
THE SET OF INCOMPLETE SUMS OF THE FIRST
OSTROGRADSKY SERIES AND ANOMALOUSLY

FRACTAL PROBABILITY DISTRIBUTIONS ON IT

SERGIO ALBEVERIO, OLEKSANDR BARANOVSKYI,
MYKOLA PRATSIOVYTYI and GRYGORIY TORBIN

We investigate topological, metric and fractal properties of the set of incomplete
sums of the first Ostrogradsky series (also called Pierce expansion or Sierpiński
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the characteristic function of this random variable at infinity, and prove that the
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support by its distribution function are also obtained.
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1. INTRODUCTION

There exist many different methods for the representation of real num-
bers via a finite as well as an infinite alphabet [11, 12, 25, 30, 34]. Conti-
nued fraction expansions, Q̃-representation, Cantor and Lüroth expansions
are among them. Each method has its own area of applications and some
advantages. Each representation generates its own metric relations and its
own “geometry”, which are the basis for the development of metric, fractal
and probabilistic number theories.

Continued fraction expansions (due to a highly developed theory and
different applications) “occupied” a special important place in mathematics.
There exist other theories (in some sense similar to the theory of continued
fractions but more complicated in a metric sense), connected with expansions
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of real numbers via alternating series. They are less developed, but give us
a wide perspective for the investigation of mathematical objects with a com-
plicated local structure (fractals, singular continuous measures, continuous
nowhere differentiable functions etc.). One of them is the theory of the repre-
sentation of real numbers via “the Ostrogradsky–Sierpiński–Pierce series”.

About 1861, M.V. Ostrogradsky considered two algorithms for expanding
positive real numbers in alternating series:∑

k

(−1)k−1

q1q2 . . . qk
, where qk ∈ N, qk+1 > qk,(1)

∑
k

(−1)k−1

qk
, where qk ∈ N, qk+1 ≥ qk(qk + 1)(2)

(the first and the second Ostrogradsky series, respectively). They were found
by E.Ya. Remez [28] among manuscripts and unpublished papers of M.V. Os-
trogradsky. Independently of these results, the series of form (1) appeared
in works of other authors. Among them we would like to mention papers by
W. Sierpiński [34] and T.A. Pierce [24]. In the Western mathematical lit-
erature [20, 21, 30–32] such expansions are called Pierce expansions, which
is unfair since the paper by Sierpiński was published essentially earlier. In
the former Soviet mathematical literature [6, 18, 19, 28, 37] the series of
the form (1) are called first Ostrogradsky series. The authors of the present
paper will use the latter variant, but it would be more correct to say “the
Ostrogradsky–Sierpiński–Pierce series”. Let us mention that the history of
the discovery and the study of such series was discussed in the paper [21].

In the present paper we study geometrical objects connected with the
first Ostrogradsky series and probability distributions on them. The main
aim of the paper is to investigate properties of infinite Bernoulli convolutions
generated by series of the form (1).

Let us recall that an infinite symmetric Bernoulli convolution is the prob-

ability distribution of a random variable ξ =
∞∑
k=1

ξkbk, where ξk are indepen-

dent random variables taking values −1 and 1 with probabilities 1/2 and 1/2,

and bk ∈ R with
∞∑
k=1

b2k <∞. The study of (general non-symmetric) Bernoulli

convolutions with bounded spectra is equivalent to the investigation of the

distributions of random series
∞∑
k=1

ξkbk, where
∞∑
k=1

|bk| < ∞, and ξk are inde-

pendent random variables taking values 0 and 1 with probabilities p0k and
p1k, respectively. Measures of this form have been studied since 1930s from
the pure probabilistic point of view as well as for their applications in har-
monic analysis, in the theory of dynamical systems and in fractal analysis. We
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shall not describe in details the history of the investigation of these measures,
because the paper [22] contains a good survey of Bernoulli convolutions, corre-
sponding historical notes and a discussion of some applications, generalizations
and problems.

For the general situation, necessary and sufficient conditions for the ran-
dom variable ξ to be absolutely continuous are still unknown (see, e.g., [22, 23,
26, 27]) even for the simplest symmetric case of random power series where
bk = λk, λ ∈ (0, 1) and p0k = 1

2 . Properties of the corresponding probabil-
ity measure µλ, depending on the only parameter λ, are well investigated for
λ ∈ (0, 1/2]. In the case λ ∈ (1/2, 1) the dependence of properties of µλ on
λ is rather mysterious. In the latter case the spectrum Sµλ

is the whole in-
terval

[
0, λ

1−λ
]
, and one could think that µλ has a density. Nevertheless, in

1939, P. Erdös [9] proved that the Fourier–Stieltjes transform of the measure
µλ does not tend to zero if and only if λ is the reciprocal of a Pisot number
in (1, 2). So, in such a case µλ is singular w.r.t. Lebesgue measure. Up to
now we do not know any other examples of λ leading to the singularity of µλ.
“Almost sure results” in the opposite direction were obtained by B. Solomyak
and Y. Peres [23, 25] who proved the long standing Erdös–Garsia conjecture:
for Lebesgue almost all λ ∈ (1/2, 1) the corresponding probability measure µλ
is absolutely continuous w.r.t. Lebesgue measure.

There exist other interesting subclasses of infinite Bernoulli convolutions,
which depend on only one parameter. Actually, any expansion of real numbers
via absolutely convergent series (see, e.g., [11, 30]) generates a proper subclass
of Bernoulli convolutions depending on a real parameter. Based on Theorem 1
(Section 2), one can establish the following one-to-one correspondence between
the family of all infinite first Ostrogradsky series and the set I of irrational
numbers r from the unit interval: for any r ∈ I there exists a unique sequence
{qk} = {qk(r)} such that qk+1 > qk and

r =
∞∑
k=1

(−1)k−1

q1q2 . . . qk
.

The main purpose of the paper is to study properties of symmetric as well
as general non-symmetric Bernoulli convolutions ψr defined by infinite first
Ostrogradsky series, i.e., the probability distributions of random variables

ψ = ψr =
∞∑
k=1

(−1)k−1εk
q1q2 . . . qk

,

where r ∈ I, qk = qk(r), and {εk} is a sequence of independent random
variables taking the values 0 and 1 with probabilities p0k and p1k, respectively
(p0k + p1k = 1). The random variable ψ belongs to the class of random
variables of the Jessen–Wintner type (i.e., it is the sum of a convergent series
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of independent discrete random variables), and, therefore, is of pure type, i.e.,
it is either discrete or continuous and in the latter case it is not a mixture of
singularly continuous and absolutely continuous distributions.

For the symmetric case (p0k = 1
2) as well as for the case 0 < p0k < 1 (for

any k ∈ N) the spectrum (minimal closed support of ψ) coincides (Lemma 2)
with the set

Cr =
{
x : x =

∞∑
k=1

(−1)k−1ak
q1(r)q2(r) . . . qk(r)

, ak ∈ {0, 1}
}

of all incomplete sums of the first Ostrogradsky series generated by an irra-
tional number r. That is why in Section 2 we study in details topological,
metric and fractal properties of sets Cr. As a result, in Section 4 we show that
for any choice of r ∈ I the probability distribution of ψ is either discrete or
singularly continuous, and the Hausdorff–Besicovitch dimension of the corre-
sponding spectra is equal to zero independently of the choice of the stochastic
matrix P = ‖pik‖, i ∈ {0, 1}, k ∈ N, and r ∈ I.

We also show (Section 5) that this class of Bernoulli convolutions does
not contain any Rajchman measure, i.e., the characteristic function fψ(t) of
the random variable ψ (the Fourier–Stieltjes transform of the corresponding
probability measure) does not tend to zero as t tends to infinity. Moreover,
we prove that Lψ = lim sup

|t|→∞
|fψ(t)| = 1 for all values of the parameter r ∈ I

and for any choice of the matrix P . So, it follows from
∞∏
k=1

max{p0k, p1k} = 0

that the distribution of ψ is continuous but it is “similar” to a discrete one (it
is supported by a set of zero Hausdorff–Besicovitch dimension and Lψ = 1).

The independence of the above mentioned properties of ψ of both r and
P can be explained by a rather fast convergence of the first Ostrogradsky series
(this fact also demonstrates that these series give good rational approximations
of real numbers). On the other hand, for a given r ∈ I, if p′0k = p′ ∈ (0, 1) and
p′′0k = p′′ ∈ (0, 1), p′′ 6= p′, then the corresponding random variables ψ′r and ψ′′r
are mutually singularly distributed (this follows directly from the Kakutani
theorem [15]) on the common spectrum Cr, and all of them are singularly con-
tinuous w.r.t. Lebesgue measure. To emphasize essential differences between
these distributions, in Section 6 we study their fine fractal properties (see,
e.g., [36] for details). Since the spectra of all random variables ψ are “very
poor” in both the metric and the fractal sense (their Hausdorff–Besicovitch
dimensions are equal to zero), to compare their “massivity” it is necessary
to use an appropriate dimension function (gauge function) for the Hausdorff
measure (see, e.g., [10, p. 37]) or an appropriate probability measure for the
Hausdorff–Billingsley dimension (see Section 6 for definitions). As an ade-
quate example of such a measure we consider the measure ν∗ corresponding to
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the uniform distribution on Cr. We prove a formula for the calculation of the
Hausdorff–Billingsley dimension of the spectrum of ψ with respect to the mea-
sure ν∗. Moreover, we study internally fractal properties of ψ. In particular,
we find the Hausdorff–Billingsley dimension of the distribution of ψ w.r.t. ν∗,
i.e., the infimum of the Hausdorff–Billingsley dimension of all Borel supports
of ψ w.r.t. ν∗. We would also remark that for a more exact characterization of
internally fractal properties of ψ one can use the Hausdorff–Billingsley dimen-
sion with respect to the probability measure which is uniformly distributed on
the spectrum of ψ.

The last section of the paper is devoted to the problem of the preservation
of the Hausdorff–Billingsley dimension of subsets of the spectrum under the
distribution function Fψ. For the case where elements of the matrix P are
bounded away from zero we find necessary and sufficient conditions for the
dimension preservation in terms of the relative entropy of the distribution.

A considerable part of our results can be easily extended to other classes
of Bernoulli convolutions generated by fast convergent series.

2. TOPOLOGICAL, METRIC AND FRACTAL PROPERTIES
OF THE SET OF INCOMPLETE SUMS

OF THE FIRST OSTROGRADSKY SERIES

An expression (1) is called a first Ostrogradsky series. We denote this
expression by O1(q1, q2, . . . , qn, . . . ). In particular, the latter notation sym-
bolizes that the sequence {qn} determinates the series (1). The number qn is
called the n-th element of the first Ostrogradsky series (1).

Any partial sum

(3)
1
q1
− 1
q1q2

+ · · ·+ (−1)n−1

q1q2 . . . qn
≡ O1(q1, q2, . . . , qn)

of the series (1) is called a finite first Ostrogradsky series.
By Leibniz’ well-known theorem on alternating series, the series (1) con-

verges and its sum is

r = r({qn}) ∈

[
2m−1∑
k=1

(−1)k−1

q1q2 . . . qk
− 1
q1q2 . . . q2m−1q2m

,

2m−1∑
k=1

(−1)k−1

q1q2 . . . qk

)
⊂ [0, 1].

In fact, any Ostrogradsky series converges absolutely, because qn+1 > qn.
One can prove that r({qn}) 6= r({q′n}) if the infinite sequences {qn} and

{q′n} do not coincide. However, for a finite first Ostrogradsky series we have

O1(q1, q2, . . . , qn−1, qn, qn + 1) = O1(q1, q2, . . . , qn−1, qn + 1),
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since
1

q1q2 . . . qn−1qn
− 1
q1q2 . . . qn−1qn(qn + 1)

=
1

q1q2 . . . qn−1(qn + 1)
.

Theorem 1 ([28]). Any real number x ∈ (0, 1) can be represented in
the form (1). If x is irrational, then the expression (1) is unique and has an
infinite number of terms. If x is rational, then it can be represented in the
form (3) in two different ways:

x = O1(q1, q2, . . . , qn−1, qn, qn + 1) = O1(q1, q2, . . . , qn−1, qn + 1).

The Ostrogradsky series have a rather high rate of convergence (they

converge “not slower” than the series
∞∑
k=1

(−1)k−1

k! = e−1
e ). So, any irrational

number can be well approximated by rational numbers which are partial sums
of the Ostrogradsky series corresponding to the initial number. Since the
Ostrogradsky series is alternating, we have∣∣∣∣∣x−

m∑
k=1

(−1)k−1

q1(x)q2(x) . . . qk(x)

∣∣∣∣∣ =
∞∑
j=1

(−1)j−1

q1(x)q2(x) . . . qm+j(x)
<

<
1

q1(x)q2(x) . . . qm+1(x)
.

Let {qk} be a fixed sequence of positive integers with qk+1 > qk for any
k ∈ N and let r be the sum of the corresponding Ostrogradsky series (1). Then
r = d− b, where

d =
∞∑
i=1

1
q1q2 . . . q2i−1

, b =
∞∑
i=1

1
q1q2 . . . q2i

.

Since the Ostrogradsky series converges absolutely, we have
∞∑
k=1

1
q1q2 . . . qk

= d+ b.

Let A = {0, 1}, and let L be the space of infinite sequences of symbols 0
and 1, i.e.,

L = A∞ = {a : a = (a1, a2, . . . , ak, . . . ), ak ∈ A} .
The sum s = s({ak}) of the series

(4)
∞∑
k=1

(−1)k−1ak
q1q2 . . . qk

,

where {ak} ∈ L, is called the incomplete sum of the series (1). It is clear
that s depends on the whole infinite sequence {ak}. We formally denote the
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expression (4) and its sum s by ∆a1a2...ak... (the reason for such a notation will
be clarified later in Lemma 1, property 5). Any partial sum of the series (1)
is its incomplete sum. It is evident that the set of incomplete sums of the
series (1) has the cardinality of continuum.

One can define the notion of the set of incomplete sums for any absolutely

convergent series
∞∑
k=1

bk in a completely similar way, and such a set can be

considered as a “geometrical image” of the corresponding series. This set
can be nowhere dense or can be a finite union of intervals. It can be of
positive resp. zero Lebesgue measure. In the latter case, its “massivity” can
by characterized by using different fractal dimensions (see, e.g., [10, Ch. 2]).
Topological, metric and fractal properties of the set of incomplete sums reflect
the “rate of convergence” of the series, and in some cases play an important role
in the analysis of mathematical objects connected with the initial series. For
instance, if bk = λk, then the corresponding set of incomplete sum coincides
with the interval

[
0, λ

1−λ
]

for λ ∈ [1/2, 1), and is a perfect nowhere dense set
of zero Lebesgue measure for λ ∈ [0, 1/2). In the latter case, its Hausdorff–
Besicovitch dimension is equal to log 2

− log λ (for λ = 1
3 we have a copy of the

classical Cantor set on the interval [0, 1/2]). It is worth to mention here that for
λ ∈ [0, 1/2) the set of incomplete sums is a set of uniqueness for trigonometric
series if and only if the Fourier–Stieltjes transform of the corresponding above
defined Bernoulli convolution µλ does not vanish at infinity, i.e., if λ is a Pisot
number (see, e.g., [29] for details). More recent investigations on the topic can
be found in [3, 4, 7].

We shall study topological, metric and fractal properties of the set Cr of
all incomplete sums of the series (1). It is clear that Cr ⊂ [−b, d], and for any
s ∈ Cr there exists a sequence {ak} = {ak(s)} ∈ L such that

s =
∞∑
k=1

(−1)k−1ak(s)
q1q2 . . . qk

.

Let c1, c2, . . . , cm be a fixed sequence consisting of zeroes and ones. The
set ∆′

c1c2...cm of all incomplete sums ∆c1c2...cmam+1...am+k..., where am+j ∈ A
for any j ∈ N, is called the cylinder of rank m with base c1c2 . . . cm. It is
evident that

∆′
c1c2...cma ⊂ ∆′

c1c2...cm , a ∈ A.

The intervals

∆0 =
[
−b, d− 1

q1

]
and ∆1 =

[
−b+

1
q1
, d

]
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are called the cylindrical intervals of rank 1. It is easy to see that

|∆0| = |∆1| = d+ b− 1
q1
,

∆′
0 ⊂ ∆0, ∆′

1 ⊂ ∆1, Cr ⊂ ∆′
0 ∪∆′

1 ⊂ ∆0 ∪∆1.

Setting

k1 =
(
−b+

1
q1

)
−
(
d− 1

q1

)
=

2
q1
− b− d =

=
1
q1
− 1
q1q2

− 1
q1q2q3

− · · · = 1
q1

(
1− 1

q2
− 1
q2q3

− . . .

)
≥

≥ 1
q1

(
1− 1

2
− 1

2 · 3
− · · · − 1

k!
− . . .

)
=

1
q1

(3− e),

we have

∆0 ∩∆1 = ∅ and |[−b, d] \ (∆0 ∪∆1)]| = k1 ≥
3− e

q1
.

The intervals

∆00 =
[
−b+

1
q1q2

, d− 1
q1

]
, ∆01 =

[
−b, d− 1

q1
− 1
q1q2

]
,

∆10 =
[
−b+

1
q1

+
1
q1q2

, d

]
, ∆11 =

[
−b+

1
q1
, d− 1

q1q2

]
are called the cylindrical intervals of rank 2. We have

|∆00| = |∆01| = |∆10| = |∆11| = d+ b− 1
q1
− 1
q1q2

=
∞∑
k=3

1
q1q2 . . . qk

,

∆′
00 ⊂ ∆00 ⊂ ∆0, ∆′

01 ⊂ ∆01 ⊂ ∆0, ∆′
10 ⊂ ∆10 ⊂ ∆1,

∆′
11 ⊂ ∆11 ⊂ ∆1, ∆00 ∩∆01 = ∅, ∆10 ∩∆11 = ∅,

inf ∆′
01 = inf ∆′

0 = −b, sup∆′
00 = sup∆′

0 = d− 1
q1
,

inf ∆′
11 = inf ∆′

1 = −b+
1
q1
, sup∆′

10 = sup∆′
1 = d,

k2 = |∆0 \ (∆01 ∪∆00)| = |∆1 \ (∆11 ∪∆10)| = |∆0| − 2 |∆00| =

=
(
d+ b− 1

q1

)
− 2

∞∑
k=3

1
q1q2 . . . qk

=
1
q1q2

−
∞∑
k=3

1
q1q2 . . . qk

=

=
1
q1q2

(
1− 1

q3
− 1
q3q4

− . . .

)
≥ 2 · (3− e)

q1q2
.
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The cylindrical interval of rank m with base c1c2 . . . cm (ci ∈ {0, 1})
coincides with the interval[

sm −
∑
i:2i>m

1
q1q2 . . . q2i

, sm +
∑

i:2i−1>m

1
q1q2 . . . q2i−1

]
= [−b+ um, d− vm] ,

where

sm =
m∑
k=1

(−1)k−1ck
q1q2 . . . qk

, um =
∑

i:2i−1≤m

c2i−1

q1q2 . . . q2i−1
+
∑
i:2i≤m

1− c2i
q1q2 . . . q2i

,

vm =
∑

i:2i−1≤m

1− c2i−1

q1q2 . . . q2i−1
+
∑
i:2i≤m

c2i
q1q2 . . . q2i

.

We denote it by ∆c1c2...cm .

Lemma 1. The cylindrical intervals have the following properties.
1. inf ∆c1c2...cm = inf ∆′

c1c2...cm = −b+um, sup∆c1c2...cm = sup∆′
c1c2...cm =

d− vm, ∆′
c1c2...cm ⊂ ∆c1c2...cm.

2. The length of ∆c1c2...cm is equal to

|∆c1c2...cm | = diam ∆′
c1c2...cmd+ b−

m∑
k=1

1
q1q2 . . . qk

=
∞∑

k=m+1

1
q1q2 . . . qk

=

=
1

q1q2 . . . qm

∞∑
i=1

1
qm+1qm+2 . . . qm+i

→ 0 (m→∞).

3. ∆c1c2...cma ⊂ ∆c1c2...cm, a ∈ A.
4. ∆c1c2...cm0 ∩∆c1c2...cm1 = ∅, moreover

km+1 = |∆c1c2...cm \ (∆c1c2...cm0 ∪∆c1c2...cm1)| =

=
1

q1q2 . . . qm+1
−

∞∑
k=m+2

1
q1q2 . . . qk

=

=
1

q1q2 . . . qm+1

(
1−

∞∑
i=1

1
qm+2qm+3 . . . qm+1+i

)
.

5.
∞⋂
m=1

∆c1c2...cm =
∞⋂
m=1

∆′
c1c2...cm = x =: ∆c1c2...cm... for any {ck} ∈ L,

i.e., any point from the set Cr can be considered as a “cylinder of infinite
rank” as well as a “cylindrical interval of infinite rank”.

6. Cr =
∞⋂
m=1

⋃
ci∈A, i=1,m

∆c1c2...cm, ∆′
c1c2...cm = ∆c1c2...cm ∩ Cr.

The set Cr is a Cantor-like set, whose properties are stated below.
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Theorem 2. The set Cr of incomplete sums of the series (1) is
1) a nowhere dense set;
2) a perfect set;
3) a set of zero Lebesgue measure λ;
4) a set of zero Hausdorff–Besicovitch dimension, i.e., α0(Cr) = 0.

Proof. 1. Property 1 is evident. It follows from Lemma 1, namely from
properties 6, 4, and 2.

2. Let x be a limit point of the set Cr. Then for any k ∈ N there exists a
cylindrical interval ∆a1(x)a2(x)...ak(x) =: ∆k(x) of rank k such that x ∈ ∆k(x).
If this is not the case we would deduce that x belongs to an interval adjacent
to Cr and there would exist ε > 0 such that (x− ε, x+ ε) ∩ Cr = ∅, which is

impossible because x is a limit point of Cr. Then the intersection
∞⋂
k=1

∆k(x)

contains a unique point, which belongs to Cr and coincides with x. So, Cr is
a closed set.

Let us now assume that Cr has isolated points and x = ∆a1a2...ak... is one
of them. Then there exists ε > 0 such that

(5) (x− ε, x+ ε) ∩ [Cr \ {x}] = ∅.
Let us choose k sufficiently large for |∆a1a2...ak

| < ε. Then ∆a1a2...ak
⊂ (x −

ε, x + ε) and x 6= x′ = ∆a1a2...ak(1−ak+1)ak+2ak+3... ∈ (x − ε, x + ε) ∩ Cr, thus
contradicting (5). So, Cr is a closed set without isolated points, i.e., it is a
perfect set.

3. It follows from Lemma 1 (namely, from properties 2 and 6) that

λ(Cr) = lim
m→∞

2m
(

1
q1q2 . . . qm

∞∑
i=1

1
qm+1qm+2 . . . qm+i

)
≤

≤ lim
m→∞

2m

q1q2 . . . qm
= lim

m→∞

(
2
q1
· 2
q2
· . . . · 2

qm

)
= 0.

So, λ(Cr) = 0.
4. Let Hα(·) be the Hausdorff measure and let Hα

ε (·) be the Hausdorff
premeasure (see, e.g., [10, p. 27]). The family of all cylindrical intervals of
rank m forms an εm-covering of Cr with εm = 1

q1q2...qm
. It is clear that

Hα
εm

(Cr) ≤ 2m
(

1
q1q2 . . . qm

∞∑
i=1

1
qm+1qm+2 . . . qm+i

)α
≤

≤ 2
qα1

· 2
qα2

· . . . · 2
qαm

→ 0 (m→∞)

for any α > 0. So, Hα(Cr) = 0 for any α > 0 and, therefore, the Hausdorff–
Besicovitch dimension of Cr is equal to 0. �
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The uniformity of the above properties of sets Cr (and their indepen-
dence of the choice of r) is “relatively unexpected” because, for instance, for
the “binary series”

∑
i∈M⊂N

2−i properties of sets of incomplete sums can differ

essentially (in the topological sense as well as in the sense of the Lebesgue
measure and the Hausdorff–Besicovitch dimension). On the other hand, such
a uniformity is, in some sense, natural because of a rather high rate of con-
vergence of the first Ostrogradsky series, which plays an important role in
Diophantine approximation and in the metric theory of the corresponding ex-
pansion (see, e.g., [1]).

3. THE FAMILY OF SETS OF INCOMPLETE SUMS
OF ALL OSTROGRADSKY SERIES

As mentioned in Theorem 1, the sum of any infinite Ostrogradsky series is
an irrational number from [0, 1]. Any irrational number r ∈ [0, 1] uniquely de-
termines an infinite first Ostrogradsky series O1(q1, q2, . . . , qk, . . . ), qk = qk(r).
This series generates the set of its incomplete sums Cr, which is a compact
anomalously fractal set (i.e., a continuum set of zero Hausdorff–Besicovitch
dimension) with

inf Cr = −br = −
∞∑
i=1

1
q1q2 . . . q2i

, supCr = dr =
∞∑
i=1

1
q1q2 . . . q2i−1

.

So, there exists a natural one-to-one correspondence between the set I of all
irrational numbers from [0, 1] and the set of all Ostrogradsky series, hence a
one-to-one correspondence between the set I and the family

G = {Cr : r ∈ I}

of sets of incomplete sums.
Since qk+1 > qk, it is evident that

inf {−br : r∈I} = −
∞∑
i=1

1
(2i)!

=: −b0, sup {dr : r∈I} =
∞∑
i=1

1
(2i− 1)!

=: d0.

Moreover, for r0 = O1(q1, q2, . . . , qk, . . . ) with qk = k, we have inf Cr0 = −b0,
supCr0 = d0. So, Cr ⊂ [−b0, d0] for any r ∈ I.

Let K be the family of all compact subsets of [−b0, d0] and let ρH be the
Hausdorff metric on K, i.e., for any A,B ∈ K,

ρH(A,B) = inf {ε : Aε ⊃ B, Bε ⊃ A} ,

where
Eε =

{
x : x ∈ R1, ρ(x,E) = inf {|x− y| : y ∈ E} < ε

}
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is an ε-neighbourhood of the set E.
It is well known [8, p. 67] that (K, ρH) is a complete metric space. So,

the Ostrogradsky series determine the continuum family G of compact anoma-
lously fractal subsets and G is a subspace of K.

Theorem 3. The family G of sets of incomplete sums of all first Ostro-
gradsky series is a nowhere dense set in the metric space (K, ρH) of all compact
subsets of [−b0, d0] with Hausdorff metric.

Proof. Let r =
∞∑
k=1

(−1)k−1

q1q2...qk
be an irrational number, and let Cr be the

corresponding perfect nowhere dense set from the family G. For any ε > 0,
let us choose a positive integer n = n(ε) such that

∞∑
k=1

1
q1q2 . . . qn . . . qn+k

<
ε

2

(it is sufficient to choose n such that
∞∑
k=1

1
(n+k)! <

ε
2 , because qk ≥ k).

By Lemma 1 (property 2), the length of any of the 2n cylindrical intervals
of rank n is less than ε

2 .
Let us order cylindrical intervals of rank n, and let us choose the set

Vn =
{
v

(n)
1 , v

(n)
2 , . . . , v

(n)
2n

}
such that v(n)

k belongs to the kth cylindrical interval
of rank n and v(n)

k 6= 0 for any k = 1, 2, . . . , 2n. Let

δ
(n)
0 = ρ(0, Vn) = min

k
{v(n)
k } > 0, δ(n) = min

{
δ
(n)
0 ,

ε

2

}
.

The set Vn belongs to the ε-neighbourhood of the set Cr, since the dis-
tances between a point v(n)

k and the endpoints of the corresponding cylin-
drical intervals are less than ε

2 . On the other hand, Cr belongs to the ε-
neighbourhood of the set Vn since the corresponding cylindrical interval be-
longs to the ε-neighbourhood of the point v(n)

k . Therefore, ρH(Cr, Vn) < ε,
hence in the metric space K the point Vn belongs to the open ball with the
centre Cr and radius ε.

Now, let us consider the ball OR(Vn) in (K, ρH) centered at the point
Vn and radius R = δ(n)

3 . Let us show that it does not contain any point from
G. Suppose, contrary to our claim, that there exists an irrational number
u ∈ [0, 1] such that the corresponding point Cu ∈ OR(Vn), i.e.,

ρH(Cu, Vn) ≤
δ(n)

3
⇔ inf {ε : (Cu)ε ⊃ Vn, (Vn)ε ⊃ Cu} ≤

δ(n)

3
.

In particular, the condition (Vn) δ(n)

2

⊃ Cu should hold, i.e., all points of the set

Cu must belong to the δ(n)

2 -neighbourhood of the set Vn, which is impossible,
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because 0 ∈ Cu and ρ(Vn, 0) = δ
(n)
0 ≥ δ(n) > δ(n)

2 . Therefore, OR(Vn)∩G = ∅.
So, for any irrational number r ∈ [0, 1] and for any positive ε in the metric
space (K, ρH) the ball Oε(Cr) contains a point Vn having the neighbourhood
O δ(n)

3

(Vn) which does not contain points from G. Therefore, G is a nowhere

dense subset of the metric space (K, ρH). �

It is clear that for any compact subset E ⊂ [−b0, d0] there exists a proba-
bility measure µE whose spectrum coincides with E. On the other hand, any
set Cr is the spectrum of an infinite Bernoulli convolution defined by (6). So,
the latter theorem reflects a “massivity” of the family of Bernoulli convolu-
tions generated by the first Ostrogradsky series in the family of all probability
distributions on [−b0, d0].

4. PROBABILITY DISTRIBUTIONS
ON THE SET OF INCOMPLETE SUMS

OF A GIVEN OSTROGRADSKY SERIES

Let O1(q1, q2, . . . , qk, . . . ) be any fixed first Ostrogradsky series. Let us
consider the random variable

(6) ψ =
∞∑
k=1

(−1)k−1εk
q1q2 . . . qk

,

where {εk} is a sequence of independent random variables taking the values 0
and 1 with probabilities p0k and p1k, respectively (p0k + p1k = 1).

According to the Jessen–Wintner theorem [14], the random variable ψ
is of pure type, i.e., it is either discrete, absolutely continuous or singular
continuous (with respect to Lebesgue measure).

The following proposition follows directly from the P. Lévy theorem [16]
and gives necessary and sufficient conditions for the discreteness (and so, for
the continuity) of ψ.

Theorem 4. The random variable ψ has a discrete distribution if and
only if

Pmax =
∞∏
k=1

max{p0k, p1k} > 0.

Corollary 1. The random variable ψ has a continuous distribution if
and only if Pmax = 0.

In the sequel we shall be interested in continuous distributions only.
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The spectrum (topological support) Sζ of the distribution of a random
variable ζ is the minimal closed support of ζ, which coincides with the set

{x : P{ζ ∈ (x−ε, x+ε)}>0 ∀ ε>0} = {x : Fζ(x+ε)− Fζ(x−ε)>0 ∀ ε > 0},
where Fζ is the distribution function of the random variable ζ.

Lemma 2. The spectrum (topological support) of the distribution ψ is
the set

E = {x : x = ∆a1a2...ak..., pakk > 0 ∀ k ∈ N}
which is a subset of the set of incomplete sums of series (1).

Proof. Let us first show that E ⊂ Sψ. Let ∆a1a2...ak... = x ∈ E. Then

P {ψ ∈ ∆a1a2...ak
} =

k∏
i=1

paii > 0

for any k ∈ N. Let ε be any positive number. It follows from Lemma 1
(property 2) that there exists a positive integer k such that

∆a1a2...ak
⊂ (x− ε, x+ ε).

Therefore,
P {ψ ∈ (x− ε, x+ ε)} ≥ P {ψ ∈ ∆a1a2...ak

} > 0,
i.e., x ∈ Sψ and E ⊂ Sψ.

Next, let us show that Sψ ⊂ E. Let x ∈ Sψ, i.e.,

(7) P {ψ ∈ (x− ε, x+ ε)} > 0 ∀ ε > 0.

Let us assume that there exists a positive integer k such that pakk = 0, where
∆a1a2...ak... = x. Then

P {ψ ∈ ∆a1a2...ak
} =

k∏
i=1

paii = 0.

Let us consider two mutually exclusive cases:
1) there exists ε > 0 such that (x− ε, x+ ε) ⊂ ∆a1a2...ak

;
2) (x− ε, x+ ε) 6⊂ ∆a1a2...ak

for any ε > 0.
In the first case,

P {ψ ∈ (x− ε, x+ ε)} ≤ P {ψ ∈ ∆a1a2...ak
} = 0,

which is impossible by (7).
In the second case, x must be a one-sided limit point of the set Cr.

Without loss of generality, let us assume that x is a left-sided limit point. Then
there exists ε > 0 such that (x− ε, x) ⊂ ∆a1a2...ak

and P {ψ ∈ (x, x+ ε)} = 0.
In this case,

P {ψ ∈ (x− ε, x+ ε)} = P {ψ ∈ (x− ε, x)} ≤ P {ψ ∈ ∆a1a2...ak
} = 0,
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which contradicts condition (7).
These contradictions prove that pakk > 0 for any k ∈ N, i.e., x ∈ E. So,

Sψ = E, which proves the lemma. �

Theorem 5. If Pmax = 0 then ψ has a singular distribution of the Cantor
type with an anomalously fractal spectrum (topological support).

Proof. If Pmax = 0 then ψ has a continuous distribution, by Corollary 1
after Theorem 4. Since the Hausdorff–Besicovitch dimension α0(Cr) = 0 and
Sψ ⊂ Cr, the topological support Sψ is an anomalously fractal set. Since the
Lebesgue measure λ(Cr) = 0, we have λ(Sψ) = 0. So, ψ has a distribution of
the Cantor type. �

It is clear that to define the distribution function Fψ of the random
variable ψ, it is sufficient to define it at the points of the topological sup-
port Sψ of the distribution, since it is defined by continuity and monotoni-
city at the remaining points: if x /∈ Sψ then Fψ(x) = Fψ(x1), where x1 =
sup {u : u < x, u ∈ Sψ}.

Lemma 3. At a point ∆a1a2...ak... = x ∈ Sψ the distribution function Fψ
of the random incomplete sum (6) has the value

(8) Fψ(x) = βa11 +
∞∑
k=2

(
βakk

k−1∏
j=1

pajj

)
,

where

βakk =

{
akp0k if k is odd,
(1− ak)p1k if k is even.

Proof. The event {ψ < x} can be represented as

{ψ < x} = {ε1 < a1} ∪ {ε1 = a1, ε2 > a2} ∪ {ε1 = a1, ε2 = a2, ε3 < a3} ∪ · · ·
· · · ∪ {ε1 = a1, ε2 = a2, . . . , εk−1 = ak−1, εk ∨ ak} ∪ · · · ,

where

∨ =

{
< if k is odd,
> if k is even.

Then

P {ψ < x} = P {ε1 < a1}+ P {ε1 = a1, ε2 > a2}+

+P {ε1 = a1, ε2 = a2, ε3 < a3}+ · · ·
· · ·+ P {ε1 = a1, ε2 = a2, . . . , εk−1 = ak−1, εk ∨ ak}+ · · · .
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It follows from the independence of the εi that

P {ε1 = a1, ε2 = a2, . . . , εk−1 = ak−1, εk ∨ ak} =

=
(k−1∏
j=1

P {εj = aj}
)
· P {εk ∨ ak} = βakk

k−1∏
j=1

pajj .

Since ψ is a continuous random variable, Fψ(x) = P {ψ < x} is of the form
(8). �

5. THE FOURIER–STIELTJES COEFFICIENTS AND
THE CHARACTERISTIC FUNCTION OF THE RANDOM
INCOMPLETE SUM OF THE OSTROGRADSKY SERIES

WITH INDEPENDENT TERMS

Let us consider the characteristic function fζ(t) of a random variable ζ,
i.e.,

fζ(t) = E
(
eitζ
)
.

The theory of characteristic functions is convenient for the investigation of the
structure and properties of distributions of real-valued random variables. For
a given random variable ζ one can define

Lζ = lim sup
|t|→∞

|fζ(t)| .

It is well known [17, p. 28] that Lζ = 1 for any discretely distributed random
variable ζ, and Lζ = 0 for the case of absolute continuity of the distribution
of ζ. For a singularly continuously distributed random variable ζ the value
Lζ can be equal to any number from [0, 1], i.e., for any β ∈ [0, 1] there exists
a singularly distributed random variable ζβ such that Lζβ = β. Let us study
the asymptotic behaviour at infinity of the absolute value of the characteristic
function of the random variable ψ.

Lemma 4. The characteristic function of the random variable ψ defined
by (6) is of the form

(9) fψ(t) =
∞∏
k=1

fk(t) with fk(t) = p0k + p1k exp
(−1)k−1it
q1q2 . . . qk

,

and its absolute value is of the form

|fψ(t)| =
∞∏
k=1

|fk(t)| , where |fk(t)| =
√

1− 4p0kp1k sin2 t

2q1q2 . . . qk
.
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Proof. By the definition of a characteristic function and properties of
expectations, we have

fψ(t) = E
(
eitψ
)

= E

(
exp

(
it

∞∑
k=1

(−1)k−1εk
q1q2 . . . qk

))
=

= E

(
exp

itε1
q1

· exp
−itε2
q1q2

· . . . · exp
(−1)k−1itεk
q1q2 . . . qk

· . . .
)

=

=
∞∏
k=1

E

(
exp

(−1)k−1itεk
q1q2 . . . qk

)
=

∞∏
k=1

(
p0k + p1k exp

(−1)k−1it
q1q2 . . . qk

)
=

=
∞∏
k=1

[(
p0k + p1k cos

(−1)k−1t

q1q2 . . . qk

)
+ ip1k sin

(−1)k−1t

q1q2 . . . qk

]
=

∞∏
k=1

fk(t),

and

|fk(t)| =
√
p2
0k + 2p0kp1k cos

t

q1q2 . . . qk
+ p2

1k =
√

1− 4p0kp1k sin2 t

2q1q2 . . . qk
,

which proves the lemma. �

Theorem 6. For any increasing sequence {qn} we have

Lψ = lim sup
|t|→∞

|fψ(t)| = 1.

Proof. Let us consider the sequence tn = 2πq1q2 . . . qn, and let us estimate

|fψ(t)| =
∞∏
k=1

√
1− 4p0kp1k sin2 t

2q1q2 . . . qk
≥

≥
∞∏
k=1

√
1− sin2 t

2q1q2 . . . qk
=

∞∏
k=1

∣∣∣∣cos
t

2q1q2 . . . qk

∣∣∣∣ .
It is clear that

Lψ ≥ lim
n→∞

|fψ(tn)| = lim
n→∞

∞∏
k=1

|fk(tn)| ≥ lim
n→∞

∞∏
k=1

∣∣∣∣cos
tn

2q1q2 . . . qk

∣∣∣∣ .
We have ∣∣∣∣cos

tn
2q1q2 . . . qk

∣∣∣∣ =
{

1 if k ≤ n,

cos π
qn+1qn+2...qk

if k > n.

So,
∞∏
k=1

|fk(tn)| ≥
∞∏

k=n+1

cos
π

qn+1qn+2 . . . qk
.
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But, for k > n,

cos
π

qn+1qn+2 . . . qk
≥ cos

πn!
k!

=1−2 sin2 πn!
2k!

> 1−2
(
πn!
2k!

)2

=1−
(
πn!√
2k!

)2

.

Then
∞∏

k=n+1

cos
π

qn+1qn+2 . . . qk
≥

∞∏
k=n+1

(
1−

(
πn!√
2k!

)2
)
.

Since the series
∞∑

k=n+1

(
πn!√
2k!

)2

converges, the latter infinite product also converges to some positive constant,
so that

∞∏
k=m

cos
π

qn+1qn+2 . . . qk
→ 1 as m→∞.

Therefore,

lim
n→∞

∞∏
k=n+1

cos
π

qn+1qn+2 . . . qk
= lim

m→∞

∞∏
k=m

cos
π

qn+1qn+2 . . . qk
= 1,

hence Lψ = 1. �

So, the distribution of ψ is “similar” to a discrete one (it is supported by
a set of zero Hausdorff–Besicovitch dimension and Lψ = 1).

Moreover, even for the case p0k = p1k = 1
2 for any a ∈ [0, 1] we can

construct a sequence tn(a) → ∞ such that lim
n→∞

|fψ(tn(a))| = a. Asymptotic
properties of the corresponding Fourier–Stieltjes coefficients are also studied
in this section.

Theorem 7. Let fψ(t) be the characteristic function of the random varia-
ble ψ and let εk be independent identically distributed random variables with
p0k = p1k = 1

2 . For any number a ∈ [0, 1] there exists a sequence tn(a) → ∞
as n→∞ such that

lim
n→∞

|fψ(tn(a))| = a.

Proof. It follows from the proof of Theorem 6 that

|fψ(t)| =
∞∏
k=1

∣∣∣∣cos
t

2q1q2 . . . qk

∣∣∣∣ .
For a given number a let A = arccos a ∈

[
0, π2

]
. For each n ∈ N, let sn(a)

be the unique non-negative integer for which

0 ≤ πsn(a)
qn+1

≤ A <
π(sn(a) + 1)

qn+1
.
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The sequence
{
πsn(a)
qn+1

}
converges to A.

Let us consider the sequence of real numbers tn(a) = 2πq1q2 . . . qnsn(a).
Then

|fψ(tn(a))| =
∞∏
k=1

∣∣∣∣cos
2πq1q2 . . . qnsn(a)

2q1q2 . . . qk

∣∣∣∣ =
= 1 · 1 · . . . · 1︸ ︷︷ ︸

n

· cos
πsn(a)
qn+1

·
∞∏
m=2

cos
πsn(a)

qn+1qn+2 . . . qn+m
.

Since

lim
n→∞

cos
πsn(a)
qn+1

= a and lim
n→∞

∞∏
m=2

cos
πsn(a)

qn+1qn+2 . . . qn+m
= 1,

we have
lim
n→∞

|fψ(tn(a))| = a. �

It follows from the well known Fisher–Riesz theorem (see, e.g., [13,
p. 107]) that for a singular continuous distribution with distribution function
F (x) the condition

∞∑
m=1

c2m = ∞,

holds, where cm are the Fourier–Stieltjes coefficients of F (x), i.e.,

cm =
∫ ∞

−∞
e2πmixdF (x).

Nevertheless, for some classes of singular measures, cm can tend to 0, as for
absolutely continuous distributions.

Theorem 8. The Fourier–Stieltjes coefficients of the distribution func-
tion of the random variable ψ defined by (6) are of the form

(10) cm =
∞∏
k=1

(
p0k + p1k exp

(−1)k−12πmi
q1q2 . . . qk

)
and they do not converge to 0 as m→∞. Moreover,

(11) L̃ψ = lim sup
m→∞

|cm| = 1.

Proof. Equation (10) follows from (9) and from cm = fψ(2πm). Then

|cm| =
∞∏
k=1

|fk(2πm)| , where |fk(2πm)| =
√

1− 4p0kp1k sin2 πm

q1q2 . . . qk
.
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The proof of (11) is similar to the proof of the fact that Lψ = 1 in
Theorem 6. Choosing the sequence mn = q1q2 . . . qn, we have

L̃ψ ≥ lim
n→∞

|cmn | ≥ lim
n→∞

∞∏
k=1

∣∣∣∣cos
πmn

q1q2 . . . qk

∣∣∣∣ = 1.

Since L̃ψ ≤ 1, we have L̃ψ = 1, which proves the theorem. �

6. FRACTAL PROPERTIES OF THE DISTRIBUTION
OF THE RANDOM VARIABLE ψ

The investigation of fractal properties of the spectrum (topological sup-
port) Sη of a given random variable η is the first step of the multilevel fractal
analysis of the corresponding probability measure (see, e.g., [36] for details).
Since Sη is the minimal closed support of η, the Hausdorff–Besicovitch di-
mension α0(Sη) gives us rather “rough external” information about η. For
instance, for any closed set E there exists a discretely distributed random
variable η such that Sη = E. So, α0(Sη) > 0 does not imply the continuity
of η. The topological support does not reflect essential properties even for
Cantor-like singular distributions. For instance, the classical one-third Cantor
set is the topological support of the random variable

η1 =
∞∑
k=1

ξk
3k
,

where ξk are independent identically distributed random variables taking va-
lues 0 and 2 with probabilities 1

2 and 1
2 , as well as for the random variable

η2 =
∞∑
k=1

ξ′k
3k
,

where ξ′k are independent identically distributed random variables taking val-
ues 0 and 2 with probabilities 1

3 and 2
3 . On the other hand, it follows from

the Kakutani theorem [15] that the distributions of η1 and η2 are mutually
singular.

Another fractal characteristic of a given probability distribution η is the
Hausdorff dimension of itself, which can be introduced as

α0(η) = inf
E∈Bη

{α0(E), E ∈ B},

where B is the σ-algebra of Borel subsets of the real line, Bη is the class of all
possible “supports” of the random variable η, i.e.,

Bη = {E : E ∈ B, Pη(E) = 1}.



21 Incomplete sums of the first Ostrogradsky series 105

The Hausdorff dimension of a given random variable gives us richer information
about its distribution. In particular, α0(η) = 0 for any discrete distribution
η. If η has an absolutely continuous distribution then, obviously, α0(η) = 1.
For a singularly distributed random variable η, the number α0(η) can be any
real number from the unit interval.

It is clear that
α0(η) ≤ α0(Sη).

Let us thus consider the Hausdorff dimension of the random variable ψ
defined by (6). Since α0(Sψ) = 0, we have α0(ψ) = 0. In such a case the
classical Hausdorff–Besicovitch dimension does not reflect the difference be-
tween the topological support and essential supports (see, e.g., [36]) of the
distribution. To stress this difference we shall use a generalization of the
Hausdorff–Besicovitch dimension – the so-called Hausdorff–Billingsley dimen-
sion.

Let us define some notions we shall use in the sequel. Let M be a fixed
bounded subset of the real line. A family ΦM of intervals is said to be a fine
covering family for M if for any subset E ⊂M , and for any ε > 0 there exists
an at most countable ε-covering {Ej} of E, Ej ∈ ΦM , i.e., ∀E ⊂ M , ∀ε > 0
∃ {Ej} (Ej ∈ ΦM , |Ej | ≤ ε): E ⊂

⋃
j
Ej . A fine covering family ΦM is said to

be fractal if for the determination of the Hausdorff–Besicovitch dimension of
any subset E ⊂M it is enough to consider only coverings from ΦM .

For a given bounded subset M of the real line, let ΦM be a fine covering
family for M , let α be a positive number and let ν be a continuous probability
measure. The ν-α-Hausdorff–Billingsley measure of a subset E ⊂ M w.r.t.
ΦM is defined as

Hα(E, ν,ΦM ) = lim
ε→0

{
inf

ν(Ej)≤ε

∑
j

(ν(Ej))α
}
,

where Ej ∈ ΦM and
⋃
j
Ej ⊃ E.

Definition. The number αν(E,ΦM ) = inf{α : Hα(E, ν,ΦM ) = 0} is
called the Hausdorff–Billingsley dimension of the set E with respect to the
measure ν and the family of coverings ΦM .

Remark. 1) If ΦM is the family of all closed subintervals of the mini-
mal closed interval [a, b] containing M , then for any E ⊂ M the number
αν(E,ΦM ) coincides with the classical Hausdorff–Billingsley dimension αν(E)
of the subset E w.r.t. the measure ν.

2) If M = [0, 1], ν is the Lebesgue measure on [0, 1] and ΦM is a fractal
family of coverings, then for any E ⊂ M the number αν(E,ΦM ) coincides
with the classical Hausdorff–Besicovitch dimension α0(E) of the subset E.
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Let Φν
M be the image of a fine covering family under the distribution

function of a probability measure ν, i.e., Φν
M = {E′ : E′ = Fν(E), E ∈ ΦM}.

Lemma 5. A fine covering family ΦM can be used for the equivalent
definition of the Hausdorff–Billingsley dimension of any subset E ⊂M w.r.t.
a measure ν if and only if the covering family Φν

M can be used for the equivalent
definition of the classical Hausdorff–Besicovitch dimension of any subset E′ =
Fν(E), E ⊂M , that is, αν(E,ΦM ) = αν(E) for any E ⊂M if and only if the
covering family Φν

M is fractal.

Proof. Because of the countable stability of the above mentioned dimen-
sions, we may assume without loss of generality that the set M is bounded.
Let Φ be the family of all closed subintervals of the minimal closed interval
[a, b] containing M and let ΦM be a fine covering family. Since ν(Ej) = |E′

j |
and

⋃
j
E′
j ⊃ E′, we have

Hα(E, ν,ΦM ) = lim
ε→0

{
inf

ν(Ej)≤ε

∑
j

(ν(Ej))α
}

=

= lim
ε→0

{
inf

|E′
j |≤ε

∑
j

|E′
j |α
}

= Hα(E′,Φν
M ).

Therefore,
αν(E,ΦM ) = α0(E′,Φν

M ).
The family Φν = Fν(Φ) coincides with the family of all closed subintervals

of [a′, b′] ⊃M ′. Therefore,

Hα(E, ν) = Hα(E, ν,Φ) = Hα(E′,Φν),

and
αν(E) = αν(E,Φ) = α0(E′,Φν)α0(E′).

If the family Φν
M is fractal, then αν(E,ΦM ) = α0(E′,Φν

M ) = α0(E′) =
αν(E).

If the family Φν
M is not fractal, then there exists a subset E′ ⊂M ′ such

that α0(E′) < α0(E′,Φν
M ). In such a case we have

αν(E) = α0(E′) < α0(E′,Φν
M ) = αν(E,ΦM ),

which proves the lemma. �

Similarly to the above mentioned definition of the Hausdorff dimension
of η, we introduce the following notion.

Definition. The number

αν(η) = inf
E∈Bη

{αν(E), E ∈ B}
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is said to be the Hausdorff–Billingsley dimension of the random variable η
with respect to the measure ν, where B is the σ-algebra of Borel subsets of the
real line, Bη is the class of all possible “supports” of the random variable η.

To stress the difference between the topological support and essential
supports of the distribution of the above mentioned random variable ψ, we
shall use the Hausdorff–Billingsley dimension with respect to the measure ν∗,
where ν∗ is the probability measure that is “uniformly distributed” on the set
of incomplete sums, i.e., ν∗ is the probability measure corresponding to the
random variable

ψ∗ =
∞∑
k=1

(−1)k−1ε∗k
q1q2 . . . qk

,

where ε∗k are independent identically distributed random variables taking the
values 0 and 1 with probabilities p0k = 1

2 and p1k = 1
2 , respectively.

Theorem 9. Let hn = −(p0n ln p0n + p1n ln p1n) be the entropy of the
random variable εn and let Hn = h1 + h2 + · · · + hn. Then the Hausdorff–
Billingsley dimension of the distribution of the random variable ψ with respect
to the measure ν∗ is equal to

αν∗(ψ) = lim inf
n→∞

Hn

n ln 2
.

Proof. Let M ≡ Cr with r =
∞∑
k=1

(−1)k−1

q1q2...qk
, and let ΦM be the family of the

above mentioned cylindrical intervals (see Section 2), i.e., ΦM = {∆c1c2...ck ,

k ∈ N} and Cr =
∞⋂
k=1

⋃
ci∈{0,1}

∆c1c2...ck . Since ν∗(∆c1c2...ck) = 2−k, the image

Φν∗
M = Fν∗(ΦM ) coincides with the fractal fine covering family consisting of

binary closed subintervals of [0, 1]. So, it follows from Lemma 5 that for the
determination of the Hausdorff–Billingsley dimension of an arbitrary subset
of Cr ⊃ Sψ w.r.t. ν∗ it is enough to consider only coverings consisting of
cylindrical intervals.

Let ν be the probability measure corresponding to the random variable
ψ, and let ∆n(x) = ∆c1(x)c2(x)...cn(x) be a cylindrical interval of nth rank
containing a point x. Then we have

ν(∆n(x)) = pc1(x)1 · pc2(x)2 · . . . · pcn(x)n, ν∗(∆n(x)) =
1
2n
.

Let us consider the quantity

ln ν(∆n(x))
ln ν∗(∆n(x))

=

n∑
j=1

ln pcj(x)j

−n ln 2
.
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If x = ∆c1(x)c2(x)...cn(x)... is chosen at random such that P{cj(x) = i} = pij (i.e.,
the distribution of the random variable x corresponds to the measure ν), then
{ηj} = {ηj(x)} = {ln pcj(x)j} is a sequence of independent random variables
taking the values ln p0j and ln p1j with probabilities p0j and p1j , respectively.
Hence

E(ηj) = p0j ln p0j + p1j ln p1j = −hj , hj ≤ ln 2,

E(η2
j ) = p0j ln2 p0j + p1j ln2 p1j ≤ c0 <∞,

and the constant c0 does not depend on j. For instance, one can choose
c0 = 4

e2
. By the strong law of large numbers (Kolmogorov’s theorem, see, e.g.,

[33, Ch. III. 3.2]), for ν-almost all points x ∈ Cr we have

lim
n→∞

(η1(x) + η2(x) + · · ·+ ηn(x))− E(η1(x) + η2(x) + · · ·+ ηn(x))
n

= 0.

Remark that E(η1 + η2 + · · ·+ ηn) = −Hn.
Let us consider the set

A =
{
x : lim

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

−n ln 2
− Hn

n ln 2

)
= 0
}

=

=
{
x : lim

n→∞

(η1(x)+η2(x)+ · · ·+ ηn(x))−E(η1(x)+η2(x)+ · · ·+ηn(x))
−n ln 2

= 0
}
.

Since ν(A) = 1, we have αν(A) = 1 and, therefore, αν(A,ΦM ) = 1.
Let us consider the sets

A1 =
{
x : lim inf

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

−n ln 2
− Hn

n ln 2

)
= 0
}

;

A2 =
{
x : lim inf

n→∞

η1(x) + η2(x) + · · ·+ ηn(x)
−n ln 2

≤ lim inf
n→∞

Hn

n ln 2

}
=

=
{
x : lim inf

n→∞

ln ν(∆n(x))
ln ν∗(∆n(x))

≤ lim inf
n→∞

Hn

n ln 2

}
;

A3 =
{
x : lim inf

n→∞

η1(x) + η2(x) + · · ·+ ηn(x)
−n ln 2

≥ lim inf
n→∞

Hn

n ln 2

}
=

=
{
x : lim inf

n→∞

ln ν(∆n(x))
ln ν∗(∆n(x))

≥ lim inf
n→∞

Hn

n ln 2

}
.

It is obvious that A ⊂ A1. We now prove the inclusions A1 ⊂ A3 and A ⊂ A2.
To this end we use the well-known inequality

lim inf
n→∞

(xn − yn) ≤ lim inf
n→∞

xn − lim inf
n→∞

yn
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holding for arbitrary sequences {xn} and {yn} of real numbers. If x ∈ A1 then

lim inf
n→∞

η1(x) + η2(x) + · · ·+ ηn(x)
−n ln 2

− lim inf
n→∞

Hn

n ln 2
≥

≥ lim inf
n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

−n ln 2
− Hn

n ln 2

)
= 0.

So, x ∈ A3. If x ∈ A then

lim inf
n→∞

Hn

n ln 2
− lim inf

n→∞

η1(x) + η2(x) + · · ·+ ηn(x)
−n ln 2

≥

≥ lim inf
n→∞

(
Hn

n ln 2
− η1(x) + η2(x) + · · ·+ ηn(x)

−n ln 2

)
= 0.

So, x ∈ A2.
Let D = lim inf

n→∞
Hn
n ln 2 . Since A ⊂ A2 =

{
x : lim inf

n→∞
ln ν(∆n(x))
ln ν∗(∆n(x)) ≤ D

}
,

we have
αν∗(A,ΦM ) ≤ D.

Since A ⊂ A3 =
{
x : lim inf

n→∞
ln ν(∆n(x))
ln ν∗(∆n(x)) ≥ D

}
, we deduce that

αν∗(A,ΦM ) ≥ D · αν(A,ΦM ) = D

since αν(A,ΦM ) = 1. Therefore,

αν∗(A,ΦM ) = αν∗(A) = D.

We now prove that the above constructed set A is the “smallest” support
of the measure ν in the sense of the Hausdorff–Billingsley dimension w.r.t. ν∗.
Let C be an arbitrary support of the measure ν. It is easily seen that the set
C1 = C ∩ A also is a support of the same measure ν, and C1 ⊂ C. It follows
from C1 ⊂ A that αν∗(C1) ≤ D, and

C1 ⊂ A ⊂ A3 =
{
x : lim inf

n→∞

ln ν(∆n(x))
ln ν∗(∆n(x))

≥ D

}
.

Therefore,

αν∗(C1) = αν∗(C1,ΦM ) ≥ D · αν(C1,ΦM ) = D · 1 = D.

So, αν∗(C) ≥ αν∗(C1) = D = αν∗(A). �

Theorem 10. The Hausdorff–Billingsley dimension (with respect to the
measure ν∗) of the spectrum (topological support) Sψ of the random variable
ψ is equal to

αν∗(Sψ) = lim inf
k→∞

Nk

k
,

where Nk = #{j : j ≤ k, p0jp1j > 0}, i.e., Nk is the number of columns (in
the matrix ‖pij‖) without zero elements until the kth column.
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Proof. Let us consider an auxiliary probability measure ν̃ which corres-
ponds to the random variable

(12) ψ̃ =
∞∑
k=1

(−1)k−1ε̃k
q1q2 . . . qk

,

where ε̃k are independent random variables taking the values 0 and 1 with
probabilities p̃0k and p̃1k such that

p̃ik =


0 iff pik = 0,
1 iff pik = 1,
1
2 in all other cases.

Generally speaking, the random variables ψ and ψ̃ have different distribu-
tions, but their topological supports coincide. The measure ν̃ is “uniformly
distributed” on the topological supports of the initial measure. Therefore,

α0(ψ̃) = α0(Sψ̃) = α0(Sψ).

So, to determine the Hausdorff–Besicovitch dimension of the topological sup-
port of the initial measure w.r.t. the measure ν∗, it is enough to apply Theo-
rem 9 to the measure ν̃, taking into account that h̃k = 0, if p0kp1k = 0, and
h̃k = ln 2, if p0kp1k 6= 0. �

Corollary 2. If lim
k→∞

p0k = p0 > 0 then

αν∗(Sψ) = 1, αν∗(ψ) =
p0 ln p0 + p1 ln p1

ln 2
.

7. FRACTAL DIMENSION PRESERVATION

Let F be a distribution function and let µ = µF be the corresponding
probability measure with the topological support SF . Let µ̃ be the probability
measure which gives uniform distribution on SF .

We say that a distribution function F preserves the Hausdorff–Billingsley
dimension (w.r.t. µ̃) on a set A if the Hausdorff–Billingsley dimension αµ(E)
of any subset E ⊆ A is equal to the Hausdorff–Billingsley dimension αµ̃(E).

If the distribution function F strictly increases (i.e., the topological sup-
port SF is a closed interval), then the above definition reduces to the usual
definition of a transformation preserving the Hausdorff–Besicovitch dimension
(see, e.g., [2] for details).

Let ψ and ψ̃ be random variables defined by equations (6) and (12), and
let ν and ν̃ be the corresponding probability measures. It is easily seen that
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their topological supports coincide. If, in addition, pik > 0 for any i ∈ {0, 1}
and k ∈ N, then Sν̃ = Sν = Cr with r =

∞∑
k=1

(−1)k−1

q1q2...qk
.

Of course, the distribution function Fν does not preserve the classical
Hausdorff–Besicovitch dimension because α0(Sν) = 0 and α0(Fν(Sν)) = 1.
But Fν can preserve the Hausdorff–Billingsley dimension on its topological
support.

Theorem 11. If there exists a positive constant p0 such that pik >
p0, then the distribution function Fψ of the random variable ψ preserves the
Hausdorff–Billingsley dimension αν̃(·) on the topological support of ψ if and
only if

(13) lim inf
n→∞

Hn

n ln 2
= 1.

Proof. Necessity. Let N(ν) be the set of all possible “supports” of
the measure ν. Let αν̃(ν) = inf

E∈N(ν)
{αν̃(E)} be the Hausdorff–Billingsley

dimension of the measure ν w.r.t. the measure ν̃. It follows from Theo-
rem 9 that αν̃(ν) = lim inf

n→∞
Hn
n ln 2 with Hn = h1 + h2 + · · · + hn and hk =

−(p0k ln p0k + p1k ln p1k). If αν̃(ν) < 1 then there exists a set E ∈ N(ν) such
that αν̃(ν) ≤ αν̃(E) < 1. Since ν(E) = 1, we conclude that αν(E) = 1 6=
αν̃(E), which contradicts the assumption of the theorem.

Sufficiency. It is well known that hk ≤ ln 2 for any k ∈ N and the equality
holds if and only if p0k = p1k = 1

2 . Therefore, condition (13) is equivalent to
the existence of the limit

(14) lim
k→∞

h1 + h2 + · · ·+ hk
k ln 2

= 1.

Let ε < 1
3 be an arbitrary positive real number and let us consider the sets

M+
ε,k =

{
j : j ∈ N, j ≤ k,

∣∣p0j − 1
2

∣∣ ≤ ε
}
,

M−
ε,k = {1, 2, . . . , k} \M+

ε,k =
{
j : j ∈ N, j ≤ k,

∣∣p0j − 1
2

∣∣ > ε
}
.

It follows from hk ≤ ln 2 and condition (14) that

lim
k→∞

|M+
ε,k|
k

= 1, lim
k→∞

|M−
ε,k|
k

= 0.

Let ∆α1(x)...αk(x) be the k-rank cylindrical interval containing the point
x. For any x ∈ Sν we consider the limit

V (x) = lim
k→∞

ln ν(∆α1(x)...αk(x))
ln ν̃(∆α1(x)...αk(x))

.
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We shall show that pij > p0 and condition (13) imply that the above limit
exists and V (x) = 1 for any x ∈ Sν . We have

ln ν(∆α1(x)...αk(x))
ln ν̃(∆α1(x)...αk(x))

=
ln(pα1(x)1 · pα2(x)2 · . . . · pαk(x)k)

ln 2−k
=

=

∑
j∈M+

ε,k

ln pαj(x)j +
∑

j∈M−
ε,k

ln pαj(x)j

−k ln 2
.

If j ∈ M+
ε,k, then 1

2 − ε ≤ pαj(x)j ≤
1
2 + ε and, consequently, there exists a

number Cε,k ∈
[

1
2 − ε, 1

2 + ε
]

such that∑
j∈M+

ε,k

ln pαj(x)j = |M+
ε,k| · lnCε,k.

If j ∈ M−
ε,k then p0 ≤ pαj(x)j ≤ 1 − p0. Therefore, there exists a number

dε,k ∈ [p0, 1− p0] such that∑
j∈M−

ε,k

ln pαj(x)j = |M−
ε,k| · ln dε,k.

Let us consider the upper limit

V ∗(x) = lim sup
k→∞

ln ν(∆α1(x)...αk(x))
ln ν̃(∆α1(x)...αk(x))

=

= lim sup
k→∞

(
|M+

ε,k|
k

·
lnCε,k
− ln 2

+
|M−

ε,k|
k

·
ln dε,k
− ln 2

)
.

We have V ∗(x) ≤ ln( 1
2
−ε)

− ln 2 because
|M+

ε,k|
k → 1, 1

2−ε ≤ Cε,k ≤ 1
2 +ε,

|M−
ε,k|
k → 0,

p0 ≤ dε,k ≤ 1− p0. In the same manner we can show that

V∗(x) = lim inf
k→∞

ln ν(∆α1(x)...αk(x))
ln ν̃(∆α1(x)...αk(x))

≥
ln
(

1
2 + ε

)
− ln 2

, ∀x ∈ Sν , ∀ε ∈
(
0, 1

3

)
.

Therefore, V (x) = 1 for any x ∈ Sν and, by using Billingsley’s theorem [5],
we have

αν̃(E) = 1 · αν(E)
for all E ⊂ Sν , which proves the theorem. �

Corollary 3. If

lim
k→∞

p0k =
1
2

then the distribution function Fψ of the random variable ψ defined by (6)
preserves the Hausdorff–Billingsley dimension on the topological support of ψ.
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Ukrainian Math. J. 27 (1975), 1, 47–51.

Received 9 August 2008 Sergio Albeverio
Institut für Angewandte Mathematik, Universität Bonn

Wegelerstr. 6, D-53115 Bonn, Germany
SFB 611, Bonn, BiBoS, Bielefeld–Bonn

CERFIM, Locarno and Acc. Arch., USI, Switzerland
IZKS, Bonn

albeverio@uni-bonn.de

Oleksandr Baranovskyi
Institute for Mathematics of NASU

Tereshchenkivs’ka str. 3, 01601 Kyiv, Ukraine
National Pedagogical University

Pyrogova str. 9, 01030 Kyiv, Ukraine
baranovskyi@imath.kiev.ua

Mykola Pratsiovytyi
National Pedagogical University

Pyrogova str. 9, 01030 Kyiv, Ukraine
Institute for Mathematics of NASU

Tereshchenkivs’ka str. 3, 01601 Kyiv, Ukraine
prats4@yandex.ru

Grygoriy Torbin
Institut für Angewandte Mathematik, Universität Bonn

Wegelerstr. 6, D-53115 Bonn, Germany
National Pedagogical University

Pyrogova str. 9, 01030 Kyiv, Ukraine
Institute for Mathematics of NASU

Tereshchenkivs’ka str. 3, 01601 Kyiv, Ukraine
torbin@wiener.iam.uni-bonn.de (corresponding author)


