM 3. The family G of sets of incomplete sums of all first Ostro-
gradsky series is a nowhere dense set in the metric space (K, pgr) of all compact
subsets of [—bo, do] with Hausdorff metric.

X 1\k—1
Proof. Let r = > D™ he an irrational number, and let C) be the
= 11420
corresponding perfect nowhere dense set from the family G. For any € > 0,
let us choose a positive integer n = n(e) such that

> 1

q1q92 - . -4n - - - Gn+k

<

| ™

k=1

it is sufficient to choose n such that : < £, because g > k).
(n+k)! 2
k=1

n+k

By Lemma 1 (property 2), the length of any of the 2" cylindrical intervals
of rank n is less than §.
Let us order cylindrical intervals of rank n, and let us choose the set

Vi = {v%n) vén), : v2n)} such that v](€ ") belongs to the kth cylindrical interval

ofranknandvk # 0 for any k =1,2,. . Let
5§ = p(0,V,,) = mkin{vkn 1>0, 6™ =min {53”% g} .

The set V,, belongs to the e-neighbourhood of the set C,, since the dis-
tances between a point v,(fn) and the endpoints of the corresponding cylin-
drical intervals are less than 5. On the other hand, C belongs to the e-
neighbourhood of the set V,, since the corresponding cylindrical interval be-
longs to the e-neighbourhood of the point U]E:n)' Therefore, py(Cy, Vy,) < €
hence in the metric space K the point V,, belongs to the open ball with the
centre C) and radius e.

Now, let us consider the ball Or(V,,) in (K, pr) centered at the point

V,, and radius R = 5( ") Let us show that it does not contain any point from
G. Suppose, contrary to our claim, that there exists an irrational number
u € [0, 1] such that the corresponding point C,, € Ogr(V,,), i.e.,

(5(n) 5(”>

In particular, the condition (V},) 5<n) D (', should hold, i.e., all pomts of the set

C,, must belong to the 2 —nelghbourhood of the set V,,, which is impossible,
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because 0 € C,, and p(V},,0) = 5(%") > 5 > ‘S;—n). Therefore, Or(V,,)NG = @.
So, for any irrational number r € [0, 1] and for any positive € in the metric
space (K, pg) the ball O-(C)) contains a point V,, having the neighbourhood
O sn) (Vi) which does not contain points from G. Therefore, G is a nowhere

3
dense subset of the metric space (K, pg). O

It is clear that for any compact subset E C [—by, do] there exists a proba-
bility measure pp whose spectrum coincides with £. On the other hand, any
set C, is the spectrum of an infinite Bernoulli convolution defined by (6). So,
the latter theorem reflects a “massivity” of the family of Bernoulli convolu-
tions generated by the first Ostrogradsky series in the family of all probability
distributions on [—by, dp].

4. PROBABILITY DISTRIBUTIONS
ON THE SET OF INCOMPLETE SUMS
OF A GIVEN OSTROGRADSKY SERIES

Let O'(q1,42,...,qk,...) be any fixed first Ostrogradsky series. Let us
consider the random variable

0 kig
(6) p=y e 1)___1’“,

where {e;} is a sequence of independent random variables taking the values 0
and 1 with probabilities por and pyx, respectively (pox + p1x = 1).

According to the Jessen-Wintner theorem [14], the random variable 1)
is of pure type, i.e., it is either discrete, absolutely continuous or singular
continuous (with respect to Lebesgue measure).

The following proposition follows directly from the P. Lévy theorem [16]
and gives necessary and sufficient conditions for the discreteness (and so, for
the continuity) of .

THEOREM 4. The random variable ¥ has a discrete distribution if and
only if

D
Prax = H max{po, p1x} > 0.
k=1

COROLLARY 1. The random variable 1 has a continuous distribution if
and only if Ppax = 0.

In the sequel we shall be interested in continuous distributions only.
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The spectrum (topological support) S¢ of the distribution of a random
variable ¢ is the minimal closed support of (, which coincides with the set
{z:P{{€(x—c,2+e)} >0Ve>0} = {z: F¢(v+e) — Fe(x—e)>0Ve > 0},

where F¢ is the distribution function of the random variable (.

LEMMA 2. The spectrum (topological support) of the distribution 1 is
the set
E = {.CL‘ = Aa1a2...ak...) pakk > 0 vk E N}

which is a subset of the set of incomplete sums of series (1).

Proof. Let us first show that £ C Sy. Let Ay ay...q,... = ¢ € E. Then

k
P {7/] S Aalag...ak} = Hpaii >0
i=1
for any £ € N. Let ¢ be any positive number. It follows from Lemma 1
(property 2) that there exists a positive integer k such that

Aalag...ak C (w - 6, T + 5).
Therefore,
P {"¢ € (.CU — & + E)} 2 P {w € Aalag...ak} > 07
ie., x € S¢ and F C Sw.
Next, let us show that Sy, C E. Let x € Sy, i.e.,
(7) P{ye(x—eax+e)} >0 Ve>0.

Let us assume that there exists a positive integer k such that p,,, = 0, where
Aalag.,,ak,,, = z. Then

k
P {¢ € Aalag...ak} = Hpaii =0.
i=1
Let us consider two mutually exclusive cases:
1) there exists € > 0 such that (x —e,2 +¢€) C Agqo...a3
2) (x—e,x+¢) ¢ Agiay...q, for any € > 0.
In the first case,

PW €(x—ex +5)} < P{I/J € Aala2mak} =0,

which is impossible by (7).

In the second case, x must be a one-sided limit point of the set C,.
Without loss of generality, let us assume that z is a left-sided limit point. Then
there exists € > 0 such that (x —e,2) C A q9..q, and P{¢p € (z,2+¢)} = 0.
In this case,

P{ve(x—caz+e))=P{pe(r—cx)} <P{Ye€Asa.at=0,
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which contradicts condition (7).
These contradictions prove that p,,; > 0 for any k € N, i.e., x € E. So,
Sy = E, which proves the lemma. [

THEOREM 5. If Ppax = 0 then ¥ has a singular distribution of the Cantor
type with an anomalously fractal spectrum (topological support).

Proof. If Ppax = 0 then 9 has a continuous distribution, by Corollary 1
after Theorem 4. Since the Hausdorff-Besicovitch dimension ag(C,) = 0 and
Sy C C, the topological support Sy is an anomalously fractal set. Since the
Lebesgue measure A\(C,) = 0, we have A(Sy) = 0. So, 9 has a distribution of
the Cantor type. [

It is clear that to define the distribution function F, of the random
variable 1, it is sufficient to define it at the points of the topological sup-
port Sy of the distribution, since it is defined by continuity and monotoni-
city at the remaining points: if x ¢ Sy then Fy(x) = Fy(x1), where z; =
sup{u:u <z,u€ Sy}

LEMMA 3. At a point Ay, as...a;... = T € Sy the distribution function F,
of the random incomplete sum (6) has the value

0o k—1
(8) Fw(ﬂ?) :Ball +Z</8akk Hpajj>7
k=2 j=1

where

By = akPok if k is odd,
ke (1 —ag)p1x if k is even.

Proof. The event {1 < x} can be represented as

{1/J<x}:{51<a1}u{51:a1, 52>a2}U{51:a1, £9 = a9, €3<03}U~'

U{er=a1, g9 =ag, ..., €k—1 = ak—1, NV agfU---,
where
< if k is odd,
- {> if k£ is even.
Then

P{v <z} =P{er<ar}+P{e1=a1, e2 > ag}+
—|—P{51:a1, €9 = a2, €3<a3}+"'

4+ Pler=a1, ea=ag, ..., g1 = ap—1, e Vapf+---.
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It follows from the independence of the ¢; that

Plei=a1, ea=ao, ..., g1 = ax—1, € Vag} =
k-1 k-1

= (H Ple; = aj}> P{ex Var}t = Bak [ [ Pass-
j=1 j=1

Since v is a continuous random variable, Fy(z) = P{¢ <z} is of the form
(8). O

5. THE FOURIER-STIELTJES COEFFICIENTS AND
THE CHARACTERISTIC FUNCTION OF THE RANDOM
INCOMPLETE SUM OF THE OSTROGRADSKY SERIES

WITH INDEPENDENT TERMS

Let us consider the characteristic function f¢(t) of a random variable C,
i.e.,
fe() = E(e™).
The theory of characteristic functions is convenient for the investigation of the

structure and properties of distributions of real-valued random variables. For
a given random variable ¢ one can define

L¢ = limsup |f¢(2)] .
|t|—o0
It is well known [17, p. 28] that L = 1 for any discretely distributed random
variable ¢, and L = 0 for the case of absolute continuity of the distribution
of . For a singularly continuously distributed random variable ¢ the value
L¢ can be equal to any number from [0, 1], i.e., for any 8 € [0,1] there exists
a singularly distributed random variable (g such that L¢, = (. Let us study
the asymptotic behaviour at infinity of the absolute value of the characteristic
function of the random variable 1.

LEMMA 4. The characteristic function of the random variable ¢ defined

by (6) is of the form
- . (—1)F it
9) fo) =T fe®)  with  fi(t) = por + prxexp ——,
el 4192 - - -Gk

and its absolute value is of the form

o0 = TLAOl ubere 1) = /1= tpuesin 5!

P Q192 - - - G
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Proof. By the definition of a characteristic function and properties of
expectations, we have

)k_lek
f —E(e™) =E [exp (it ~ 7 - =
o) = E(™) = Z o
< iteq —iteg (—1) Ltey >
=E(exp— -exp CLceXp————— | =
q1 q192 q1q92 - - - gk
O k—1; 0 k—1:
—1 iter -1 it
= H E (eXP H) = H (pOk + D1k €Xp H) =
P q192 - - - 4k el q1q92 - - -4k
O k—1 k—1 00
-1 t . . (-1 t
= H [(P()k + p1x cos )> + ip1p sin ()} = H fr(t),
1 a4z - --qk q192 - - - gk P
and
t . t
|fk:(t)| = \/P(Q)k + 2pokp1r cOs —— + p%k = \/1 — 4ApopPik sin? _—,
Q192 -- -Gk 2192 - - - gk

which proves the lemma. [

THEOREM 6. For any increasing sequence {qn} we have

Ly = limsup | fy(t)| = 1.

|t|—o0

Proof. Let us consider the sequence t,, = 27q1qs . . . g, and let us estimate

t
= 1 — 4porp1s sin?
|fe()] = H\/ PokP1 21q2 e
>H\/l—sm

It is clear that

[e.o]

2(11QQ 2(]1(12 - qk

oo o
ln
> i = i > i _
Ly > lim | fy(tn)| = lim [T Ife(ta)l > lim T |cos T
k=1 k=1
We have
ty {1 if k < n,
cos ——— | = ” .
2q1G2 - - - qx COS o e if k> n.
So,

H|fk )| > H cos ——————
k=1

kent1 dn+19n+2 - - - gk
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But, for k£ > n,

T mn! o TN an!\ 2 ( mn! >
coOS————— >cos——=1— 2 sin? —>1 21— ) =1—
In+1qn+2 - - - Gk k! 2F! <2k!> V2!

Then )
ad mn!
co§s—mM8M8M > 1-— .
H n+1qn+2--- Q& H ( <\@k¢'> )

k=n-+1 k=n+1

Since the series
00 ] 2
Z < ™. >
k=n+1 \/ik'

converges, the latter infinite product also converges to some positive constant,
so that

||cos — 1 as m — oo.
dn+19n+2 - - - 4k
Therefore,
o0 o0
. T . T
lim || cos —— = lim ||cos—:17
k=n1 An+19n+2 - - - Gk e n+19n+2 - - - Gk

hence Ly =1. [

So, the distribution of ¢ is “similar” to a discrete one (it is supported by
a set of zero Hausdorff-Besicovitch dimension and L, = 1).

Moreover, even for the case pop = pip = % for any a € [0,1] we can
construct a sequence t,(a) — oo such that nlgr;o |fy(tn(a))| = a. Asymptotic
properties of the corresponding Fourier—Stieltjes coefficients are also studied
in this section.

THEOREM 7. Let fy(t) be the characteristic function of the random varia-
ble ¢ and let e, be independent identically distributed random variables with
pok = pix = 5. For any number a € [0,1] there exists a sequence t,(a) — o0

as n — oo such that
Tim | fy(tala))] = .

Proof. 1t follows from the proof of Theorem 6 that

fe =11 !

COS 27 .
Pt 142 - - - gk

For a given number a let A = arccosa € [0, §]. For each n € N, let s,,(a)
be the unique non-negative integer for which

<A< m(sn(a) + 1)‘

dn+1 dn+1

0< wsn(a)
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Tsn(a)
dn+1

Let us consider the sequence of real numbers t,(a) = 27q1q2 . . . gnSn(a).
Then

The sequence { } converges to A.

21q1q2 . . . gnsn(a)

[fu(ta(a))l = 1]
k=1

cos =
20192 - - - @k
oo
msn(a msn(a
=1-1-...-1-cos n()-Hcos n(@) .
— Qo1 2 Gnt1Gn+2 - dndm
Since
oo
s, (a sy (a
lim cos n(@) =a and lim H cos n(@) =1,
n—oo dn+1 n—00 m—2 n+19n+2 - - - Gn+m
we have

Tim | fy(tn(@)| = a. O

It follows from the well known Fisher-Riesz theorem (see, e.g., [13,
p. 107]) that for a singular continuous distribution with distribution function

F(zx) the condition
o0
> -
m=1

holds, where ¢,,, are the Fourier—Stieltjes coefficients of F'(z), i.e.,

cm:/ eX™MIT P (1),

Nevertheless, for some classes of singular measures, ¢, can tend to 0, as for
absolutely continuous distributions.

THEOREM 8. The Fourier—Stieltjes coefficients of the distribution func-
tion of the random variable 1) defined by (6) are of the form

o] k—1 .
-1 2
(10) Cm = H <p0k + D1k €Xp ()mm)
hel Q142 - - - gk

and they do not converge to 0 as m — oo. Moreover,

(11) Ly = limsup |¢,,| = 1.

m—00

Proof. Equation (10) follows from (9) and from ¢, = fy(2mm). Then

™m

o0
lem| = H |fu(2rm)|, where |fp(2rm)| = \/1 — 4pokp1y sin? .
P 192 -- -9k
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The proof of (11) is similar to the proof of the fact that L, = 1 in
Theorem 6. Choosing the sequence m, = q1gs ... q,, we have

™My,

—\ =1.
q192 - - -4k

COS

[e.e]
Ly 2 fim lem,| 2 i T]

Since de, <1, we have I}p = 1, which proves the theorem. [

6. FRACTAL PROPERTIES OF THE DISTRIBUTION
OF THE RANDOM VARIABLE v

The investigation of fractal properties of the spectrum (topological sup-
port) S, of a given random variable 7 is the first step of the multilevel fractal
analysis of the corresponding probability measure (see, e.g., [36] for details).
Since S, is the minimal closed support of 7, the Hausdorff-Besicovitch di-
mension ag(Sy) gives us rather “rough external” information about 7. For
instance, for any closed set E there exists a discretely distributed random
variable 7 such that S, = E. So, ag(S,) > 0 does not imply the continuity
of 1. The topological support does not reflect essential properties even for
Cantor-like singular distributions. For instance, the classical one-third Cantor
set is the topological support of the random variable

— &
k
n=3%
k=1

where &, are independent identically distributed random variables taking va-
lues 0 and 2 with probabilities % and %, as well as for the random variable

o0 fl
m=) o
k=1

where & are independent identically distributed random variables taking val-
ues 0 and 2 with probabilities % and % On the other hand, it follows from
the Kakutani theorem [15] that the distributions of 1; and 7y are mutually
singular.

Another fractal characteristic of a given probability distribution 7 is the

Hausdorff dimension of itself, which can be introduced as
ag(n) = Eléllgn{ao(E)’ E € B},

where B is the o-algebra of Borel subsets of the real line, B, is the class of all
possible “supports” of the random variable 7, i.e.,

B,={E:E€B, P,(E)=1}.
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The Hausdorff dimension of a given random variable gives us richer information
about its distribution. In particular, ag(n) = 0 for any discrete distribution
7. If n has an absolutely continuous distribution then, obviously, ag(n) = 1.
For a singularly distributed random variable 7, the number ag(n) can be any
real number from the unit interval.

It is clear that

ao(n) < ao(Sy)-

Let us thus consider the Hausdorff dimension of the random variable
defined by (6). Since a(Sy) = 0, we have ag(¢)) = 0. In such a case the
classical Hausdorff-Besicovitch dimension does not reflect the difference be-
tween the topological support and essential supports (see, e.g., [36]) of the
distribution. To stress this difference we shall use a generalization of the
Hausdorff-Besicovitch dimension — the so-called Hausdorff-Billingsley dimen-
sion.

Let us define some notions we shall use in the sequel. Let M be a fixed
bounded subset of the real line. A family ®,; of intervals is said to be a fine
covering family for M if for any subset ¥ C M, and for any € > 0 there exists
an at most countable e-covering {E;} of E, E; € ®yy, ie., VE C M, Ve > 0
3{E;} (Ej € O, |Ej| <€) ECUE). A fine covering family @, is said to

be fractal if for the determination z)f the Hausdorff—Besicovitch dimension of
any subset ' C M it is enough to consider only coverings from ®y;.

For a given bounded subset M of the real line, let ®5; be a fine covering
family for M, let « be a positive number and let v be a continuous probability
measure. The v-a-Hausdorff-Billingsley measure of a subset £ C M w.r.t.
® )/ is defined as

H (E,v,éM)—;gr(l){y(g;)fQ j (v(Ej)) }

where E; € &)y and |JE; D E.
J

Definition. The number o, (E,®y) = inf{a : H*(E,v,®p) = 0} is
called the Hausdorff-Billingsley dimension of the set E with respect to the
measure v and the family of coverings ®j;.

Remark. 1) If @) is the family of all closed subintervals of the mini-
mal closed interval [a,b] containing M, then for any £ C M the number
o, (E, ®pr) coincides with the classical Hausdorff-Billingsley dimension oy, (E)
of the subset E¥ w.r.t. the measure v.

2) If M = [0,1], v is the Lebesgue measure on [0, 1] and ®,/ is a fractal
family of coverings, then for any £ C M the number «,(E,®js) coincides
with the classical Hausdorff-Besicovitch dimension ag(FE) of the subset E.
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Let ®%, be the image of a fine covering family under the distribution
function of a probability measure v, i.e., %, = {E': E' = F,(E), E € ®)}.

LEMMA 5. A fine covering family ®pr can be used for the equivalent
definition of the Hausdorff-Billingsley dimension of any subset E C M w.r.t.
a measure v if and only if the covering family ®%, can be used for the equivalent
definition of the classical Hausdorff-Besicovitch dimension of any subset E' =
F,(E), E C M, that is, o,(E, ®pr) = o, (E) for any E C M if and only if the
covering family ®Y, is fractal.

Proof. Because of the countable stability of the above mentioned dimen-
sions, we may assume without loss of generality that the set M is bounded.
Let @ be the family of all closed subintervals of the minimal closed interval
[a,b] containing M and let @)/ be a fine covering family. Since v(Ej) = |E]|
and UE; D FE’, we have

J

HE, v, @) = iiﬂ%{ B (V(Ej))a} -
14 j S€ .
j

=0 | B <e

= lim{ inf Z|E§]°‘} = HY(E', ®%,).
j

Therefore,
OéV(E, (I)M) = Oé()(E,, ‘I>]V\/[)
The family ®” = F,,(®) coincides with the family of all closed subintervals
of [a',b'] D M'. Therefore,
H®(E,v) = H*(B,v,®) = H*(E',3"),
and
ay(E) = o, (E,®) = ag(E', ) (E").
If the family ®%, is fractal, then o, (E, @) = ao(E', ®Y,) = ao(E') =
ay,(E).
If the family ®4, is not fractal, then there exists a subset £’ C M’ such
that ap(E") < ag(E’, @4,). In such a case we have

Oél,(E) = Oéo(E/) < Oto(E/, (I)ﬁ/f) = Oél,(E, CI>M),
which proves the lemma. [

Similarly to the above mentioned definition of the Hausdorff dimension
of 17, we introduce the following notion.

C‘{V ‘Il:[ al/ E Y E [
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is said to be the Hausdorff-Billingsley dimension of the random wvariable n
with respect to the measure v, where B is the o-algebra of Borel subsets of the
real line, B, is the class of all possible “supports” of the random variable 7.

To stress the difference between the topological support and essential
supports of the distribution of the above mentioned random variable ), we
shall use the Hausdorff-Billingsley dimension with respect to the measure v*,
where v* is the probability measure that is “uniformly distributed” on the set
of incomplete sums, i.e., v* is the probability measure corresponding to the
random variable

— (=1)Fep
Y=y
i 192 -4k
where ¢ are independent identically distributed random variables taking the
values 0 and 1 with probabilities por = 5 and Pk = 1 , respectively.

THEOREM 9. Let h, = —(pon lnp()n + pinInpy,) be the entropy of the
random variable €, and let H, = hy + hy + -+ + h,. Then the Hausdorff-
Billingsley dimension of the distribution of the random variable v with respect
to the measure v* is equal to

ay+ (1)) = lim inf Hn

n—oo nln2’

Proof. Let M = C, withr = 3 ©U"" and let @) be the family of the

192..
quq qK’

above mentioned cylindrical intervals (see Section 2), i.e., ®pr = {Acich..crs

o
keNyand G, = N U Aces.cr- Since v*(Agey.c) = 27F, the image
k=1¢;€{0,1}
CIJK/*[ = F,«(®y) coincides with the fractal fine covering family consisting of
binary closed subintervals of [0,1]. So, it follows from Lemma 5 that for the
determination of the Hausdorff-Billingsley dimension of an arbitrary subset
of Cp D Sy w.art. v* it is enough to consider only coverings consisting of
cylindrical intervals.
Let v be the probability measure corresponding to the random variable
Y, and let Ap(7) = Ac (2)es(z)..cn(z) P€ @ cylindrical interval of nth rank
containing a point x. Then we have

V(An(x)) = Per(x)1 " Pea(z)2 - -+~ Pep(z)no V*(An(w)) ~ on’
Let us consider the quantity
Z I pe; (2)

Inv*(An(z)) —nln?2

Inv(A,(x))
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If 2 = Ac) (2)es(x)...cn()... 18 chosen at random such that P{c;(z) = i} = p;; (i.e.,
the distribution of the random variable = corresponds to the measure v), then
{nit = {nj(@)} = {Inp,x);} is a sequence of independent random variables
taking the values Inpy; and Inp;; with probabilities po; and p1;, respectively.
Hence

E(n;) = pojInpoj + p1jInpi; = —h;, h; <In2,
E(77]2') = Poj In? Poj + P1j In? P15 < ¢p < 00,

and the constant ¢y does not depend on j. For instance, one can choose
co = 2 By the strong law of large numbers (Kolmogorov’s theorem, see, e.g.,
[33, Ch. IIL. 3.2]), for v-almost all points z € C, we have

iy (@) +102(2) + - A ma(2)) — E(m(2) +72(2) + -+ 10(2))

n—oo n

=0.

Remark that E(m +m2 + - +1,) = —H,.
Let us consider the set

A:{m lim (nl(m)+nz(w)+'~+nn(x) _ _Hx ):o}:

n—o00 —nln2 nln?2

_ {x iy @) H(2) 0 (2) — B () +mp(2) + - A n(2)) _ 0}
‘n—oco —nln2 '

Since v(A) = 1, we have a,,(A) = 1 and, therefore, o, (A, ®yr) = 1.
Let us consider the sets

A = {x:nminf(”1(x)+772($)+"'+””(x) _ ) :0};

n— oo —nln?2 nln2

As = {I3liminfnl(x)_’_m(:n)+”.+nn(gj) < lim inf } =
n—00 —nln2 n—oo 1 ln2
)

= 1 f 2A2E)) < i f :
{x oo Inv* (Ap(x)) 1711210% nln2

Asz{x:liminfm( )+ M) + o 4 m(2) > lim inf }

n—00 —nln2 n—oo 1 ln2

.. . Inv(Ay(x))
= : D — >
{x hnnigo}f Inv*(A,(x)) hnmﬂgéf n ln 2

It is obvious that A € A;. We now prove the inclusions A; C Az and A C As.
To this end we use the well-known inequality

liminf(z, — y,) < liminf z,, — liminf y,
n—oo n—oo n—oo



25 Incomplete sums of the first Ostrogradsky series 109

holding for arbitrary sequences {x, } and {y,} of real numbers. If x € A; then
of @) (@) + -+ (2)

n

limi — liminf >
n—00 —nln?2 n—oo nln
n—o0 —nln?2 nln?2

So, x € A3. If z € A then

n

¢ m(z) +na(z) + -+ nn(x)

lim inf — limin >
n—oo N In n—oo —nln?2
> lim inf _m@) Fm) ()
n—oo \nln2 —nln2
So, x € As.
Let D = liminf . Since A C Ay = {o: lminf 22Gelel < Dl

we have

Qly* (A, (I)M) § D.
Since A C A3 = {:c : lim inf M > D}, we deduce that

n—oo v (An(z))
(A, ®p) > D -y (A, ®y) = D
since ay (A, ®pr) = 1. Therefore,
ay<(A, ®pr) = ay+(A) = D.

We now prove that the above constructed set A is the “smallest” support
of the measure v in the sense of the Hausdorff-Billingsley dimension w.r.t. v*.
Let C be an arbitrary support of the measure v. It is easily seen that the set
C1 = CnN A also is a support of the same measure v, and C7; C C. It follows
from C7 C A that o« (C1) < D, and

CchCA3:{mzlinnii£fsz}.
Therefore,
ay+(C1) = ap=(C1,Ppr) > D -y (Ch, @) =D -1 =D.
So, ay«(C) > ap=(C1) = D = ap«(4). O

THEOREM 10. The Hausdorff-Billingsley dimension (with respect to the
measure v*) of the spectrum (topological support) Sy of the random variable
1 is equal to

N
ay(Sy) = hkrr_%r;f o
where N, = #{j : j <k, pojp1; > 0}, i.e., Ny is the number of columns (in
the matriz ||p;;||) without zero elements until the kth column.
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Proof. Let us consider an auxiliary probability measure o which corres-
ponds to the random variable

(12) @:i(—l)sk’

where €, are independent random variables taking the values 0 and 1 with
probabilities pgg and pyj such that

pik =1 iffpp =1,
% in all other cases.

Generally speaking, the random variables ¢ and 1; have different distribu-
tions, but their topological supports coincide. The measure © is “uniformly
distributed” on the topological supports of the initial measure. Therefore,

ao(¥) = ao(S;) = o (Sy).
So, to determine the Hausdorff-Besicovitch dimension of the topological sup-
port of the initial measure w.r.t. the measure v*, it is enough to apply Theo-

rem 9 to the measure v, taking into account that hy = 0, if porpie = 0, and
hi, =In2, if pogp1x #0. O

COROLLARY 2. If klim Pox = po > 0 then
— 00

_ Do Inpg + p1Inp;

Qp* (Sw) =1, ay~ (¢) In2

7. FRACTAL DIMENSION PRESERVATION

Let F be a distribution function and let 4 = pp be the corresponding
probability measure with the topological support Sg. Let i be the probability
measure which gives uniform distribution on Sp.

We say that a distribution function F' preserves the Hausdorff-Billingsley
dimension (w.r.t. i) on a set A if the Hausdorff-Billingsley dimension o, (F)
of any subset £ C A is equal to the Hausdorff-Billingsley dimension o (F).

If the distribution function F strictly increases (i.e., the topological sup-
port Sp is a closed interval), then the above definition reduces to the usual
definition of a transformation preserving the Hausdorff-Besicovitch dimension
(see, e.g., [2] for details).

Let ¢ and ¢ be random variables defined by equations (6) and (12), and
let v and 7 be the corresponding probability measures. It is easily seen that
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their topological supports coincide. If, in addition, p;; > 0 for any 7 € {0,1}
o0 e
and k - N7 then Sﬁ = SV — CT‘ Wlth r = Z (_1)k 1

q192---qk °
k=1
Of course, the distribution function F,, does not preserve the classical
Hausdorff-Besicovitch dimension because ag(S,) = 0 and ao(F,(S,)) = 1.
But F, can preserve the Hausdorff—Billingsley dimension on its topological

support.

THEOREM 11. If there exists a positive constant py such that p; >
po, then the distribution function Fy of the random variable 1) preserves the
Hausdorff-Billingsley dimension ap(-) on the topological support of ¢ if and

only if

H
(13) lim inf

n—oo 1IN

=1

Proof. Necessity. Let N(v) be the set of all possible “supports” of
the measure v. Let ap(v) = En]%[f( ){Oé[,(E)} be the Hausdorff-Billingsley
eN(v

dimension of the measure v w.r.t. the measure v. It follows from Theo-
rem 9 that ap(v) = liminf% with H, = hiy + ho +--- + h,, and h, =
n—oo

—(pox Inpor + p1xInpigk). If ap(v) < 1 then there exists a set £ € N(v) su
that az(v) < ap(E) < 1. Since v(E) = 1, we conclude that «,(E) =
ap(E), which contradicts the assumption of the theorem.

ch
1+
Sufficiency. It is well known that h; < In2 for any k£ € N and the equality

holds if and only if pog, = p1x = % Therefore, condition (13) is equivalent to
the existence of the limit
hi+ ho + -+ hg

(14) Qi kln2 =1

Let e < % be an arbitrary positive real number and let us consider the sets
M:_k_{JJENajgka ‘p()]_%‘ §5}7
Mo, ={1,2,.. . k}\ M} ={j:jeN,j <k, |po — 3| >¢}.
It follows from hj < In2 and condition (14) that

M | M|
lim =1, lim
1m s kj

k—o0 k—o00

= 0.

Let Ay (2)...a)(x) De the k-rank cylindrical interval containing the point
z. For any z € S}, we consider the limit

Inv(A
V(z) = lim nv( al(m)"'ak($)>~
k—oo In I/(Aal(;p)ak(m))
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We shall show that p;; > pg and condition (13) imply that the above limit
exists and V(z) =1 for any = € S,,. We have

(Ao @)..ap@) _ 0Pay@)1 " Pag@)2 " -+ Pay(@)k) _
In ﬁ(Aal(x)...ak(:c)) In2-k
Z lnpaj(x)j+ Z lnpaj(ac)j
jEM;k JGM;k
N —kIn2

Ifj e M:k, then % — € < Daj(x); < %—i— ¢ and, consequently, there exists a
number C; ; € [% — &, % + 6] such that
Z lnpaj(:c)j = |M;rk| 'IDC&k'
jeMt,
If j € M;,k then py < Paj(z)
de i € [po, 1 — po] such that

D Inpy, )y, = M| - Inde .
JEM_,

j < 1 —pg. Therefore, there exists a number

Let us consider the upper limit

Inv(A
V*(x) = hmsup nlj( a1($)o¢k(z)) _
k—oo 1D V(Aal(x)...ak(x))

(IMQk\ nCep Mo lnd&k)

= lim sup

k—00 k —In2 k —1In2
In(X— Mt M-
We have V*(2) < 2] becawse Pl — 1, 1—e < € < e, PR g,

po < dej, < 1—pp. In the same manner we can show that

| Aa .o (z 1 1
V.(z) = liminf V(Do) o) n(1+e)
k—oo lny(Aal(m)...ak(a:)) —1n?2

, VS, Vee (0,4).

Therefore, V(z) = 1 for any = € S, and, by using Billingsley’s theorem [5],
we have

ap(E) =1 a,(F)
for all £ C S,, which proves the theorem. [

COROLLARY 3. If

lim poy = 5
k—o0 2
then the distribution function Fy of the random wvariable 1) defined by (6)

preserves the Hausdorff-Billingsley dimension on the topological support of 1.
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