DANIELL AND RIEMANN INTEGRABILITY

ILEANA BUCUR

We introduce the notion of Riemann integrable function with respect to a Daniell
integral and prove the approximation theorem of such functions by a monotone se-
quence of Jordan simple functions. This is a generalization of the famous Lebesgue
criterion of Riemann integrability.
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1. PRELIMINARIES

We consider a linear vector space C' of real bounded functions over an
arbitrary set X, X # ¢, such that the constant real functions on X belong to
C and for any f,g € C the function fV g : X — R defined as (f V g)(x) =
max{f(z),g(x)} also belongs to C.

Obviously, for any f,g € C the function fAg (respectively |f|) defined as

(f A g)(@) = min{f(z),g(x)} (resp. |f[(z) = |f(z)])
belongs to C and we have fAg+ fVg=f+g, |fl=(=f)V [

Definition 1. A real linear map I : C' — R is called a Daniell integral
(or a Cauchy-Daniell integral) if it is increasing and monotone sequentially
continuous, i.e.,

(a) I (af +Bg) =al(f)+ BI(g) Va,B€R, Vf, g€ C;

(b) f,ge C, f<g=1I(f) <I(9);

(c) for any decreasing sequence ( f,),, of C such that inf { f,(z) | n € N} =
0 for any z € X we have i%fI(fn) = 0.

As is well known, there exists a real positive measure p on the o-algebra
B(C), generated by C (the coarsest o-algebra of sets on X for with respect
to which any function f € C' is a measurable real function on X), such that
we have

1= [ fau vrec.
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There are several steps of extension of the given functional I such that,
finally, any characteristic function 14 with A € B(C'), belongs to the domain
of the extension of I.

We recall briefly this procedure. First, we denote by C; (respectively, Cs),
the set of all functions ¢ : X — (—o00,00] (respectively, ¥ : X — [—00,0)),
for which there exists an increasing sequence (f,), (respectively decreasing
sequence (gp)n) in C, such that ¢ = sup fn= \/ fn (W 1nf gn = /\gn)

Using the property of a Danlell 1ntegral one can Show that the ele-
ment I(p) (respectively, I(¥) of (—oo,00] (respectively, [—oo,00)) defined as
I(p) = sup I(f,) (I(¥) = inf I(g,)) does not depend on the sequence (fp)n

n

n

(respectively, (gn)n) which increases to ¢ (respectively, decreases to W).

We notice the following facts:

(1) C; and Cs are convex cones, i.e., for any f, g in C; (respectively, Cs)
and for any o, 5 € R, > 0, B > 0, we have af + Bg € C; (respectively, Cs).

(2) for any f,g in C; (respectively, Cs) the functions f V g, f A g be-
long to C; (respectively, Cs). Moreover, for any increasing sequence of Cj,
its pointwise supremum belongs to C; while the pointwise infimum of a de-
creasing sequence of (s belongs to (. In fact, we have Cs; = —C(j, i.e.,
Cs={—p|leeC}lor C;={-¥|Ve (s}

(3) I(af +Bg) =ad(f)+ pI(g)Va, 3 € R} and f,g € C; (respectively,
fg9 €C).

(4) I(f) < I(g) if f < g and f,g € C; (respectively, f,g € Cs).
(5) supI(fn) =1 (sup fn) for any increasing sequence (f,), of C; and

n n

irﬁf I(f,)=1 (igf fn) for any decreasing sequence (fy,), of Cs.

(6) I(—f)=—I(f)VfeCorfeC.

For any function h : X — R, we denote by I*(h) (respectively, I.(h))
the element of R defined as I*(h) = inf {I(f) | f € C;, f > h} (respectively,
I.(h) = sup{I(g) | g€ Cs, g <h}). The assertion I,(h) < I*(h) does al-
ways hold.

These new extensions of I have the properties below:

(7) I* and I, are increasing, i.e., I*(f) < I*(g), respectively, I.(f) <
I.(g) whenever f < g;

(8) I*(h+g) < I*(h) + I*(g9), I. (h+g) > L.(h) + I.(g) whenever the
algebraic operations make sense;

(9) sup I"(fn) =1 *(sup fn) for any increasing sequence (f,), for which

() >

(10) 1nf I ( fn) = L (inf f,) for any decreasing sequence (f,), for which
n

) <

L (fi
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It can be shown that the set Li(I) defined as
Li(l) ={f: X = R| L(f) = I"(f) # foc}

is a real linear vector space of functions on X, such that
(11) CcC L1<I)7 f\/gv f/\g belong to LI(I) if fug € LI(I)7
(12) for any sequence (fy, ), of Li(I), dominated in Ly (1), i.e., | fn| < g for
all n € N for some function g € Li(I), we have sup f,, € L1(]), i%f fn € L1(I).
n

Moreover, if the above sequence is pointwise convergent to a function f,
then we have f € Li(I) and I*(f) = nlLIEOI*(fn),nlLII;OI*(|f — fal) =0.

If we denote by M the set of all subsets A of X such that the charac-
teristic function 15 of A belongs to Li(I), then M is a o-algebra on X, the
map p: M — Ry defined as p(A) = I* (14) = L. (1) is a measure on M,
any element f € Ly(I) is M-measurable and p-integrable. Moreover, we have
I*(f) = [ fdp and, in particular, the above equality holds for any f € C.

The elements of M are generally called Lebesque measurable (w.r. to I)
(or Daniell-measurable w.r. to I).

2. RIEMANN INTEGRABILITY
AND RIEMANN MEASURABILITY

In the sequel we develop a theory close to the Riemann theory of in-
tegration on the real line with respect to the Lebesgue measure on R. The
starting point is a pointwise vector lattice of real functions C' on a set X which
contains the real constant functions, and a Daniell integral I : C — R.

Definition 2.1. A real bounded function h : X — R is called Riemann
integrable with respect to I or, simply, Riemann integrable if we have
sup{I(f) | f € C, f' < f}=if{I(f") | f"€ C, f<f"}

We shall denote by R;i(I) the set of all Riemann integrable functions
f:X — R. For any f € Ry(I), denote

I(f) =sup{I(f) | f € C, f < [} =mf{I(f") | f"€ C, f< [}

PROPOSITION 2.2 (Darboux criterion). A function f : X — R is Riemann
integrable iff for any € > 0 there exist f', f" in C (or f', f"" € R1(I)) such that
fr<f<f"and I(f7") = I(f') <e.

Proof. The assertion follows directly from the above definition. [

PROPOSITION 2.3. a) The set Ri(I) is a pointwise vector lattice such that
C C Ri(I) C Li(I) and for any sequence (hy,),, from Ri(I) which decreases to
zero, i.e., Nhy =0, the sequence (I (hy)),, decreases to zero.
n
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b) If (hn),, is a sequence from Ri(I), uniformly convergent to a function
h, we have h € Ry(I) and lim I (h,) = I(h), lim I (|h, —h|) =0.

Proof. a) The inclusions C' C Ry(I) C Ly([I) follow from the definitions,
on account of the fact that C c C;, C C Cs.

Let h be an element of Ry(I) and for any € > 0 let f’, f” € C be such that
f'<h< f"and I(f"— f') < e. We consequently have f/V0O < hVv0 < f”VO0,
(f"VO)—=(f'vO) < f"—f I(f"VO)=I(f'VO)<I(f")—1I(f")<e. Since the
functions f/V0 and f”V0 belong to C', we deduce that the function h™ = hV0
belongs to Ry (I). Hence R;(I) is a pointwise lattice.

If the sequence (hy,)y from R;(I) decreases to zero, by the above pro-
perty (12) of the Daniell integral, we have nlLIlc’)loI (hn) = nangO I* (hy,) = 0.

Nevertheless, we can directly prove this property. For any € > 0 and for
any n € N choose f], fI! € C such that f], < h, < f/ and I (f]/ — f]) <e/2".
Consequently, for any natural integer k£ we have

k
k k k k
!/ " " / " /
Alfnﬁhkﬁn/z\lfn, n/z\lfn_n/z\lfngz:l(n_fn>’
n—=

n=

k 1 k !/ i 1 /
I <n/\1fn _n/\lfn) S;I(fn _fn) Se.

k
Since the sequence < /\1 f,’L) from C' decreases to zero <i%f hi = O>,
n= k
k
we have lim I( A f;) =0
k—oo n=1
k
On the other hand, the sequence < /\1 f,’{) from C decreases and hy <
n= k
k
> fl for any k € N. Therefore,

n=1
k 1 k / .
I(hk)§1</\1fn>§6+[</\1fn>, khm[(hk)ga.

The number ¢ > 0 being arbitrary, we get klim I (hg)=0.
—00

b) Let £ > 0 be arbitrary and let ng € N be such that |h, — h| < ¢ for
n > ng. We have h,, £¢ € R; and

hng —e <h<hp, +e, I(hp,+e)—1I(hn, —¢)=2cl(lx),

i.e., h € Ri(I). Moreover, from the above considerations we deduce the rela-
tions

I(|hn —h)) <el(1x), |I(hn)—I(h)| <I(Jhn—h|)<e, VYn>no,
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ie., lim I(|hy—h|) =0, lim I(hy)=I(h). O

Let us denote by R the set of subsets of X defined as R ={A| AC X,
1a € Ri(1)}.

We refer to an element of R as Jordan measurable with respect to I.
Obviously, we have R C M.

PROPOSITION 2.4. The set R is an algebra of subsets of X.

Proof. The assertion follows from the fact that Ry (7) is a pointwise vector
lattice using the equations 1q4yp =14V 15, 1X\A =1—-14, VA, BC X. [

THEOREM 2.5. If f : X — R is a bounded function, then the following
assertions are equivalent:

1) f is Riemann integrable w.r. to I.

2) There exists an increasing sequence of R-step functions which con-
verges uniformly to f.

3) There exists a decreasing sequence of R-step functions which converges
uniformly to f.

4) For any € > 0 there exists an R-partition

AE:(A17A27"'7A71)7 A’L € R7 UA’L:X7 AZmA] :(b Zf Z;é]
i=1
such that S (f,Ac) — s (f,A:) < e, where S(f,A.), respectively s (f, Ac), is
the upper, respectively the lower, Darboux sum associated with f and A..

Proof. The implications 2) = 4), 3) = 4) are obvious.
4) = 1). For any natural integer n, n # 0, we consider a partition
A, = (A1, Ag,y ..., Ag,) of X, with A; € R for any i < k,,, such that

k k
n n 1 )
ZlMiM (A;) — z;mm (i) < -, sup f(z) = M, Jnf f(z) =ms.
1= 1=
Since 14, € Ri, we deduce that the functions ¢, ¥ defined as ¢ =
>oimila, W =73 M1y belong to Ri(I), and, moreover, we have

PSSV, o)=Y mip(A), 1) = Y Mip(A), 1(®)-I() < -

Now, using Proposition 2.2, we deduce that the function f is Riemann
integrable.

1) = 2) Without loss of generality, we may assume that f > 0. Since
for any real number r the set [f = r| belongs to M, the set D of real numbers
defined as D = {r e R| u([f =r]) > 0} is at most countable. Let us now
show that the set [f > r] belongs to R for any r € R, r ¢ D. Indeed, we have
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L(f>r] = SUp @n, L[> = i%f W,,, where, for any natural integer n, the functions
n

©n, U, are defined as ¢, = 1An(f — )", U, = 1—1An(r — f)*. Obviously,
on € Ri(I), ¥y, € Ri(I), the sequence (), is increasing, the sequence (¥,,),,
is decreasing and the sequence (V¥,, — ¢;,), decreases to the function 1j7_,.
Since p ([f = r]) = 0 we have

Jim T = o) = i [ (0~ o) dp = u((f = 1) =0

and, therefore, by Proposition 2.2 again, any function g : X — R, such that
sup pp, < g < inf U, belongs R;([). In particular, the functions 1(y~,, 1[>y
n >

n
belong to Ry([). Since D is at most countable, there exists a real number a
such that 0 < a <1 and r-a ¢ D for any rational number r. For any natural
integer n #% 0 we consider the function ¢, defind as
2".p—1

a
o= o g Upste]s

where p € N is such that f(z) < pa for any z € X. Obviously ¢,, is an R-step
function, we have ¢, < f < ¢, + 55, and the sequence (¢y),, is uniformly
increasing to f. Now, replacing f by —f, we deduce that 2) < 3). O

Remark 2.6. In the case where X = [a,b] C R and C = {f : [a,b] —
R | f continuous}, Theorem 2.5 generalizes the famous Lebesgue criterion of
Riemann integrability.
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