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A HYBRID METROPOLIS-HASTINGS CHAIN
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We consider a hybrid Metropolis-Hastings chain on a known finite state space; its
design is based on the G method (because this method can perform some inter-
esting things, see Sections 1 and 2 and also [17]) and its analysis (the convergence
rate) is based on the G method and ergodicity coefficients. Finally, we give two
special cases of the hybrid chain, namely, when the state space is S, the set of
permutations of order n (e.g., the Mallows model is defined on this space), and
when this is {0,1,...,h}", h,n > 1 (e.g., the Ising model is defined on {0, 1}").

AMS 2010 Subject Classification: 60J10, 60J20, 65C05, 68Q25.

Key words: A-ergodic theory, G method, ergodicity coefficient, Metropolis-Has-
tings chain, hybrid Metropolis-Hastings chain, convergence rate.

1. Ga,.n, AND Ga, p, IN ACTION

To design and analyze our hybrid Metropolis-Hastings chain we need to
extend certain notions and results from the A-ergodic theory in a more general
framework, namely, that of nonnegative matrices, and, then, to give, at least
for the A-ergodic theory, other results. (See mainly [17] for this section; see
[13-17] and references therein for the general A-ergodic theory.)

Set

Par(E) = {A | A is a partition of E},

where E is a nonempty set. We shall agree that the partitions do not contain
the empty set.

Definition 1.1. Let A1, Ay € Par(E). We say that Ay is finer than Ag if
YV € Ay, AW € Ay such that V C W.

Write A7 < Ay when A7 is finer than As.

Set

(m) ={1,2,...,m}, m>1,
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Ny = {F | F is a nonnegative m x n matrix},
S = {F' | F is a stochastic m x n matrix},
Ny, =Npyn and S, = S,

Let F' = (Fij) € Nmn. (The entries of a matrix Z will be denoted Z;;.)
Let ) £ U C (m) and 0 # V C (n). Define the matrices
)

= (Fi

Definition 1.2. Let P € Ny, ,. We say that P is a generalized stochastic
matriz if 3a > 0, 3Q € S, such that P = aQ.

Definition 1.3 ([17]). Let P € Ny ,. Let A € Par((m)) and ¥ € Par((n)).
We say that P is a [A]-stable matriz on X if PE is a generalized stochastic
matrix, VK € A, VL € . In particular, a [A]-stable matrix on ({i});c(n) is
called [A]-stable for short (({i})icin) := ({1},{2},--.,{n})).

Definition 1.4 ([17]). Let P € Ny . Let A € Par((m)) and ¥ € Par((n)).
We say that P is a A-stable matriz on X if A is the least fine partition for which
P is a [Al]-stable matrix on ¥. In particular, a A-stable matrix on ({i});cn)
is called A-stable while a ({m})-stable matrix on ¥ is called stable on ¥ for
short. A stable matrix on ({i});cn) is called stable for short.

Let A; € Par((m)) and Ag € Par((n})). Define

ieU, je(n FV = (Fij)ie(m), jev, and FY = (Fyj)iev. jev-

Ga,n, ={P | P € Sy and P is a [Aq]-stable matrix on Ay}
(see [17] and, for an equivalent definition, [12]),
Ga,.ny, ={P| P € Ny and P is a [Aq]-stable matrix on Ay},
and, if m = n,
Ga =Gan
(see [11] for an equivalent definition) and
Ga=Gan.

Let P € Ga, n,- Let K € Ay and L € Ag. Then Jax > 0, IQk 1 €
S|K\,|L| such that PIL( = aK,LQK,L- Set

Pt = (Pil)Kkeay, ren,, Prf =arxn, VK €Ay, VL€ A,

(see also [17]). If confusion can arise we write P~H(A142) instead of P~.
In this article, when we work with the operator (-)™1* = (-)" (A1, As) we
suppose, for labelling the rows and columns of matrices, that A; and As are
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ordered sets, even if we omit to precise this. To give an example, let

2 3 70
P=15061
1 00 2
Obviously, P € Ga, a,, where Ay = ({1,2},{3}) and Ay = ({1,2},{3,4}).

Further, we have

1 2

({1,2} and {3} are the first and the second element of Aj, respectively; on
the basis of this order, the first and the second row of P~ are labelled {1, 2}
and {3}, respectively. The columns of P~ are labelled similarly.)

The next result is the main one of this section; it is a generalization of
Theorem 2.3 in [17].

THEOREM 1.5. Let P € éAl,AQ C Ny oand Q € aA%AS C Nyp. Then

(i) PQ e GA17A3 C Np;

(i) (PQ)+ = PQ"

Proof. (i) Let P € éAhAQ and Q € §A27A3. Then VK € Ay, VU € Ao,
VL € Ag, HGKJ] >0, HAK7U € S\K\,|U|7 3[)(]7[, >0, HBUJ, € S\U|,\L| such that

Pl = axuAgy and QF = by, Bu,L.
Let K € Ay and L € As. Let i € K. We have

Y>PRQa=> > PiQu=> PxY Qu= >, > Pr> Qu=
)

p~t = pmHAud) — < o7 > :

leL leL ke(n ke(m)  leL WeAs keW  leL
= 2 2 Pwbwir= > bwr )y Pr= ) axwbw.
WeAs keW WeAs keW WeAs
It follows that ) (PQ); only depends on constants ax,w, bw,r, W € Ag,
leL

Vi € K. Therefore, PQ € Ga, A,

(ii) See the proof of (i). O

In this article, a vector z is a row vector and x’ denotes its transpose.
Set e=e(n) =(1,1,...,1) e R*,Vn > 1.

The next result is a generalization of Theorem 2.10 in [17]; it is another
main result of this section.

THEOREM 1.6. Let P; € a(<m1>)A2 C Nimyma, P2 € 6A27A3 C Nmyms»
P e GAn,l,An C Nmnfl,mny P, € GAn,({i})i€<mn+l> - Nmn,anrl- Then

(i) PPy ... P, is a stable matriz;

(i) m = Py TPyt ... Pt where e'n := PPy... P, (ie, 7 = (PP
-« Pn)giy for a fived i).
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_ Proof. (i) By Theorem 1.5(i) and induction we have P1P...P, €
G(<m1>)7({i})i€(m e Therefore, P\ P, ... P, is a stable matrix. (A matrix P €

Ny, is a stable matrix if and only if P € §(<q>)y({i})i€<r) )

(i) By (i), # = (PPy...P,)~". Now, (ii) follows by Theorem 1.5(ii)
and induction. [

Let P € Ny, . Define
n

a(P) = ) Srzr}]i.gmk min(Py, Pji)

(if P € Sy, then a(P) is called the Dobrushin ergodicity coefficient of P
([4]; see, e.g., also [6, p. 56])) and

a( —  max Z‘Plk_ ]k|

2 1<z,]<m

Remark 1.7 (see, e.g., [7, p. 143]). If P € Sy, , then @(P) =1 — o(P).

Theorem 1.6(i) can be used, e.g., to see if a finite Markov chain has a
finite convergence time (see also [17]). Below we give other applications (Theo-
rem 1.8 and Remark 1.9) — the best results of this section — of Ga, A, and of
GAa, A,; they give bounds for a(Py P, ... P,), where Pi, P, ..., P, are nonnega-
tive matrices (an interesting case is that when these matrices are sparse large
stochastic). When we study products of nonnegative matrices using Ga, A,
and/or Ga, A, we shall refer this as the G method.

THEOREM 1.8. Let P1 € Ny my, 2 € Nigmgs -+ s Pn € Ny ymyyq - Let

Ay = (<m1>)7 Ay € Par(<m2>)>"'7An S Par(<mn>)a Apyr = ({i})ie<mn+1>'
Consider the matrices Ly = ((Li)vw )vea, wea,,, (Li)vw is the entry (V, W)
of matriz Ly), Uy = (U)vw)vea, wea,.,» | € (n), where

(Li)vw = 1;%1‘1/[1 Z (P)ijand (Up)yw = max Z (P)ij,
JjEW jEW
Vie (n), VWV € A, VW € Ary1. Then

> (Lile.. L)k Sa(PiPr . Po) < Y (D02 Un)my)k-
KeApi1 KeAnq

(Since LiLy...Ly, and U Uy ... Uy, are 1 X |{mp41)| matrices, they can be
thought as being row wvectors, but above we used and below we shall use the
matriz notation for entries instead of the vector one. E.g., above the matriz
notation (L1Ly ... Lp)m, )k was used instead of the vector one (L1Lz...Ly)k
because, in this article, the notation Ay, where A € Npq, and 0 #= U C (p),
means something different.)
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Proof. Consider the matrices E1, F € éAl,AQ’ By, F; € éAQ,Aga oo By,
F, € Ga, A, such that E;* = L, and F; © = Uj, VI € (n). Since (see
Theorem 1.6)
(B\Es...Ep)gy = (B\Esy.. .Ey) " =E;TE; T Byt =L1Ly... Ly
and
(FLFy .. . Fy)gy = (FiFy . Fy) T =FTF T F =010, ... Uy,
Vi € (m1), we have
(BrEa... En)ij = (L2 . Ln) pmy (73
and
(FiFs... F)ij = (U102 .. Un) mny (33
Vi € (m1), Vj € (mpt1).
We choose the matrices Ej, F, | € (n), such that
(E)ij < (Pij < (F)ig, V1€ (n), Vi€ (mu), Vi € (miga);
this is possible as follows. Let [ € (n). Let V € A; and W € Aj4q. Let i € V.

Case 1. (P);; = 0, Vj € W. No problem. (We must take (E;);; = 0,
Vj € W, and we can take, e.g., (F7);; =0, Vj € W.)

Case 2. 35 € W such that (P);; > 0. First, we construct the entries
(Er)ij, j € W. We take (Ep);; = 0, Vj € W, if (Lj))yw = 0. (Recall that
E- * = L; and (L;)yw = 0 imply (Ep)ij = 0, Vj € W.) Suppose, now, that
(Ll)VW > 0. Let (P)sjy, (P)ijas - --» (P)ij, be all the nonnegative entries of
(Pl) . Suppose that (F))ij; < (F)ij, < -+ < (FP1)ij,- We know that EZ_Jr =1

’L

and (Ly)vw < Z(Pl)wt If (Ly)vw < (P)ij,, we take (Ep)y, = (L)vw and

(EZ)ZJ =0,Vj E W J # Jjk. Otherwise, if (LZ)VW < (-PZ)Z]k 1 (Pl)ijw we
take (El)zjk = (Pl)l]ka (EZ)Z]kfl - (Ll)VW (El)zjka and (El)lj =0,VjeW,
J # Jk—1,Jk- Otherwise, if (L))vw < (P)ij,_o + (P)iju_, + (P1)ij,, we take
(Eiji, = (B)ijes (Eije—y = (Pijuys (E)ig—o = (L) vw — (B gy — (E)izy,»
and (Ep)i; = 0, Vj € W, j # jrk—2,Jk—1,Jk- Etc. Second, we construct the
entries (F});;, j € W. Using the above notation, we take (F})i;, = (P)sj, +

(@ovw = X (). ) and (B = (R ¥ € W, s
Finally, by
(L1L2 .L )<m1>{J} = <E1E2 R En)z] < <P1P2 R Pn)z] <
< (FiFy .. Fo)ig = (U102 Un) gmyyggy, - Vi € (ma), Vj € (maga),
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we have
> (LnLa.. Lp)gnyx <aPiPo.. . P) < > (UUa. .. Un)my k-
KeAn+1 KEAn+1

(We used the fact that a(P) < a(Q) if P < Q (P,Q € Npy).) O
Let P € Ny, n. Let A € Par({(m)) and ¥ € Par((n)). Define

P = (P)icimy,ses, Ply=Y_ P, Vi€ (m), VJEX
keJ
(see also [15]). If confusion can arise we write P> instead of P*. In this
article, when we work with the operator (-)* = (-)"(XZ) we suppose, for la-

belling the columns of matrices, that X is an ordered set, even if we omit to
precise this.

Remark 1.9. (a) By Theorem 1.8 we have

b=0b(P1, Py,...,P) = max > (LiLa.. Ln)myx <
Ar=((m1)), Ken
Ag€Par((ma)),..., n+l
Ap€Par((my))

Ant1=({i}ic(mpq)

S OL(P1P2 e Pn) S

< min Z (UlUQ...Un)<m1>K = B(Pl,PQ,...,Pn):B.
Ar=((ma)), KEAni1
AgePar((ma)),...,
AnePar({mn))

An+1:({i})i6<7nn+1>

(b) If Py, P,,..., P, are stochastic matrices, then b > 1 while if Py, P,,
..., P, are substochastic matrices, then it is possible that b be smaller or
equal to 1. Further, as to the products of stochastic matrices, since a(P) < 1,
VP € Spn, it follows that the first inequality from Theorem 1.8 (also, the
first inequality from (a)) is only interesting. This inequality can be even an
equation in some special cases. E.g., let

K
P02
0 0 1
Ifwe take Ay = ((3)), A2 = ({1}, {2,3}), and Az = ({i})ie(3) = ({1}, {2}, {3});

then
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By Theorem 1.8, 0+ 0 + % = 1—16 < a(P?). On the other hand, since

9 6 1
) 16 16 16
9 7
P - 0 TG TG )
0 0 1

we obtain a(P?) = 1—16 by direct computation. To give other examples, we can,
e.g., use some examples from [17].

(c) Let Pt € Npymy, Po € Nypings -+ P € Nypomgyr- Let Ay €
Par((m1)), Az, Ay € Par({m2)), ..., Ay, A €Par((my)), Apy1 € Par((mp1)).
By the proof of Theorem 1.8 there are matrices E1, 1 € Ga, A, F2, Fo €
GA/Q,A:V By F, € GA»’,”An+1 with

(Ev)cp, = min ;Pz)ij and  (Fi)yp = ng;(Pz)
J J

Vi € (n), VK € A}, VL € Aj41, where A} := Ay, such that
E <P <F, Vie(n).

It follows that

E\Ey... B, < PP...P,<FiF,... F,
and, therefore,

O[(ElEQ . En) S OJ(P1P2 e Pn) S Of(FlFQ e Fn)
Obviously, the conclusion of Theorem 1.8 is a special case of the latter sequence
of above inequalities, namely, when FE1Fs...FE, and FiF5...F, are stable
matrices.
(d) By (c) we have, in particular,

PFEs...E,<PP.. P, <PF. . F,

and, therefore,

Oé(PlEQ .. En) S Oé(Plpg e Pn) S Oé(PlFQ e Fn)

Suppose that Ay, As, ..., Ayyq and FEa, Fo, Fs, Fs, ..., E,, F, are as in Theo-
rem 1.8 and its proof, respectively. Further (see Theorem 1.6 and the proof of
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Theorem 1.8),

(Pl){l}Eg ...E, ((Pl){l}Eg ... En)_+(({1})’A"+1)
(Pl){Q}EQ ... E, ((Pl){2}E2 - En)_+(({2})’A"+l)

PEy...E,=
(P){my B2 - By, (P) gy Ba - - Ep)~H({m}):Ani0)

((Pl){1})_+(({1})’A2)E;+(A27A3) L E7+(AW7ATL+I)

n

((P1){2})*+(({2}),A2)E2—+(A2,A3) g BnB)

((P1){ml})—+(({m1}),A2)E;+(A2,A3) N e CURAURE

((Pl){l})+A2L2 ... L,

P +A2L2...L

((P)myy) ™2 L2 ... Ly,

We also have
P\Fy...F, = P22U,.. . U,.

Finally, we obtain
(P2 Ly.. . Ly) < a(PLPy...P,) < a(P2U;. .. Uy).

Obviously, the bounds a(PfrAng ...Ly) and Oz(Pf“A2 Us...U,) are better
than «(E1Esy ... E,) and a(F1F, ... F,) from (c), respectively.

Although below we do not give applications of Remark 1.9, this could be
used to improve the convergence rate of our hybrid Metropolis-Hastings chain
from the next section.

2. OUR HYBRID METROPOLIS-HASTINGS CHAIN

We design a hybrid Metropolis-Hastings chain on a known finite state
space based on the G method because this method can perform some inter-
esting things, such as

1) to see if a finite Markov chain has a finite convergence time (see [17]
and also Section 1);

2) to see if a product of stochastic (more generally, nonnegative) matrices
is positive (see, e.g., Theorem 2.3 below; see also Theorem 1.6 (we can replace
the stochastic (more generally, nonnegative) matrices with their incidence ma-
trices));
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3) to design positive products of stochastic matrices, the latter having
certain given properties (see, e.g., this section);

4) to give bounds for the ergodicity coefficients o and @ of the products
of stochastic matrices
(see also [17]) for other applications). The analysis of our hybrid Metropolis-
Hastings chain is based on the G method and ergodicity coefficients.

Definition 2.1 (see, e.g., [20, p. 80]). Let P € Ny, p,.

(a) We say that P is a row-allowable matriz if it has at least one positive
entry in each row.

(b) We say that P is a column-allowable matriz if it has at least one
positive entry in each column.

Below we also use notation from Theorem 1.8 and its proof (see also
Remark 1.9). Let S = (r).

THEOREM 2.2. Let Py, Ps,..., P, € S.. Let A1, Aq,...,A¢11 € Par(S),
Ay = (9), A1 = ({i})ies- If Ly (see Theorem 1.8) is a column-allowable
matriz, ¥Vl € (t), then PPy ... P, > 0.

Proof. Obviously, L1 > 0. It follows, by induction, that LiLo...L; > 0.
Since (see the proof of Theorem 1.8)

(P1P2 ... Pt){z} > (E1E2 ... Et){z} =IL1Ly...L; >0, Yi€eS,
we have P P,... P, >0. O
Let P € Np, . Define

_ _ 1 it P >0,
P = (Pij) € Ninn, Pij:{o if P — 0

Vi € (m), Vj € (n). We call P the incidence matriz of P (see, e.g., [6, p. 222]).
Let 7 = (m;)ies = (71,72,...,7) be a probability distribution on S.
One way to sample approximately from S is by means of the well-known

Metropolis-Hastings chain ([10] and [5]). Let Q € S, be an irreducible matrix
such that @) is a symmetric matrix. Define

0 ifj#ianinj:Q
P=(Py) eS8, P;={ @i min(1, Z55) lfq # i and Q;j > 0,
1-> Py if j =1.
i

Since 7P = 7 (m;P;j = m;Pj;, Vi,j € S, implies 7P = 7), we have P" — €'m
as n — o0o. The Markov chain with transition matrix P is called Metropolis-
Hastings (see also [2-3] and [18] for some historical notes, open problems, and
results on this chain).

Further, we define our hybrid Metropolis-Hastings chain.
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Let Al,AQ,...,AtJrl S Par(S’) with Ay = (S) = Ao = - > At+1 =
({i})ies. (We set A = A" if A" < A and A" # A, where A, A’ € Par(FE), see
Section 1.) Let Q1,Q2,...,Q: € S, such that

(C1) Qy,Qs, ..., Q, are symmetric matrices;

(C2) (QEk =0,V € (t) — {1}, VK,L € A;, K # L (this assumption
implies that Q2,Qs, ..., Q: are block diagonal matrices);

(C3) (Q1)Y: is a row-allowable matrix, VI € (t), VK € A, YU € Apyy,
UCK.

Although @, [ € (t), are not irreducible matrices if [ > 2, we define the
matrices Py, [ € (t), as in the Metropolis-Hastings case, namely,

0 if j # i and (Qp)ij =0,
P= (R)s) € 5y (P)y = { (@umin(L G 15 # i and (Qu)s > 0
j

vl e <t> Set P= P P... P.
THEOREM 2.3. Concerning P above we have 1P =7 and P > 0.

Proof. Since m;i(F))ij = m;(P)ji, VI € (t), Vi,j € S, we have 7P = T,
Vi € (t). Further, 7P, = w, VI € (t), implies 7P = w. By Theorem 2.2,
P=PP.. .F>0. O

By Theorem 2.3, P" — ¢/m as n — oo. P determines a Markov chain;
we call this chain the hybrid Metropolis-Hastings chain. In particular, we call
this chain the hybrid Metropolis chain when Q1,Qs,...,Q; are symmetric
matrices.

We need the next result for the analysis of hybrid Metropolis-Hastings
chain.

THEOREM 2.4. (A less or more known result.) Let P € S, be an ape-
riodic irreducible matriz. Consider a Markov chain with transition matrix P
and limit probability distribution w. Let p, be the probability distribution of
chain at time n, ¥Yn > 0. Then

lpn =7l < 2a(P").

Proof. (The proof is less or more known.) Let u and v be two probability
distributions on (m) and @ € Sy, . It is known that

0@ —vQl1 < |lu — v @(Q)
(see, e.g., [7, p. 147]). Using the above result, p,, = poP", and 7P = 7, we have

1P — 1 = llpoP"™ — 7P"|[x < [lpo — wlhe(P") < 2a(P"). O
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Now, bounds for ||p, — 7|1 of the hybrid Metropolis-Hastings chain can
follow from Theorems 1.8 and 2.4 and Remark 1.9. This analysis can be reali-
zed for each hybrid chain or for certain collections of hybrid chains. Obviously,
it is necessary that ¢ be as small as possible.

Suppose that A; = (Kfl),Kél)7 .. .,Kl(fl)), Vi € (t + 1). Below we con-
sider a case which can be analyzed more easily than the others, namely, that
satisfying, moreover, the conditions:

(1) |ED| =KV = = |KD|, I e (¢ + 1) with u > 2;

(c2) r =mriry...re with rirg ...y = [Apq|, VI € (¢ — 1), and 7 = \Kft)|
(this is compatible with Ay = Ag = -+ = Apyq);

(€3) (c3.1) Q; is a symmetric matrix such that (¢3.2) (Q;)i > 0, Vi € S,
and (Q1)iyj, = (Q)izgss Vi1, 42, J1, 42 € S with i1 # j1,i2 # ja, and (Q1)iyj
(Q1)injs > 0, VI € (t) ((c3.2) says, to put it otherwise, that all the positive
entries of Q);, excepting the entries (Q;)i;, Vi € S, are equal, VI € (t));

(c4) (Q)¥ has in each row just one positive entry, VI € (t), VK € Ay,
VYU € Ayyq with U C K (this is compatible with (c3.1) because (Q;){ is a
square matrix, VI € (t), VV,W € Aj4q).

By (C2), (cl), (c2), and (c4),

|{] |jesand (Ql)z] >0}| =T, ViGS, vl € <t>7
and by (cl) and (c2),
(1+1) r riro... T
K = =
| 1 ‘Al+1’ rro...71;

To give an example for which the conditions (C1)—(C3) and (c1)—(c4)
hold, we consider S = (6) (r =6 = 3-2), A1 =((6)), Aa=({1,2},{3,4},{5,6}),
Az = ({1})iee) = ({1},{2},...,{6}),

=TriaTige e, VIE(E—1).

2 1 1 1 3
SEEES
SRR E
7 0720 70 00 7z 3 00
= | 4 4 4 d _ 1 1
R EEEE ] B PR R S
SEERE
10010 2 0000 31

Further, we choose the positive entries of matrices @, | € (t); these
are not choose at random (it is interesting to bear in mind this fact). Let
l e (t). Set

f min iEi g !
= ) L= 7>
and (see (c3) again)

x; = (Q1)ij,
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where i,j € S are fixed such that i # j and (Q;);; > 0. Obviously, f; < 1,
g > 1, and

Tj
1= max ~ —.
1,J€5,(Q1)i; >0 T
We have
(P)is=1=> (P)ij = 1—(r;— D).
J#
We impose

L—(r— 1)y > 2 fy.

It follows that )

= fi+trm—1
We choose the matrix @); such that
_ 1
o fitn -1
To see that this choice is possible, we need to prove that (Q;); > 0 (see (c3)
above). Indeed,

Ty

Z rp—1
A~ fi+rm—1
JES,j#i

Below we give another main result of this article.
THEOREM 2.5. Under the above assumptions we have

o = f f fo
(i) @(P) <1- Tf1+r11171 f2+r22711' o ft+rtt—1 -

=1- L gyl e ey W (e y
(i) flpn =l < 2(1 = Tf1+f1.”111*1 f2+1:”22711 o ft+{ft—1)n1=
= n
o 2(1 N T1+(T1*1)91 1+(ra—1)g2 e 1+(Tt*1)gt) ) vn > 0,

where py, is the probability distribution at time n of the hybrid Metropolis chain
with the transition matric P = PPy ... P, VYn > 0;

(iii) an upper bound of the minimum number n of steps such that ||p, —
ml1 <eis [(In§)/(Ina(P))] if 0 <e <2 (recall that ||p, — 7|1 <2, Vn >0),
a(P) > 0, where

R S
fitr—1fo+ro—1  fi+r—1

a(P):=1-

Proof. (i) The inequality follows from Remark 1.7 and Theorem 1.8
(we have

i
fi+r—1
The equation is obvious.

(PZ)ZJ >xfi = Vi, j € S with (Pl)w >0, Vl e <t>)
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(ii) It follows from Theorem 2.4, (i), and the well-known inequality
a(TlTQ) < @(Tl)@(TQ), VT € Sm1,m27 VT, € sz,m3

([4]; see, e.g., also [6, p. 58] or [7, p. 145]).
(iii) We impose 2(a(P))"™ < e. Then ||p, — 7|1 < e if

n > [(n3)/(na(pP))]. O

Remark 2.6. (a) Theorem 2.5(ii) gives a geometric convergence rate of
the hybrid Metropolis chain. Obviously, the chain has a fast convergence if f;
is close to 1, VI € (t).

(b) By Theorem 2.5(ii), if 7 = (m;);es is the uniform distribution on
S = (r) (in this case, f; = 1, VI € (t)), then ||p1 — 7|]1 = 0 (i.e., we have an
exact sampling from uniform distribution in one step due to P or, equivalently,
in ¢ steps due to Py, Py, ..., P).

(¢) The bound from Theorem 2.5(ii) could not be the best one; this is
an open problem.

To speed up the hybrid Metropolis-Hastings chain, we can replace the
pI‘OdUCt PS+1PS+2 R (1 <s < t) from P = P P.. -P3P3+1 R by the

Ag41-stable matrix (recall that A, = (K, KV, KWy, vie ¢ +1))

A*(s+1)

P* = P*(s) := 2 . :

*(s+1

Ay

where
Ax(s+1) 1 (1K (s+1) v
z = ﬁe (|5 !)(m)ingsH), z € (ust1)
ikt

(recall that e = e(n) = (1,1,...,1) € R™ and ¢ is its transpose). E.g., if S =

<8> A= (< ) 2= ({17 2,3, 4}7 {57 6,7, 8})7 Az= ({17 2}7 {37 4}7 {57 6}7 {77 8})7
Ay = ({i})iegy = ({1}, {2}, ..., {8}), then, for s = 2, P = Py P, P* with

e wy® o 0 0
P* = P*(2) = ’ gl‘””W;(g) ’ ’
0 o Hw® o ’
0 0 o aw®
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where ag?’) = M + 7o, aéS) = T3 + Ty, aég) = 75 + Tg, af’) = 77 + Ty,

Wy = (@)(m,m), WP = (2)(ms,ma), WP = €¢(2)(ms, 7). and
WZ(?’) := ¢/(2)(m7,ms) (obviously, Az(?’) = %W B vk e (4)), while, for
S = 1, P:PIP* With

1 y*(2)
propray= | A7 |
- - *(2 )
0 ﬁW; )
2
(2) ._ 2 ._ *(2) _
where a;” = m + 7o+ T3+ 74, ay =T+ 76+ 7m7+ 78, Wi 1= €' (4)(m1, 72,
m3,74), and WQ( ). ¢’ (4)(ms, 76, 77, T3). Moreover, setting
*(2
LHur® 0
Cl = o1 )

0 (2> UQ( )
where UT(Q) = €/(4)(m + 72,0, 73 + 74, 0), and U, e e'(4)(ms + 76,0, w7 +
7s,0), we have P*(1) = C1P*(2). (This result can be generalized easily.) Con-
sequently, we can work with C; and P*(2) instead of P*(1). This is an inter-
esting thing because the matrices C1 and P*(2) are sparser than P*(1).

To unify the theory of the hybrid chain with right A-stable matrices as
above and that without right A-stable matrices as above, below we consider
that s € (t) and set ryy; =1,

PPy.. P, ifs=t
P—P(s)—{ 1P By if s

PP... P,P* if1§8<t,

and
_ f f: L : _
E(P) = {1 rfl-‘r'/‘ll—l f2+7“22—1 ft"!‘Ttt_l itP=hPP.. B,
o f f fs 1 . _ "
1-— Tf1+7”1171 f2+r2271 R Fotrs—1 TetiTerz Ti1 lf P = P1P2 e PSP .

The two results below are generalizations of Theorems 2.3 and 2.5, re-
spectively.

THEOREM 2.7. Concerning P above we have 7P =7 and P > 0.

Proof. See the proof of Theorem 2.3. [

THEOREM 2.8. Concerning P above we have (recall that \Kf“l)\ =

TIp1TI42 Tl VI E <t>)f ; ;
N\ =~ 2 s 1 J—
(1) a(P) <1- rf1+7‘11—1 f2+1”2—11. T Fetrsa—1 Tsl-l—lrs+2"‘rt+l 1_

1 _ 1 . :
at "TH i —Dg1 TH(r2—Dg2 1+ (rs—1)gs Ts41Ts42 - Te41’

.. f f s 1
(i) llpn =l < 2(1 — 70101-5-7‘11—1 f2+T22—1 L s rs I reiarsy2 e )"
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— _ 1 1 L 1 1 n
o 2(1 T1+(7'1_1)91 1+(r2—1)g2 1+(rs—1)gs 7'5+17'S+2---rt+1) ) Vn > 0,

where py, is the probability distribution at time n of the hybrid Metropolis chain
with transition matriz P, Yn > 0;

(iii) an upper bound of the minimum number n of steps such that ||p, —
ml1 <eis [(In§)/(Ina(P))] if 0 <e <2,a(P) > 0.

Proof. See the proof of Theorem 2.5. (We use the partitions A; = (5), Ag,
Ay, ({))ies if 1<s<t; it is easy to compute (P*)~H(As+1.({ihies) ) O
Remark 2.9. If 1 < 51 < s9 < 't, then
1 1 1 1

1+ (Tl - 1)91 1+ (TQ - 1)92 o 1+ (Ts1 - 1)951 Tsy41Ts1+2 " Tt41
<1 1 1 1 1

~ /’“ DY .
L+ (ri—1Dg 14+ (r2—1)g2 1+ (rsy — 1)gsy Tspt1Ts042 " Tt41
Consequently, the convergence rate obtained for s; is better than that for ss.

1—r

3. SPECIAL CASES

Below we consider two special cases of our hybrid Metropolis-Hastings
chain; one refer to S = §,,, where S,, is the set of permutations of order n, and
the other to S = {0,1,...,h}", h,n > 1. (In Sections 1 and 2 we used S = (r)
for simplification; S can be any finite set.) These special cases can easily be
implemented on a computer.

First, we consider S = S,,. In this case, r := |S| = n!. Let Al be the set
of arrangements using [ of n objects, VI € (n). Set (see [17])

K y=10loeS,and o(s) =is5, Vs € ()}, Vie(n—-1),
Ay = (Sn)a

11,02,50000

and
Arr1 = (K(iy jig,.oit)) i1 is,.in)eal s VEE (n—1).

Obviously, we have A, = ({0})es, and 11 = n, ro = n—1,..., rp_y =
2. (We can also study other decompositions of n!, such as r;1 = n(n — 1),
rg =(m—2)(n—3),....,7, =3-2ifn=2k+1>5and 1 = n(n—1),
ro=Mm—-2)(n—3),...,1.-1=4-3-2ifn=2k>6.)

Define the matrices Q; = ((Q1)or), | € (n — 1), by (see above of Theo-
rem 2.5; see also [17])

ﬁ if r=00(l,m) forsomeme{l+1,l+2,...,n},

(Q)or = 0 ifr#oco(l,m), Yme {{l+1,14+2,...,n},

1- Z (Ql)a'y if =o,
yF#o
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Vi e (n—1), Yo,7 € S, ((I,m) is a transposition). Further, we have (see
Section 2; t = n — 1, s € (n — 1), and the matrices Q;, | € (n — 1), are
symmetric)

(Q1)or min(1, ;—;) if 7 £ o,

Pr=(P)or); (Plor=19 1- > (P)ony it 7 = o,
Y#o

Vie (n—1),Vo, 7 €S,, and
{ PP...Ppy ifs=n-—1,

P P... PP ifl<s<n-—1.
Then, by Theorem 2.8(ii), we have

n! fi f2 s >u_
n—s)fi+n—-1fr+n—-2 fo+tn—-s)

Ipu =l < 2 (1 -

2(1 n! ! L ! )u Vu >0
— i , uw > 0.
m—s)l1+(n—1)g1 1+ (n—2)g 1+ (n—s)gs

If flaf??"'afn—l > f for some f € (07 1]7 then 91,925+ --59n-1 < g = % (f

and g depend or not on n ). In this case, we have

n! / / - f )u_
n—s)f+n—sf+n—-s+1 f+n—-1/)

lpu— 7l <2 (1 _

n! 1 1 1 v
—2(1- . Yu>0,
< m=—s)l1+(n—s)gl+(n—s+1)g 1+(n—1)g) v=

and, moreover, we can replace f; by f in the definition of Q); above, VI € (n—1)
(see above of Theorem 2.5 again).

If 7 = (7y)ges, is the uniform distribution on S,, we can take f = 1 and,
with this choice, we have ||p1 — 7||1 = 0 (one step due to P or, equivalently,
n — 1 steps due to Py, Py, ..., P,_1 (the latter is a well-known result, see, e.g.,
[8, pp. 139-141], [17], and [19])).

Remark 3.1. Tt is easy to obtain two bounds for

n! 1 1 1 '
m=—s)ll+(n—s)gl+n—-s+1)g 1+(n-1)g
more exactly, from

n! 1 1 1 <
n—s)'l+(n—s)gl+(n—s+1)g 1+(n—-1)g —
n! 1 1 1 n 1

= (n—s)!(n—s)g(n—s—l—l)g“‘(n—l)g:n—sgis

1—
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and (since g > 1)
n! 1 1 1

>
n—s)'l+(n—-s)gl+(n—s+1)g 1+(n—-1)g —
n! 1 1 11
“n=s)!n-s+1)gn—s+2)g ng g°
we have
n 1
1-— — <
n—sgs
n! 1 1 1 1
<1-— <1-—
m=s)l1+(n—s)gl+(n—s+1)g 1+(n—-1)g g°
THEOREM 3.2. If g and s are fized (g,s > 1), then
) n! 1 1 1 1
lim (1— —1_
n—oo m—s)!l+(n—s)gl+(n—s+1)g 1+ (n—1)g g°

Proof. See Remark 3.1. [J

To give some numerical results (with their error estimates), we consider
ad(a,oo)

- —

where 0 < 0 < 1, 09 € S,, d(0,09) = minimum number of transpositions

required to bring o to oo, and Z = 3 #4790) (see, e.g., [1, p. 104], or [2], or

O'ESTL
[3]). d is called the Cayley metric and this construction is called the Mallows
model through Cayley metric (see, e.g., [1, Chapter 6] for other examples of

metrics on S,, and, therefore, other examples of Mallows models). In this case,

Vo € S,

To

we take f = 6 and, therefore, g = é because fi = fo = -+ = f_1 = 6 and,
therefore, g1 = g2 = -+ = gp—1 = é (note that f and g do not depend on n);
fi=fo=---= fn_1 = 0 because

|d(a,00) — d(7,00)| <1,

Vo € Sy, V1 € Sy, with 7 = o0 o (I,m) for some transposition (I,m), I # m
(we use the fact that d is metric and d(o,7) = 1, Vo € S, V7 € S,, with 7 as
above) and

|d(c,00) — d(7,00)| =1

. . n(n—1)
when 7 is as above and, e.g., 0 = 0gg. We also note that min Z¢ = 4~ 2
o,TeS, T
- 1 n(n—1)
and max T = (5) 2
o,7€S, T
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Now, if, e.g., 0 = %, we have g = 2. For n = 30 (30! ~ 2.6525 - 1032; in
this case, the greatest value of 7, is % and the smallest is ﬁ) and s = 12
(s = 12 could not be the best choice), we have, e.g.,

|pu — |1 < 0.086255- - - if u = 10000

(10000 steps due to P or, equivalently, 13 - 10000 = 130000 steps due to
Pl, PQ, ‘e ,Plg, P*) and

|pu — 7|1 < 0.00371996 - - - if u = 20000.
For n = 40 (40! ~ 8.1592 - 10*7) and s = 22, we have, e.g.,
|pu — |1 < 0.0580266 - - if u = 107

(107 steps due to P or, equivalently, 23 - 107 steps due to Py, Py, ..., Py, P¥)
and

|pu — 7|1 < 0.00988384 - - - if u = 15 - 10.

We have not used the result from Theorem 2.8(iii). Obviously, this can
easily be made for any given error 0 < ¢ < 2. We also note that estimating
the errors is a very large gap in Markov chain Monte Carlo theory.

Second, we consider S = {0,1,...,h}" h,n > 1. This case is interesting
to analyze because, e.g., the Ising model (with an external field or not) is
defined on S = {0, 1}" while the Potts model and grey-scale images (see, e.g.,
[9, Chapter 6]) are even defined on § = {0,1,...,h}". Using the notation
from Section 2, we have r := |[S| = (1 + h)". If n = ny +ng + -+ + ny,
then r = (1 4+ h)" (1 4+ h)"*--- (1 + h)™ and, consequently, we can take r; =

(14 h)™, Vi € (w). Below we only consider the case n; =mng = -+ = ny, 1=,
ri = (1+h)?, Vi € (w). In this case, n = vw.
Set

K(:cl,:cg,...,xvl) = {(y17y27 cee ,yn) | (ylay27 s ;yn) € S and Yi = .Z‘Z,VZ € <Ul>}7

Vi € (w), Vo1, 22,...,2y € {0,1,...,h} (obviously,
K(xl,xg,...,zuw) = K(xl,zz,...,a:n) = {(-7517 2, . .. 73371)})7
Ay = (9),

and

AH—I = (K(:El,:Eg,...,xvl)):pl,wg,...,xvle{O,l,...,h}7 Vi e <’LU>
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Define the symmetric matrices @y, | € (w), by (z = (1,22, ..., 2,), etc.)
m if (y1,y2,--- 7yv(l—1)) = (71,22, ... 7%(1—1)) when
1 < U(l - 1)7 (yvl+17yvl+27 cee 7yn) = ($vl+17
Tyl42, -+ - Tp) When vl + 1 < n, and z # y,
(Q1)zy = 0 if (y1,92, .- 7yv(l71)) # (1,72, .. ,%(171)) when
1 S U(l - ]-) or (yvl-‘rlayvl-‘rQa cee 7yn) ?é (xvl+la
Tyl42,y -+ -, Tp) When vl +1 < n,
1= > (Qu)ze ifx=1y,
\ zF#x

Vil € (w), Vx,y € S. Further, we have (see Section 2)

(Ql)xymin(lvg) ity # z,
P = ((Pl)xy)a (Pl)wy = 1—=> (P)sz if y =z,
zF#x

Vi € (w), Y,y € S, and

PP...P, if s =w,
| PP,...P,P* ifl1<s<uw.

Then, by Theorem 2.8(ii), we have (s € (w))

sv fi Is u_
Hpu—WII1§2<1_(1+h) A+ +hp—1 fs+(1+h)”_1) -

L 1 ) o
L+ ((L+h)y —1)g 1+ (A+hpr-1)g/) =7

If f1, fo,..., fu = f for some f € (0,1] and, consequently, g1,92,...,9w <
g:= %, then

||pu—7ru1gz(l_(1+h)sv(H(lfh)v_l)s)u:

Sv 1 “
2 (1= )+ %20

and, moreover, we can replace f; by f in the definition of @; above, VI € (w)
(see above of Theorem 2.5 again).

Recall (see Remark 2.6(b)) that if 7 = (7;);ecs is the uniform distribution
onS={0,1,...,h}" (inthis case, fi = fo =+ = fy, = 1), then ||p1—m|[1 = 0.

To give some numerical results, we consider the Ising model (see, e.g.,
[9, Chapter 6]) on the m; x mg grid. This grid is a graph G = (V, E'), where

V.= {1,2,...,m1} ><{1,2,...,m2}

:2<1—(1+h)s”
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is the vertex set and
E :={(a,b) | a = (a1,a2), b= (b1,b2) € V and a1 = by, ag — by = —1
ora; —by =—1, ay = by}
is the edge set. To define the Ising model on this grid, we must consider

S = {0,1}V]; in this case, r = 21Vl and n = |V| = mima. Let ¢ : (|V]) = V
be a bijective function. Let

H@) = Y zg # o)) Y2 = (@g(1)s Tg@)s -+ To(m) € S,
LV
(q(i),9(4))EE

where
1 ifz (4) 75 T
zg) # ()] = { ! "

0 ifz, ., =z,

Vi, j € (|V]), i # j. Define
Wﬁzwx(ﬁ):exp(_égﬁlf(x))a V.I'GS,

where € R* := R—{0} is a parameter, and

Zy = exp(~BH()).
zes
The probability distribution © = (7;),es is called the Ising model (without
emternalﬁeld). Taklng (:7(1) = (1’ 1)7 q(2) = (17 2)> s 7q(m2) = (1? m?)a Q(m2+
1) = (27 1)5 Q(mQ + 2) = (2’ 2)7 s ’q(2m2) = (27m2)7 s 7Q((m1 - 1)m2 + 1) =
(m1,1), ¢((m1—1)ma+2) = (mq,2),...,q(mims) = (mq, ma), we have (recall
that n = vw = myme, where v can be equal or not to m; or my)

|H(z) — H(y)| < 3v+1

if (mq(l)v [Eq(Q), ey xq(v(l—l))) = (yq(l)v yq(?)’ N ?yq(v(l—l))) when 1 < U(l—l) and
(xq(vl+1)7 Lq(vl42)y - - - 7$q(n)) = (yq(’ul—i-l)a Yq(vi4+2)5 - -+ 7yq(n)) when vl +1 < n.
It follows that we can take f = exp(—f(3v + 1)) and, consequently, g =
exp(f(3v + 1)) if B > 0 and f = exp(f(3v + 1)) and, consequently, g =
exp(—0(3v + 1)) if § < 0. Obviously, we obtain better results if we use fj,
l € (w), instead of f (or g;, | € (w), instead of g).

If we take, e.g., m; =mgo =10, v =1, s = w ( s = w is the worst case),
and 3 = A, then n = 100, w = 100, r = 2190 ~ 1.26765 - 103°, and, e.g.,

64>
pu — 7|l < 0.235... if w = 50

(50 steps due to P or, equivalently, 50-100 = 5000 steps due to Py, Ps, ..., Pioo)
(we used g = exp(%); e= 2.718... is the base of exponential function exp),

|pu — 7|y < 0.027... if u = 100,
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and
|pu — )1 < 0.00032... if u= 150

(2199 is near to 30! from the example of Mallows model, but here we have
good bounds for ||p, — 7|1 in a small number u of steps; obviously, this is
easy to understand because our (general) upper bound for |p, — 7|1 from
Theorem 2.8(ii) depends on u and the values of the parameters of the model
and of Markov chain) while if we take, e.g., m; = 20, mg =10, v =1, s = w,
and 0 = 6%1, then n = 200, w = 200, r = 2200 ~ 1.60693 - 10%°, and, e.g.,

|pu — 7|1 < 0.346... if uw = 1000,

|pu — 7|]1 < 0.144... if u = 1500,

and

lpu — 7]|1 < 0.060... if uw = 2000

(we note also that 22°0 is much larger than 40! from the example of Mallows

model, but here we also have good bounds for ||p, — 7||; in a small number u
of steps).

We conclude saying that we believe that the homogeneous Markov chain
framework is too narrow to design fast algorithms of Metropolis-Hastings type.
Moreover, we believe that our hybrid Metropolis-Hastings chain works better
than the Metropolis-Hastings chain, at least on S,,, the set of permutations of
order n, and on {0,1,...,h}"™.
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