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P(Xs € A37Xs+1 € Aerla <. 7Xt € At)
IN THE MARKOV CHAIN CASE:
FROM AN UPPER BOUND TO A METHOD

UDREA PAUN

Let (Xn)n>0 be a finite Markov chain with state space S and transition matrices

(Pn)n>1- (The case when S is countable can be considered similarly.) Let 0 < s < ¢

(s,t € N). Let A, Agi1,..., At C S, A5, Ast1,...,Ar # 0, S. We show that
P(Xs € As, Xs41 € Ast1,..., Xy € Ar) <Q(Qs,0),

where @ = 1 — a, «a is the Dobrushin ergodicity coefficient, and Qs: :=
Qs+1Qs+2 ... Qt, Qsy1,Qs+2,...,Q: are matrices which depend on (As, Asy1)
and Psi1, (Ast+1, Ast2) and Psyo, ..., (At—1, A¢) and Py, respectively. This result
and others (old or new results) lead to a new method for bounding certain pro-
babilities P(B), where, e.g., B = {X € A}, X is a discrete random variable and
A CR,0< |A] < co. To illustrate our method, we give upper bounds for the
reliability of a k-out-of-v: F system and, more generally, of a weighted k-out-of-v:
F system and for the reliability of a consecutive-k-out-of-v: F system.
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1. AN UPPER BOUND

In this section, using ergodicity coefficients, we give an upper bound for
P(Xs € As, Xs41 € Agy1,..., Xt € Ay), 0 < s < t, in the finite Markov
chain case, i.e., when (X, )p>0 is a finite Markov chain with state space S and
Ag, Agi, ... At €S, As, Ast1, ..., Ar # 0, S. This result and others (old or
new results) lead to a new method for bounding certain probabilities P(B),
where, e.g., B = {X € A}, X is a discrete random variable and A C R,
0 < |A| < oo (JA] denotes the cardinal of A), see Section 2.
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In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.
Set

(m)={1,2,...,m}, m>1,
Smn = {P | P is a stochastic m x n matrix},
Npmn = {P | P is a nonnegative m x n matrix},

Ny = Ny, and Sy = Spm.

Consider a finite Markov chain (X,),>0 with state space S = (r) and
transition matrices (Py,)n>1. (We use S = (r) for simplification; S can be any
finite set.) We also shall refer to it as the (finite) Markov chain (P,),>1 (with
state space S = (r)). Define

Pm,n = m+1Pm+2 P, = ((Pm,n)ij)i,j637 Vm,n, 0<m<n.

(The entries of a matrix Z will be denoted Z;;.)
Let P = (P;;) € Sm,n (more generally, P € N, ). Let ) £ U C (m) and
0 #V C(n). Set

Py = (Pij)icu, jen) PV = (Pij)ic(my, jev PY = (Pij)icv, jev

(Py, PV, and P[‘]/ are matrices; e.g., if m = 2 and n = 3, then, e.g.,

P
Py =(Pn Po Py), P%= ( P;z ) and P{{l}} (P13)),

n

a(P) = 1§I%}]1‘I§lmk mm(Pik,ij)
(a(P) is called the Dobrushin ergodicity coefficient of P (see, e.g., [2] or [7,
p. 56])), and

Bi

1
=5 15‘,?2‘”12 | P — P

THEOREM 1.1. (i) @(P) =1— o(P), VP € Sy .

(ii) |uP —vP|1 < ||p —v|ha(P), Yu, v, p and v are probability distribu-
tions on (m), VP € Sy, .

(iil) «(PQ) < a(P)a(Q), VP € Smp, VQ € Snp.

Proof. (i) See, e.g., [7, p. 57] or [8, p. 144].

(ii) See, e.g., [2] or [8, p. 147].

(iii) See, e.g., [2], or [7, pp. 58-59], or [8, p. 145]. O
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Let (Xy)n>0 be a Markov chain with state space S = (r). Let 0 < s <t
(s,t € N). Let As, As1,..., A4+ C S, Ag, Agy1,..., Ay # 0, S. Consider the
fictive states s,s +1,...,t (5,s+1,...,t ¢ S). Set

Qu = ((Qu)ij)z'eAuﬂU{ﬁ},jeAuu{ﬂ}v

(Pu)z] ifie Ay_q, j e Ay,

1- Z (Pu)zk ifie Ay, j =1,
(Qu)ij = kedy U

0 ifi=u—1, j € Ay,

1 ifi=u—1, j =1,

Vu € {s+1,5+2,...,t}, Vi € A,_1U{u—1}, Vj € A,U{u}; we consider that
(5,s+1),(s+1,5+2),...,(t —1,) are the last entries of Qs11,Qs+2,---,Q¢,
respectively.

Below we give our the best result of this section.

THEOREM 1.2. Under the above conditions we have
P(XS € AS, Xs+1 S As+1, - ,Xt € At) < E(Q&t)

(Qst = Qs+1Qs12 ... Q).
Proof. Case 1. In € {s,s+1,...,t} such that P(X,, € A,) = 0. Obvious
(because

P(Xs € Ag, Xo41 € Agy1,..., X4 € A) < P(X, €A, =0

and

a(P)>0, VP €S,

Case 2. P(X,, € A,) > 0, Vn € {s,s+ 1,...,t}. Let py = ((pu)i)ies
be the probability distribution of the chain (X,,),>0 at time u, Yu > 0. Let
qs = ((gs)i)ica,ugsy be a probability vector (on Ag U {3}), where

(ps)i ifi e AS,

(@)= 1 % () ifi=5
keA,

Vi € Ag U {5}; we consider that (gs)z is the last component of gs. Set
Uit1 = ((Ui1)ij)ie a,0qmy, jess

(Us1)a, = (Pi1) 4, (Ues1) gy = (0,0,...,0,1);

we consider that (Upy1) @ s the last row of U;11.
Consider the Markov chain (Y,),>s with state spaces A5 U {5}, Asy1 U
{s+1},..., AU{t},S,S,..., initial probability distribution g5, and transition
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matrices (Vp,)n>s+1, where
Qn ifne{s+1,s+2,...,t},
V, = U1 ifn=t+1,
P, ifn>t+2
(this is a Markov chain with time varying state space, see, e.g., [7, p. 215]).

We have
P(Xs € A57Xs+1 € As+17---7Xt € At) =

= Z P(Xs:iSaXs+l:is+la---aXt:it):

is€As
Is+1€As+1
€A
= Y P(Xy=i)P(Xep1 =igp|Xe =) ... P(Xy = iy X1 =iy 1) =
is€A,
ls41€As41
€A
= Y )PP = Y (490 Qigieyr Qi1 =
is€As 1s€As
Is41€As41 is+1€As+1
€A €A
= > PYi=i)P(Yep1 =isp|Ya=1is).. . P(Yi =i)|V;1 = iy1) =
i€ A,
ts+1€As 41
€A

= > P(Yi=iy Yoy =ispr,... . Yi=1i) =

| isEA,
ls41€As41

’L‘tGZAt
=P(Ys € A, Ysi1 € Agi,..., Y € Ay) = P(Y; € Ay).
To finish the proof we show that
P(Y; € Ay) <a(Qs ).

To show this, let 75 = (0,0,...,0,1) € RYs, where ws := |A5] + 1 and 7, =
(0,0,...,0,1) € R¥, where w; = |A¢| + 1. Since (Qs¢)sy = 7, we have
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msQst = . Let g, be the probability distribution of chain (Y},),>s at time
u — 8, Yu > s. Further, by Theorem 1.1(ii), we have

lae = el = llgs Qs — msQselly < llgs — ms[l1@(Qst) < 20(Qsyt)-
On the other hand,
gt — mell1 = Z (@) +1—(@)7=2 Z(Qt)i-
1€A: €A

It follows that

Z (qt)i < a(Qst)
1€ A
and, therefore,

P(th S At) = Z(Qt)i < a(Qs,t)' U

1€A;

Definition 1.3. Let (Py,)n,>1 be a Markov chain with state space S = (r).
A state i € S is called absorbing if (P,); = 1, Yn > 1.

Below we give an important special case of Theorem 1.2.

THEOREM 1.4. Let (X,)n>0 be a Markov chain with state space S = (r)
and transition matrices (Pp)n>1. Suppose that r is an absorbing state. Then

P(X,<r)<a(Py,), Yn>1
(this inequality also holds for n =0 if we set Py = I,).
Proof. By the proof of Theorem 1.2,
PXo<r,Xi<r,...,X, <r)=PX, <r)<a(P,), Vn=>1,

because, in this case, the chain (Y;,)n>0 from the proof of Theorem 1.2 (s = 0)
is equal to (X,)n>0 a.s. (almost surely) (in fact, we can work with (X,,)n>0
directly, i.e., without to use the intermediary chain (Y;)n>0). O

Remark 1.5. By the proof of Theorems 1.2 and 1.4,
1
P(Xn <r)=5lpn —7l1, Yn 20,
where p,, is the probability distribution at time n of chain (X,,),>0 from Theo-

rem 1.4, Vn >0, and 7 = (0,0,...,0,1) € R".

2. A METHOD

In this section, based on the inequality P(X, < r) < @(Fp,), Yn > 0,
from Theorem 1.4, we give upper bounds for the reliability of a k-out-of-v: F
system and, more generally, of a weighted k-out-of-v: F system and for the
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reliability of a consecutive-k-out-of-v: F system. To make this, we need upper
bounds for @(Fp,) (see Theorems 1.1 and 2.1); obviously, it is desirable to
compute @(Fp), but this is impossible if k or v is too large.

Set

Par(E) = {A | A is a partition of E},
where E is a nonempty set. We shall agree that the partitions do not contain

the empty set.
Set

({i})i6{81,52,...,st} = ({Sl}a {32}7 SRR {St});
({i})ie{sl,sg,...,st} € Par({sh §2, .4 St})'
E.g., ({i})ieemy = ({11,{2},...,{m}) € Par((m)).
Below we give part of Theorem 1.8 from [15] and this in the stochastic
case only; this is an important result and its proof is based on the G method

from the A-ergodic theory. (For the general A-ergodic theory, see, e.g., [12-15]
and the references therein.)

THEOREM 2.1. Let P € Siymy, P2 € Smgmss- -+ Pn € Smypmny,- Let
Ay = ((m1)), Az € Par({m2)),..., Ay € Par((mn)), Ant1 = ({i})ic(mpi1)-
Consider the matrices Ly = ((Li)vw)vea,weay,, | € (n) ((L))vw is the
entry (V,W) of matriz L;), where

(Ll)VW = Izrél\;l Z (Pl)ija Vi € <TL>, YV € Al, YW e Al+1~
Jjew
Then
a(Png...Pn) > Z (LILQLTL)<WL1>K
KGAn+1

(Since LiLa ... Ly is an 1 X |(mp41)| matriz, it can be thought as being a row
vector, but above we used and below we shall use the matrix notation for its en-
tries instead of the vector one. Above the matrixz notation (L1Ls .. .Ln)<m1>K
was used instead of the vector one (L1Lso...Ly)k because, in this article, the
notation Ay, where A € N, g, and 0 # U C (p), means something different.)

Proof. See [15]. O
Set
((m)) ={0,1,...,m}, m >0,
and
suppr ={i| i€ W and v; > 0}

(the support of v), where W is a finite nonempty set and v = (v;)iew is a
probability distribution on W.
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Definition 2.2 (see also [12]). A Markov chain with state space S = ((k)),
where £ > 1 (k € N), initial probability distribution vy with suppvy C
((k — 1)), and transition matrices

Pn .- n
Pn .- Gn

Pn <o Qn

Pn  4n

1

with (Pp)iitw, = @n, Y > 1, Vi € S, i+ w, <k, and (P,)ix = gn, Vn > 1,

Vi e S —{k}, i + w, > k, where w,, is a natural number, 1 < w, <k, Vn > 1,

and (Py)gx = 1, Vn > 1 (i.e., k is an absorbing state) is called weighted k-

out-of-oo: F. A weighted k-out-of-co: F Markov chain with w,, =1, Vn > 1, is

called k-out-of-co: F. A 1-out-of-co: F Markov chain (k = 1) is called series.
We call w, the weight of P, Vn > 1.

Consider a weighted v-component system (v > 1), i.e., a system with v
components, the component n having a weight, say, w,, ¥n € (v). We only
work with independent components. Suppose that w, > 1 and w, € N. The
component n fails with probability, say, ¢,, Vn € (v). A weighted k-out-of-v:
F system is a weighted v-component system which fails if and only if the total
weight of failed components is at least k (see, e.g., [9] and [10, p. 279]). Fol-
lowing the Markov chain method (see [3]; see, e.g., also [1, pp. 13-14], [5-6],
and [9-10]), this system determines v stochastic matrices, say, Pi, Ps,..., P,
(we associate a stochastic matrix with each component of system), where P,
is identical with P, from Definition 2.2, Vn € (v). To can work with Markov
chains, since the matrices P;, P, ..., P, do not determine a Markov chain, we
consider a weighted k-out-of-co: F Markov chain, say, (X, )n>0 having the first
v matrices even these ones (“00” from weighted k-out-of-oo: F was suggested
of the fact that any chain has an infinite number of transition matrices (obvi-
ously, it is possible as some of them or even all be identical)). Further, using
this weighted k-out-of-oo: F Markov chain framework and the fact that the
reliability of a v-component system, R, is the probability that this work, it
follows that the reliability of above weighted k-out-of-v: F system, R, = R, (k),
is equal to P(X, < k), i.e.,

R, = Ry(k) = P(X, < k).

Consequently, to give upper bounds for R, = R,(k), we can work in the
weighted k-out-of-oco: F Markov chain framework. We shall use this framework
and, therefore, we shall give upper bounds for P(X, < k).




152 Udrea Paun 8

Below we give a family of upper bounds for P(X, < k) of a k-out-of-oco:
F Markov chain (equivalently, we give a family of upper bounds for reliability
R, = Ry(k) of a k-out-of-v: F system (by definition, this is a v-component
system which fails if and only if at least k£ of the v components fails, see, e.g.,
10, p. 231])).

THEOREM 2.3. Let (Xy,)n>0 be a k-out-of-co: F Markov chain. Let v > k.
Let ny,na,...,ng > 1 (they are integer numbers) such that v =nj+ng+---+
ng. Then
P(Xv < k) < 1- (1 —pip2-. -pnl)(l — Pni+1Pni+2 - - ‘pn1+n2) oo

oo (1= Pryfnototng o +1Png4ng g 42 - Prbnae gy g )-

Proof. By Theorem 1.4,
P(X, <k)<a(P,), Yv>0.
We now give upper bounds for @(P,) using Theorems 1.1(i) and 2.1.
To make this, we consider the matrices
PO,m ) Pn1,n1+n27 s aPn1+n2+~~-+nk71,n1+n2+-~-+nk71+nk
and partitions

Ay = (<<k>>)v Ag = ({0}7<k>)a Az = ({0},{1},{2,3,...,]{5}),...,
Ay = ({O}v {1}7 s {k - Q}a {k -1, k})a Ak—|—1 = ({Z})z€(<k))
(recall that ({i})ie(kyy = ({0}, {1},...,{k})). Since

Ps+1Ps+2 - - - Pt
Ps+1Ps+2 - - - Pt
Ps,t - . : : : . + U(s,t)7
Ps+1Ps+2 - - - Pt
1
Vs,t, 0 < s < t, where Uy is a strictly upper triangular matrix, Vs,t,
0 < s < t, and (see Theorem 2.1; for labeling the rows and columns of ma-
trices Ly, La, ..., Ly, we suppose that the partitions Ay, Ag, ..., Agyq are or-
dered sets)
Ly = Li(Pon,) = (0,1 —p1p2-. . pny)
(L1 = L1(Po,n, ) means that Ly depends on P, ),

(L2) (ryy = (L2(Pryn+n2)) {()y = (0,0, 1 = Py 11Pny+2 - - - Prytns)
((L2){kyy is the last row of L — this is the row (k) of La; we only need this
row because (L1)()),103 = 0);-- -,

(L) ggh—141 = Lk (Prytngttng_y ma+nototng_1+np)  {{k—1,k}} =

=(0,0,...,0,1 = Ppytnototng 1 +1Pn1+no++ng_142 - - - Pratng-totng_+ny)
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((Lk){gk—1,k}y is the last row of Ly; we only need this row because, for k > 2,
(L1Ls.. .Lk—1)g?k};;{}l}""’{k%}} = (0,0,...,0)), we have

LiLy...Ly = (0,0,...,0,2),
where

2= (1 =p1p2.. . Pny) (1 = Pry41Pni42 - - - Prytna) - - -
cee (1 — Pnitno+tnp_1+1Png+not+Ang 1 +2 - - -pn1+n2+~~-+nk,1+nk)-
Further, by Theorem 2.1,

O‘(PO,U) = a(PO,nlpnl,nl-&-nQ s Pnl+Tl2+'"+le—1an1+n2+"'+nk—l+nk) >
> Z (L1l ... L)y = -
JEAk+1

Finally, by Theorem 1.1(i),
a(P[)’U) <l—2z 0O

Problem 2.4. How do we choose the numbers ny,ns,...,n; in Theo-
rem 2.3 to obtain an upper bound for P(X, < k) as small as possible? Obvi-
ously, we need that 1 — z (see the proof of Theorem 2.3 for the definition of z)
be as small as possible; to fulfil this thing, one way is to choose the numbers
ni,na,...,ng such that the products

P1pP2 - -Pny,
Prnq+1Pni+2 - - - Pni+ngs - -+
Pni4no+-+ng_1+1Pni+no+-+ngp_1+2 - - - Pnitno+-+ng_1+ny

be as small as possible.

Ezample 2.5. Let (Xy)n>0 be a 10-out-of-co: F Markov chain. If p; =

Py = -0 = % (a homogeneous instance), then, for v = 100 and n; = ng =

- =mnyo = 10 (k = 10), we have

10
P(Xi00 < 10) <1 (1= (1)) =9.7228 x 107

while, for v = 200 and n1 = no = --- = nyg = 20, we have
10
P(Xao0 <10) < 1= (1= (1)) ~=9.5367 x 107
Further, if we consider p; = py = -+ = p1go = § and pio1 = pro2 =+ = 3 (a
nonhomogeneous instance), then, for v = 200 and n; = ny = --- = nyo = 20,
we have

5
P(Xa00 < 10) <1 (1- (5)20)5 (1- (1)) = 47680 x 107",



154 Udrea Paun 10

Using Theorem 2.1 directly, we can obtain better upper bounds for
P(X, < 10) of each chain from Example 2.5. E.g., we consider, for v = 100,
the first chain from Example 2.5. Taking, e.g., the matrices

pP,_ p2_ p20 p2  p2
and partitions
Ay = (((10))), Az =({0,1},{2,3,...,10}),
As = ({0},{1},{2,3},{4,5,...,10}),
Ay = ({0}, {1}, {2}, {3}, {4,5}.{6,7,...,10}),
As = ({0}, {1},...,{5},{6,7},{8,9,10}),  A¢ = ({i})ic(10)

then
21

5
- 220) ~1.0013 x 1074

P(Xl(]o < 10) <1l- (1
because

1 " 1 n
2 _ [ 27 2
(0 ) (021><

Moreover, since

p g\ _ (v np"q p g\ _(p 1-p V> 1
0 p o p ) o1 o 1 ) =4

we can give other general upper bounds for P(X, < k) of a k-out-of-oo: F
Markov chain in the homogeneous case. For the nonhomogeneous case, we can
use a computer for evaluating the product of matrices

<ps qs><ps+1 qs+1> “(pt Qt>
0 ps 0 pst1 /- 0 pt

for some s > 1 and ¢t > s. Further, to obtain more and more general or
special upper bounds for P(X, < k) of a k-out-of-oo: F Markov chain in the
homogeneous case, we can consider

[N T
O NI
= Nl

n

oo
o
k"R O

where n > 1. Etc.
To generalize Theorem 2.3 for weighted k-out-of-co: F Markov chains we
need the next remark.

Remark 2.6. Let (P,)n>1 be a weighted k-out-of-co: F Markov chain.
(a) By Theorems 1.1(iii) and 1.4,

P(Xv < k) < a(Pm,vz)v Vor,vg, 0 <wvp <wve <w
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(if v1 = vy := h, then we set Pyp = Ijiq).
(b) If Ps41, Psy2, ..., P, (s < t) are matrices with weights ws1, w42, .. .,
wy, respectively (see Definition 2.2 again), then, by induction,

(Pot)ii+j =0, Vi€ ((k—=2)), Vj, 0<j< minw, i+j<k.
s<i<

The result below is a generalization of Theorem 2.3 for k,v > 2.

THEOREM 2.7. Let (X,,)n>0 be a weighted k-out-of-oo: F' Markov chain.
Let k,v > 2. Let t > 1. Let 0 < mg < m1 < ... < my < myp1 < v. Set
Uy = 1IN (Wi 1, Wing 425 - - - Wing,, )5 VL E ((t)). If
g+ ur - Fumy <k <ugtup o+ U + ug
(equivalently,
ug+ur -+ + 1< (k) Swotur + - Hwr Hug + 1),
then

P(Xo <k) <1—=(1=pmogt1Pmo+2 - - Py )(L = P +1Pma+2 - - Pna) - - -
.. (1 — Pmi+1Pmy+2 - - 'pmt+1)'

Proof. 1t follows by Theorems 1.1(i), 1.4, and 2.1 and Remark 2.6. To
see this, we take the matrices

Pragmis Pmymos -+ s Pmgymeg

and partitions

A1 = (((k))), A= ({0,1,...,ug—1},{ug,uo+1,...,k}),

As = ({0}, {1}, ..., {uo — 1}, {uo,uo+ 1, ..., ug +u; — 1},

{wo +ur,up+ur +1,...,k}),...,
Aprr = ({0}, {1}, . {uo+ur + - +ug—o — 1},
fuotur+- - +w—guwotur+--+tw-2+lugtu - +Huotu—g -1},
{uo+ur + - Fupo+u1,up+ur - Fupo Fug1 + 1,00, k}),
Ao = ({i})ie(ry)-

(See the proof of Theorem 2.3 again.) [

Remark 2.8. If we have a k-out-of-v: F system, then 0 < k& < v while, if
we have a weighted k-out-of-v: F system, then 0 < k < v or 0 < v < k (see,
e.g., [10, pp. 231 and 279]). Theorem 2.7 works when 2 < k <wvor 2 <wv < k.

Problem 2.9. How do we choose the numbers mg, mq,...,myq in Theo-
rem 2.7 to obtain an upper bound for P(X, < k) as small as possible? (See
Problem 2.4 again.)

We now deal with consecutive-k-out-of-v: F systems. Consider a system
with v independent components which are linearly connected; such a system
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which malfunctions if and only if at least k& consecutive components fail is
called (linear) consecutive-k-out-of-v: F system (see, e.g., [10, p. 325]).

To give upper bounds for the reliability of a consecutive-k-out-of-v: F
system (i.e., for the probability that this system work), we act as in the case of
weighted k-out-of-v: F systems, i.e., since we can use the Markov chain method,
we associate a consecutive-k-out-of-co: F Markov chain with the consecutive-
k-out-of-v: F system (as in the weighted k-out-of-v: F case, this association is
not unique).

Definition 2.10 (see also [12]). A Markov chain with state space S = ((k))
(k > 1), initial probability distribution vy with suppvy C ((k — 1)), and
transition matrices

Pn  Qn
Pn qn

Pn dn

is called consecutive-k-out-of-co: F.

THEOREM 2.11. Let (Xp)n>0 be a consecutive-k-out-of-oo: F Markov
chain. Set h = h(k,v) = [{], Yo > 0. ([z] denotes the integer part of x
(x € R), i.e., [x] ;=max{k |k € Z and k < z}.) Then

P(Xy<k)<(1—-q192---q)(1 — qk+1qr+2 - - - q28) - --

oo (U= gh—1)h19(h—1)k 42 - - - Gnk), Vv > k.

Proof. By Theorem 2.1, taking the matrices
Pm+17Pm+27"'7Pm+k (m > 0)
and partitions

A= (((k))), Az=({0},(k)), Az=({0},{1}{2,3,...,k}),...,
Ap = ({0}, {1},... . {k =2}, {k = 1,k}),
A1 = ({i})ie()
we have
&(Pmmtk) = Gmt19m+2 - - - Gtk
In fact,
& Prmtk) = Gm19m+2 - - - Gk, Vm >0

(see [12, Theorem 2.13]); therefore, this is an example where Theorem 2.1
gives the best lower bound for &Py, k). Further, by Theorems 1.1 ((i) and
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(iii)) and 1.4, we have
P(X, < k) <a(Pyy) < a(Por)a(Prak) - (Prh—1yink) <
<A-a1@2- - @)1 = Gr1@rt2 - @2) - (L= Q1)+ 19(h—1)k42 - - - d0k),
Yo>k. O

Remark 2.12. As to Theorem 2.11, if, in particular, ¢; = ¢2 ... := g, then
P(X,<k)<(1—-¢"" Yo>k

(by following a different approach, Muselli [11] also obtained this inequality).

To give better upper bounds for P(X, < k) of a consecutive-k-out-of-oo:
F Markov chain (P,),>1 and of the others by Theorems 1.1, 1.4, and 2.1, we
must obtain information about certain entries of the product P, for some
m > 0 and n > m. Recall that it is possible that this information be obtained
by computer (see, e.g., Example 2.5 and after it).

The Markov chain method is used for computing the probabilities of
certain events which arise in the distribution theory and related fields (runs,
patterns, reliability theory, hypothesis testing, quality control, etc., see, e.g.,
[1], [3], [4-6], and [9-11]). Theorems 1.1, 1.2, and 2.1, being general results,
could be applied to give upper bounds for these probabilities (see Theorems 1.2
and 1.4 and this section again).

For other methods on lower and/or upper bounds for the probabilities
of certain events which arise in the distribution theory and related fields, see,
e.g., [1] and [10, Subsection 5.8] and the references therein. A drawback of
the majority of these studies consists in the fact that they only refer to the
homogeneous case. For our bounding method, it does not count if the chains
are homogeneous or nonhomogeneous.
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