SPATTAL CONDITIONAL QUANTILE REGRESSION:
WEAK CONSISTENCY OF A KERNEL ESTIMATE
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We consider a conditional quantile regression model for spatial data. More pre-
cisely, given a strictly stationary random field Z; = (Xi, Yi);.ynv, we investigate
a kernel estimate of the conditional quantile regression function of the univariate
response variable Y; given the functional variable X;. The main purpose of the
paper is to prove the convergence (with rate) in LP norm and the asymptotic
normality of the estimator.
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1. INTRODUCTION

Conditional quantile estimation is an important field in statistics which
dates back to Stone (1977) and has been widely studied in the non-spatial
case. It is useful in all domain of statistics, such as time series, survival ana-
lysis and growth charts, among others, see Koenker ([20], [21]) for a review.
There exist an extensive literature and various nonparametric approaches in
conditional quantile estimation in the non spatial case for independent samples
and dependent non-functional or functional observations. Among the many
papers dealing with conditional quantile estimation in finite dimension, one
can refer, for example, to key works of Portnoy [27], Koul and Mukherjee [23],
Honda [19].

Potential applications of quantile regression to spatial data are number
less. Indeed, there is an increasing number of situations coming from different
fields of applied sciences (soil science, geology, oceanography, econometrics,
epidemiology, environmental science, forestry, etc.), where the influence of a
vector of covariates on some response variable is to be studied in a context of
spatial dependence. The literature on spatial models is relatively abundant,
see for example, Guyon [15], Anselin and Florax [3], Cressie [7] or Ripley [29]
for a list of references.
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In our knowledge, only the papers of Koencker and Mizera [22], Hallin et
al. [18], Abdi et al. ([1], [2]), Dabo-Niang and Thiam [12] have paid attention
to the study of nonparametric quantile regression for finite dimensional ran-
dom fields while Laksaci and Maref [24] have considered infinite dimensional
fields. This last work deals with almost sure consistency of the conditional
consistency of a kernel conditional quantile estimate. The work of Hallin et al.
[16] deals with local linear spatial conditional quantile regression estimation.
The method of Koencker and Mizera [22] is a spatial smoothing technique
rather than a spatial (auto)regression one and do not take into account the
spatial dependency structure of the data. The results of Abdi et al. ([1], [2])
concerned respectively, consistency in p-mean (p > 1) and asymptotic normal-
ity and of a kernel estimate of the conditional regression function for spatial
processes. Dabo-Niang and Thiam [12] considered the L; consistency of the
local linear and double kernel conditional quantile estimate.

As in the non-spatial case, conditional quantile estimation is useful for
some non-parametric prediction models and is used as an alternative to clas-
sical spatial regression estimation models for non-functional data (see Biau and
Cadre [4], Lu and Chen ([25], [26]), Hallin, Lu and Tran [16], Dabo-Niang and
Yao [10]). Spatial conditional quantile is of wide interest in the modeling of
spatial dependence and in the construction of confidence (predictive) intervals.
The purpose of this paper is to estimate the conditional quantile regression
for spatial functional data.

Recall that a recent and restrictive attention has been paid to nonpara-
metric estimation of the conditional quantile of a scalar variable Y given a
functional variable (X = X;, ¢ € R) when observations are over an interval
T € R. The first results concerning the nonparametric quantile estimation
adapted to non-spatial functional data were obtained by Ferraty et al. [13].
Recently, Dabo-Niang and Laksaci [11] stated the convergence in LP norm
under less restrictive conditions closely related to the concentration properties
on small balls probability of the underlying explanatory variable.

The main purpose of this paper is to extend some of the results on quan-
tile regression to the case of functional spatial processes. In our knowledge, this
work is the first contribution on spatial quantile regression estimation for fun-
ctional variables. Noting that, extending classical nonparametric conditional
quantile estimation for dependent functional random variables to quantile re-
gression for functional random fields, is far from being trivial. This is due to
the absence of any canonical ordering in the space, and of obvious definition
of tail sigma-fields.

The paper is organized as follows. In Section 2, we provide the notations
and the kernel quantile estimates. Section 3 is devoted to assumptions. Sec-
tion 4 is devoted to the L, convergence and the asymptotic normality results
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of the kernel quantile regression estimate, under mixing assumptions. Proofs
and technical lemmas are given in Section 5.

2. THE MODEL

Consider Z; = (X;,Y;), i € NV be a F x R-valued measurable strictly
stationary spatial process, defined on a probability space (€2, A,P), where
(F, d) is a semi-metric space. Let d denotes the semi-metric and N > 1. A
point i = (i,...,iy) € NV will be referred to as a site. We assume that the
process under study (Z;) is observed over a rectangular domain I, = {i =
(il,...,iN) S ZN, 1 <idp < ng, k= 1,...,N}, n = (nl,...,nN) e NV, A
point i will be referred to as a site. We will write n — oo if min{ng} — oo
and |Z—i| < C for a constant C such that 0 < C' < oo, for all j, k such that
1<jk<N.Forn=(ng,...,ny) € NV weset n =n; x--- x ny.

We assume that the Z;’s have the same distribution as (X,Y’) and the
regular version of the conditional probability of Y given X exists and admits
a bounded probability density. For all x € F, we denote respectively by F*
and % the conditional distribution function and density of Y given X = z.

Let a €]0, 1], the a'! conditional quantile noted g, () is defined by

F?(qu(2)) = .

To insure existence and unicity of g, (z), we assume that F* is strictly
increasing. This last is estimated by

5 6 () e (5)
(1)  F2(y) = = S K, (d(a;,xo) if ieZI:nKl (46’(2? i));«éO,
i€Tn "
0 else,

where K is a kernel, K5 is a distribution function, a, (resp. by) is a sequence
of real numbers which converges to 0 when n — oco.
The kernel estimate g, (x) of the conditional quantile g, (z) defined by
F*(qa(2)) = a.
One can also use other methods to estimate q,, such as the local linear
method or the reproducing kernel Hilbert spaces method (see Preda, [28]).
In the following, we fix a point x in F such that

P(X € B(x,r)) = ¢z(r) >0,
where B(z,h) = {2’ € F|d(a',z) < h}.
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3. HYPOTHESES

Throughout the paper, when no confusion will be possible, we will denote
by C and C’ any generic positive constant, and we denote by g\/) the derivative
of order j of a function g. We will use the following hypotheses:

3.1. Nonparametric model conditions

Hy: F* is of class C! and f*(go(z)) > 0.
Hy: 361 >0,V (y1,92) € [qa(x) — 01, qa(x) + 61]%, V (21, 22) € Np X N,

[F™ (y1) — F™(y2)] < C(d™ (w1, 22) + [y — 12]™), b1 >0, by > 0,

where N, is a small enough neighborhood of x.

Hj: There exist C1 and Ca, 0 < C1 < Oz < oo such that Cilp y)(t) <
Ki(t) < 02]1[071] (t).

Hy: Ko is of class Ct, of bounded derivative that verifies
/|t|b2 KM (#)dt < 0o,
R

3.2. Dependency conditions

In spatial dependent data analysis, the dependence of the observa-
tions has to be measured. Here, we will consider the following two dependence
measures:

3.2.1. Local dependence condition

In order to establish the same convergence rate as in the i.i.d. case
(see Dabo-Niang and Laksaci [10]), we need the following local dependency
condition:

(i) For all i # j, the conditional density of (Y3,Yj) given (Xj, Xj)
exists and is bounded.

(2) (ii) For all k>2, we suppose that: there exists an increasing
sequence 0 < (vg) < k :
| max(maxj, ez, P(d(Xi,,2)<r, 1<j<k), ¢k(r)) = O(¢5%(r)).
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3.2.2. Mixing condition

The spatial dependence of the process will be measured by means of a-
mixing. Then, we consider the a-mixing coefficients of the field (Z;, i € NVV),
defined by: there exists a function ¢(t) | 0 as t — oo, such that whenever F,
E’ subsets of NV with finite cardinals,

B aBEBE) = s [P(ENC) - PEBPO)

< ¢(Card(E), Card(E"))p(dist(E, E")),

where B(E) (resp. B(E')) denotes the Borel o-field generated by (Xj, i € E)
(resp. (Xj, i € E')), Card(FE) (resp. Card(E’)) the cardinality of E (resp. E'),
dist(E, E') the Euclidean distance between E and E’ and ¢ : N> — R* is a
symmetric positive function nondecreasing in each variable.

Throughout the paper, it will be assumed that v satisfies either

(4) Y(n,m) < Cmin(n,m), Vn,m €N
or
(5) Y(n,m) <Cn+m+1)P, VYnmeN

for some E > 1 and some C' > 0. In the following, we will only consider
Condition (4), one can extend easily the asymptotic results proved here in the
case of (5).

We assume also that the process satisfies the following mixing condition:
the process satisfies a polynomial mixing condition
oo
(6) Y (i) <oo, §>N(p+2),p=>1.

)
=1

If N =1, then Xj is called strongly mixing. Many stochastic processes,
among them various useful time series models, satisfy strong mixing properties,
which are relatively easy to check. Conditions (4)—(5) are used in Tran [30],
Carbon et al. [5], and are satisfied by many spatial models (see Guyon [14] for
some examples). In addition, we assume that

Hs: 30 <7< (6 —5N)/2N, ng, m > 0, such that n"b, — oo and

__(5+27)N=$
Cn 3 +1o < ¢x(an)7

where ¢ is introduced in (6).

Remark 1. If (6) is satisfied, then ¢(i) < Ci~?.
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4. MAIN RESULTS
4.1. Weak consistency

This section contains results on pointwise consistency in p-mean. Let x
be fixed, we give a rate of convergence of g, () to g, () under some general
conditions.

THEOREM 1. Under the hypotheses H1-Hs, (4), then, for all p > 1,
we have

1Ga () = ga(@)lp = (ElGa(z) = ga(@)P)/" =

-0 ((an)b1 + (bn)”2> +0 <<ﬂ¢xl(an)> %> .

Let
_ d(anl) _ y_Y; _ _ K;
o ()= () s W) = o P
Fiy) = —— Y KiHiy), Fi=—— S K
DEK]_ ieT, ’ DEK]_ =
i€y i€Tn

By hypothesis Hy, F % (y) is of class C'; then, we can write the following Taylor
development

Sz

F{i(@a(2)) = F{(ga(2)) + F ' (03(2)) (@a(@) — ga()) ,
where ¢ (x) is in the interval of extremities ¢, (z) and gu(x). Thus,
= W (ﬁ;\ﬁf(qAa(w)) - ﬁﬁ(qu)))
_ 1
R (@)
It is shown in Laksaci and Maref (2009) that under (H1)—(H5), (2) and (6) that

-~

Ga(z) — ga(x) — 0, almost completely (a.co).

o () — ga()

(aFp - Fi(aa()))

So, by combining this consistency and the result of Lemma 11.17 in
Ferraty and Vieu ([13], p. 181), together with the fact that ¢*(z) is lying
between g, (x) and ¢, (z), it follows that

(7) FE (q5(@)) = " (galx)) — 0. aco.
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Since f*(gq(x)) > 0, we can write
1

3C > 0 such that =0 .
Fy 7 (g(2))

<(C a.s.

It follows that
G (@) = 4a(@)l, < CllaFp — Fi(ga(@))|], + (P(ES = 0))"
So, the rest of the proof is deduce from the following three lemmas.
LEMMA 1. Under Hy — Hy, we have
E [aFf — F(ga(x))| = 0 (b +t32).

LEMMA 2. Under the hypotheses of Theorem 1, we have

Haﬁﬁ—ﬁﬁ,(qa(x)) E[ozFD FL(gule }H (<n¢w( n))§>.

LEMMA 3. Under the hypotheses of Lemma 2, we have
1
~ 1/p 1 2
P(F=0))"=o((550) )
( b ( n¢m(an)

4.2. Asymptotic normality

This section contains results on the asymptotic normality of the quan-
tile estimator. For that we replace, respectively Ho and H4 by the following
hypotheses.

Hb: F? satisfies Hy and Vz € N,, F? is of class C! with respect to v,
the conditional density f? is such that f*(g,) > 0 and V(x1,22) € Ny X Ny,
\v/(yla y2) S RQ

7 ) = £ )| < (llan =™ + gy = 9ol) . drdz > 0.
H): Ky satisfies Hy and
/\t\dQKg”(t)dt < .

THEOREM 2. Under the hypotheses of Theorem 1 and HY, H), (4) then,
for any x € A, we have

(f*(ga(2)))*0(¢K, (an))? (1/2)(A< ) — qa(x) — Ca(z)) — N(0,1)
wK%(an)(a(l - a)) Qol® Ja\T nlT n—-+00 s L)y
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where
Ch(z) =
_ 1 a a o a —1 T X z
T (aa@) o (am) @V n) = B[K (an)7 2, X)) P (ga(@))] )+ O(ba)
and

_ wa(an) . _ ! /
A= {x eF, (O (@) # 0} with  g(h) = /0 g (t)ps(ht)dt.

Firstly, observe that if Hy is satisfied then, we have

(8) 30 < 6; < 1, such that a(~1F0/0+2N) < o (g,
Let
1
A= aK; — KiHi(qo) — E (oK; — K;H;(qa))] -
EK%[ (ga) — E( (¢a))]

By hypothesis H}, ﬁf\”, (y) is of class C!, then, we can write the following Taylor
development:

S [~ = S ~
FR(Ga) = FR(g0) + FN (40) (G — 4a)
where ¢ is in the interval of extremities ¢, and g,. Thus,

To— 1 = ﬁNj(q) (F@o) = Fitaw) = oy (o — Fifaw).
[%] " ( [@o — g — O ()] ) -
AR K 17 () (e e o
B [a(l — a)EKiQ} (ﬁﬁ(l)(qz) <O‘FD - FN(qa)> -E (aFD - FN(qa)>> ,
where
Cn(z) = ]m(l%)E (aﬁg - ﬁ]{,(qa)) .

Consequently, the proof of the theorem is the consequence of the following
lemmas and the convergence result (7).

LEmMA 4. Under the hypotheses of Theorem 2, we have
i) Var (A;) — o1l —a);
ii) Y Cov(Ai,Aj) =o(n) and

i,j€Zn

i) Lvar (Y ier, A;) = a1l — @), when n — oo.
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LEMMA 5. Under the hypotheses of Theorem 2 we have

ﬁEQKi Y g Rl o Ry
[t (85 - Fita] - 2 o~ FrGa]) = N0
LEMMA 6. Under the hypotheses H) and H), we have

B [0fp — F(a)] =0 - 3B [K (“‘X> FX<qa>} +o (k)

and
E [aﬁg - ﬁﬁ(qa)} =0 (af} + bff) .

It is easy to see that, if one imposes some additional assumptions on the
function ¢,(-) and the bandwidth parameters (an and by ) we can improved our
asymptotic normality by explicit asymptotic expressions of dispersion terms
or by removing the bias term C,(x).

COROLLARY 1. Under the hypotheses of Theorem 2 and if the bandwidth
parameters (an and by) and if the function ¢, (an) satisfies

lim (an® + bu”)v/Noy(an) =0 and  lim O (tan) = p(t), Vtelo,1],

n—0o0 n—oo ¢m(an)
we have
(7 (tal)?57) I
( d2(a(l — ) ) ¢ (an) (ta(x) ta(-T)) n——+o0 IN(0,1),

where 6; = —fol(Kj)’(s)ﬁ(s)ds, for, =1, 2.

Remark 2. If we assume that (5) is satisfied instead of (4) then it is
simple to have the results of Theorems 1 and 2, the only thing that changes is
condition (H5) which will be replaced by some assumption that depend on 3.

5. APPENDIX

We first state the following lemmas which are due to Carbon et al. [6].
They are needed for the convergence of our estimates. Their proofs will then
be omitted.

LEMMA 7. Suppose Eq,...,E, be sets containing m sites each with
dist(E;, Ej) > v for all i # j, where 1 < i < r and 1 < j < r. Sup-
pose Z1,...,Z. is a sequence of real-valued T.v.’s measurable with respect to

B(E1),...,B(E;) respectively, and Z; takes values in [a,b]. Then, there ex-
ists a sequence of independent r.v.’s Z7, ..., Z" independent of Z1, ..., Z, such
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that Z! has the same distribution as Z; and satisfies

Y ElZi— Z}| < 2r(b— a)i((r — 1)m,m)e (7).
1=1

LEMMA 8. (i) Suppose that (3) holds. Denote by L.(F) the class of
F-measurable m.v.’s X satisfying | X|l, = (E|X|)Y" < oo. Suppose X €

L (B(E)) and Y € Ls(B(E")). Assume also that 1 < r;s,t < oo and
rl 4 sttt =1. Then,

9) |[EXY — EXEY| <
< ClIX 1Y ls{¥(Card(E), Card(E"))p(dist(E, E)}'/".

(ii) For r.v.’s bounded with probability 1, the right-hand side of (9) can
be replaced by C(Card(E),Card(E"))p(dist(E, E')).

Proof of Lemma 1. We have

ElaF} - F(ga(2))] = a (E[K1E [Hi(ga(x)) | X))

- EK,

We shall use the integration by parts and the usual change of variables t = %=,
to show that

BlaF} — Fi(qa(2)] = o — E}ﬁ <EK1 / KO ()X (ga(x)) - bnt)dt> :
Hypotheses (H2) and (H4) allow to get
BloFf = Fi(ga(@))] <

1 (1) T X1 b b
— _ < 1 2 ) .
o [K / K (1) | F ((0(2) = F¥ (g0 (@) = bat)dt]| < C (ol +52)
Proof of Lemma 2. We have
T T o T 1
|0Fb — Fi(aal@) — B [aFp — Fi(aa@))]|| = | D61 -
P Hhiez, lp
where

0i = Ki(o = Hi(qa(2))) — E[Ki(o — Hi(ga(2)))] -
We have EK; = O(¢.(hk)), (because of H3), so it remains to show that

> 6| =00 (an)).

i€, p

The evaluation of this quantity is based on ideas similar to that used by Gao
et al. (2008), see also Abdi et al. (2010). More preciously, we prove the case
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where p = 2m (for all m € N*) and we use the Holder inequality for lower
values of p.

First of all, let us notice that the notations 6; and &;, deliberately intro-
duced above, are the same as those used in Lemma 2.2 of Gao et al. (2008) or
Abdi et al. (2010a). The proof of the lemma is completely modeled on that
of Lemma 2.2 of Gao et al.. To make easier the understanding of the effect
of the boundedness of ; on the results, we opt to run along the lines of Gao
et al.’s proof (keeping the same notations) and give the moment results in a
simpler form. To start, note that

2r 2m—1
E <291> ] :ZE[@?"L]_}_ Z Z Vs(vo,v1, ..oy vs),
i€Zn i€y s=1 vo+vi+--+vs=2r
where > is the summation over (vp,vy,...,vs) with positive in-

vo+vi 4 trs=2m
teger components satisfying vy + 1 + -+ - + vs = 2m and

Viosvi,.ooyvs) = Y E[Hi”(fﬁi’ll..ﬁiﬂ,
oAl ##ls
where the summation > is over indexes (ip, i1, ...,1is) with each index
igFAiL#F#ls
i; taking value in Z,, and satisfying i; # i; for any j # [, 0 < 5,1 < 5. By
stationarity and the fact that K» is a distribution function, we have

> E(6:)*™ < CRE(|65])*™ < 8E (K;)*™ < Chigy(an).
i€Zn

To control the term Vi(vg, 11, ..., vs), we need to prove, for any positive inte-
gers v, V1, V2, - . . Vs, the following results:
i) B|6710;2 ... 07| < Copp(an)' s

i1 Jio
i) Vs(vo,va, ...y VS>:O((ﬁ¢x(CLn))S+1), for s=1,2,...,m—1and m > 1;
i) Vs(vo,v1,...,vs) = O((Mdg(an))™ ), for m < s < 2m — 1.
To show the result i), remark that the boundness of K and (2) yield
E|01672 ... 67| < Cpt(am).

11 12

Proof of ii). Note that we can write
‘/S(V()a Vi, .. '71/5) ==
S S S
= > E(H@”;)—HE@?; + ) JIE6 = Va+ Ve
o717 s =0 =0 o7 7 #1s j=0

Clearly, we have |[Vig| <C 32 (¢do(an))*™ < C gy (an)) ™.
oy 2 s
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For the term V1, notice that
P(IT) ~T1w0t -
=0 =0
s—1 -1 s
=y (HEQi;> (E[Hei;] - B[] [ H i ]D
=0 ;=0 j=l j=I+1

where we define [;_; = 1 if l > s. Then, we obtain

»
|
—

Val <Y (@de(an))’ >
=0 i Als

[Hf |- eiens] 10 |-

j=l+1

Let P be some positive real, we have

Vist = > E[Hﬂﬂ —E[H;’ZZ]E[ H ei”;}

o<dist({i;},{l1+1,....1s H<P J=l g=l+1

T o] e

0<dist({i;},{ii41,..is})>P j=l j=1+1

= Vis11 + Visi2.

Using the result i) above leads to

#1011 <

Jj=l+1

] -

Jj=l+1

el 1]+
=
S C¢x(an)1+vs+17l.

Thus, we have

Vis1 < Z C¢:p(an)1+vs+l_l <
0<dist({ir} (i1, Ao <P
P

< Cgp(an)Hn= > L

k=1 k<dist({i;},{ii41,.is })=t<k+1
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Since dist({i;}, {ij41,...,is}) = t, it follows that there exits some i; €
{ij41, ..., 15}, say ijy1, such that dist({i;}, {i;+1}) = t, and therefore,

P

> 2 1< Z 2 2 1<

k=1 deiSt({il},{il+1,...,is}):t<k’+1 k=1 ij€7n kgdist({il},{il+1):t<k2+l

j=l+2,..., s
P
oYy
=1 k<dist({i;},{ij41)=t<k+1

Thus,

P
Visi1 < C¢x(an)1+vs+1ilﬁ(87l) Z Z 1<

k=1 k<|i]|=t<k+1
P
< C¢x(an)1+v5+14ﬁ(sfl) Zthl < C(,bx(an)lJrverlilﬁ(s*l)PN.
t=1

For the term Vjs12, notice that since the variables ; are bounded, we have (see
Lemma 8)

< CP(1,s = Dep(t),

<10 st 11 4]

J=l+1

where t = dist ({i;}, {i;41,-..,1s}). Then, under (4) or (5), we have

Va2 <C > > p(t) <

k=P4+1 k<dist({i;},{ijp1)=t<k+1
o0 oo
<C > At N g <ot Y N o).
k=P+1 k<|lil|=t<k+1 t=P+1
Combining the upper bounds of V511 and V419, we have

s—1 [e'e)
Va| < C Y (Agr(an)) !qzsx(an)lﬂsﬂlﬁ<s—”PN+ﬁ<s—” Y N Te)] <
=0 t=P+1

|
—

s

< C (Agn(an) ™V Y (B6u(an)) ! [%(an)l*”sﬂlﬁ“”zﬂﬂ
l

+at7h Y- tN_lgo(t)} -

t=P+1

Il
o
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/\_1PN¢ )l+vs+1_l¢w(an)l—5—1+

(n¢m n (S+1 z_:
=0

R0 Y )] <
t=P+1
s—1
<C (ﬁ@c(an))(SH) [ﬁ1PN¢CC(CLH)1+%HZ¢$(@D)IS1+
l

Il
o

+ ﬁ_l(ﬁm(an)(l_s_l)P_SN Z tSN+N_1g0(t):|.
t=P+1

Taking P = ¢,(an)~"/N, we obtain
s—1

li X n

(olan)) 3 NI 5] < C (figu(an))

t=P+1

% (an)1+vs+1il ¢x(an)lisil+

1
+A7
n¢x(an

since § > N(p + 2).

Proof of iii). As indicated in Gao et al. (2008), since the arguments are
similar for any m < s < 2m — 1, the proof is given only for s = 2m — 1 and
N = 2 for simplicity. In this case, Vop,—1(vo, 1, ..., Vom—1) is denoted W. To
simplify the notations, we write i = (i,j) € Z? and iy = (ix,jr) € Z%. The
main difficulty is to cope with the summation

S E[6ibs .. 05, =

ipAl1#.i2m—1

- Z E [9i0j0 0i1j1 <o eiszljszJ .
(i0,40)#(i1,J1) # - #(l2m—1,J2m—1)

To this end, a novel ordering in Z? (see Gao et al. (2008)), makes possible
to separate the indexes into two (or more) sets whose distance is greater or
smaller than P (usually larger than 1) is considered. Arrange each of the
index sets {ig,1,...,92m—1} and {jo,j1,...,Jom—1} in ascending orders as
(retaining the same notation for the first ordered index set for simplicity)
10 <11 < - <oy and i, <jp <o < Ji,,, ., Where [ is to indicate that
I, may not be equal to k. The number of such arrangements is at most (2m)!.
Let Aip =iy —ip_1 and Aji = i, — Jl—1 and arrange {Ail, RN Aigm_l} and
{Aj1,...,Ajom—1} in decreasing orders, respectively as Aig, > -+ > Aig,,
and Ajbl > 2> Ajbszr Let t1 = Aiam, to = Ajbm and t = maX{t1,t2}. If
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t1 > to thent:tl,and0§iak—iak71 <t <ny fOl“k‘:m—l-l,...,Qm—l,
Ogjlbk _jlbk,l <t<ngfork=m,m+1,...,2m — 1. Therefore,

(10) gy, <'iq, < iq, ,+t, oy, < by < iy, HE for k=m+1,...,2m—1.

tom—1. If t1 < t2, arrange according to the order of j;, < j;, <--- <7, , and
the proof is similar.
Let 7 = {il,...,izm_l}, Ie = {ial,...,iam}, I =1 -1, =
{iam+l7 s 71‘012177,71}7 J = {jl17 s 7j127n71}7 To = {jlb17 cee 7jlbm} and jbc =J -
= {jlbm+1 so-s i, ). Remark that (i, .., dag,,—,) and (i, oo, Ju, )
are permutations of respectively Z and J. Then, from (10), t = i4,, — ia,, ,
and ¢ > jj, — jlbm,lﬂ we deduce that

W= Y E[6bh... 0, ,]
ipAi1#. . iam—1

<C > > |E [BigjoBirjy - - i rjom1] |

1<ip<i1 <+ <idgm—1<n1 1< <jiy <+ <Jig,, 1 SN2

We arrange ig # iy # -+ # iam—1 according to the order of ip < i3 < --- <

j t
max(n1,m2) nq ni lag_ 1+t ]lbk71+
<C > ) D ) Z Z )
t=1 io=1 i=1 ia; =ta Ji, =Ji
Elag_1 b by
i€Za~{iam?} p_p iy, 2m71 JEJb “lb b ZH ..1.62717171

. ‘E [9i09i1 . 912m71] ’ .
Take a positive constant P such that 1 < P < max(nj,n2) and divide the
right hand side of the previous inequality into two parts denoted by W; and
W5 according to 1 <t < P and t > P. Then, W < Wj + W5. In one hand,
use the result i) with s = 2m, and get

j t
P m ny Gag,_q Tt Jlbk—1+
DD IEDIEEDY Z Z >
t=1 ip=1 i=1 ta, =1 i =7
0= e :1;11 ap—1 Jlbk Jlbk_l

,,,,, 2m—1 JEJb {Jlb }k:m m+1,...,2m—1

. ‘E [9i09i1 e eizm—l]‘

j t

P m ny fag_q Tt Jlbk—1+
<C E E E E g E g ¢m(an)1+v2m

t=11ip=1 i=1 fay=ta,_; Jlg jlbk:jlbk_l

i€Za~{lam} p_pmi1, om—1 Jejb {]lb }k:mm+1m2m71

nan Z t2m 1¢1‘ 1+v2m < C(n1n2)mp2m¢x(an)l+v2m )
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In another hand, assume that neither iy nor is,—1 belongs to Z, (if i1 or
i9m—1 is in Z, the proof is similar). In this case, Z, is a subset of size m
chosen from the 2m — 3 remaining indexes (besides ig, i1 and ig9y,—1). As
raised by Gao et al., this is due to the fact that there must be two succes-
sive indexes because there are not enough elements in the set of remaining
indices to allow a gap between every two elements of Z,. The first com-
ponents of i;’s are ordered as ig < i1 < - < dprg < G < ipegg <

- < dgpm— for some k* > 1 and Ai; = i; —i;_;. Then, we have, ei-
ther dist({ig,...,ig~—1}, {ixk+}) > Aige > ¢, dist({ig=}, {ixrg1,- .-, l2m-1}) >
Aik*+1 > t and dist({io,...,ik*_l},{ik*,... ,igm_l}) > Aig1q > t, or
dist({io}, {il, ey igm_l}) > Ail > t or diSt({io, ey igm_z}, {i2m—1})
Aigym—1 > t. Let Aik*—l = 910911 - 0ik:*—1 and Bik*+1 = 0ik*+1 - 9i2m717 then,
for the case of i+ and ig+41 in Z,, we have

| E16s

Wb - 0; . B;

| = [E[Ai. ,0i. Biy ]|
< |E[(As,._, — EA;,. )(6,.Bi,. .,
+ |E[A,._,]E[(0;,. By, ., )]
=|Cov(A;,._,, 0. Blk*+1)| + |E[4;. ]| \Cov(@ik*,Bik*Hﬂ
< Cp(t) + Coulan) T (1) < Co(t).

12m 1]

— Eb6;,. By, )|

Thus,

j +t
max(ni,n2) nj tay_+t Jlbk—1

m=c >3 Y% ZZZ D

t=P+1 ip=1 i=1 ta, =ta Jig g, =7
kT tap—1 b by
t€Za—{iam?} 1 om—1 JEJb {“b Ve 'rkn+1 k 2717171

|E (0363, - - 01, ]| < Clran)™ > 2 1(t).

t=P+1

It follows that

o0

W < Wi + Wy < Clning) " PP ¢y (an) T + Clning)™ > 2" lo(t)
t=P+1

< (nang)™ (P2m¢x(an)(1+”2m) + PQm_l—‘s) ,
For general N, we obtain by similar arguments

W < C(m)™ (me%(an)(mNm) n PNana) _



17 Spatial conditional quantile regression 327

Taking P = ¢ (an)~1Tonm)/149) wye get

W < C(ﬁgﬁx(an))m <ﬁ1¢x(a ) Nm— 1+(1+va)+ n¢ac an Z $Nm—1— 6)

t=P+1
< C(nog(an))™
because 6 > N(p + 2). This ends the proof of the lemma.
Proof of Lemma 3. We have for all € < 1,
P(ﬁf,:()) gP(ﬁggl—e) gP(|ﬁ5—E[ﬁg]| Ze).
Markov’s inequality allows to get, for any p > 0,
E ||Fp — BIF5)P]

174

P(|Fp - EIFg)| 2 ) <
So,
T 1/p T T
<P(FD - 0)) =0 (HFD - E[FD]HP> .
The computation of Hﬁg - F [ﬁg] Hp can be done by following the same argu-
ments as those used to prove Lemma 2. This yields the proof.

Proof of Lemma 4. Let us calculate the variance Var(A;). We have

Var(s) = ez [PA? (0~ Hifa))” = (PKi 0~ Hi(ae)) |
. 2 . . _a 2
_ E;(?EKE (a—Hi(qa))? - <§f{g [EK (H]‘ﬂ(gg‘fi) )] = A~ Ay,

Let us first consider As. We deduce from the hypothesis H3 that there
exist two positive constants C' and C” such that C¢y(an) < EK] < C'¢p(an),
(EK;)?

r > 1, thus, “775

= o(1). If we take the conditional expectation with respect

to X, we get

‘E{KI(HI(QOC)_O[)H:’E o [E(Hi(ga)|X)—o]|<E

EKi EKi — (Hl(q()c)|X1)_a|

It is easy to see that by hypothesis H} (ii)
|E (Hi(qa)|X) — af = [E (Hi(ga)|X) = F*(qa)]

<o (a ol [P wlar).
R

Ki (Hl(qa) — O[) _ b1 bo
EK; _O(a“+b“)'

I
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Then, we deduce that As tends to 0. Concerning A, we have
(o = Hi(ga))? = (H2(ga) — @) — 2 (Hi(ga) — @) +a — o2
Then, we can write

A= % [EK} (H{(4a) — a) = 20EK} (Hi(¢a) — )] + (1 —a).

The conditional expectation with respect to Xj, permits to obtain

1= EEK? [E (H{ (¢a)|X;) — o _QO‘EEKE [E (Hi(ga)| Xi) — a]+a(1—a).

The same argument as above, gives

2
i [ (Hi02).5) — o

=0 (alt +ti2).

It remains to show that
|E (H2(g0)|X:) — o = O (af; n b‘;f) .

By an integration by part and hypotheses H) and H), we have

|E (H(g0)|X5) — a| = '/RKQQ <‘*‘“l);’2> FX(2)dz — F*(qa)

| 20K 0 (F a0 = bu) = P(00) dt\
< /R 2851 KV (#)dE + b2 /R 28 ()|t KD ()t
< Cal + b2 /Rz|t|b2K§1>(t)dt o) (al;; + bff) .

We deduce from above that A; converges to a (1 — «); then,

Var () — a(l—a).

Let us focus now on the covariance term. We consider

Er={ijeZn:0<[i-jll <ecn},
Ey={i,j€Zy: |i—jl| > cn}



19 Spatial conditional quantile regression 329

We have
Cov (AI,AJ) = EAIAJ —
= E}(_z EK;Kj (o — Hi(ga)) (@ — H(¢a)) — (EE; (@ — Hi(ga)))?| <
< s [BKIG (0~ Hilaa) (o~ Hiaa))] + 2 (K (o~ Hifaa).

The conditional expectation with respect to Xj, gives

ElKiQ [EK; (o — Hi(ga))]* =
= ﬁ |EK; (o0 — E(Hi(ga)| X3))[” < E}@ [EK; |E (Hi(go)|X;) — af)?.

Recall that
[ (Hi(ga)|X) — o] = O (al + b2 ) ; then, |E (Hi(qa)|X) — o] < C.

So,
1
K2 [EK; (o = Hi(ga)))* < Cu(an).
Since K7 is bounded, we get
1 1
o [ERGK (o~ Hi(ga) (0 — H(ga))) < € o [BEGEG) <
< C’EiKiQP [(Xi, Xj) € B(x,an) X B(x,an)] .
Then, we deduce from (2)
1
T2 [EPEK; (o = Hi(ga)) (e = Hj(ga))] <
1 V2 v2
<C (62 (an)) ™+ < (¢u(an))™.

=~ " EK?

Then, we have since vo > 1: Cov (A4, 4j) < C(pz(an) + (¢z(an))??) <
C(¢z(an)) and 3 Cov (A, Aj) < Cicl ¢ (an).
Ey

Lemma 8 and |A;] < Cé,(an)~ /2, permit to write that

|Cov (A1, Ay)] < Ca(an) ™ o (Il = 1)
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and
> Cov (A, A4) < Calan)™ Y w(li—il) < Chgu(an)™ D @ (lil)
E> (i,j)EEg i:||i||>cn
< Chige(an) 'y’ Y [il°e (1)
i:[lif>cn

Finally, for 6 > 0 we have
3" Cou (A, Ay) < <Cﬁcﬁ¢x<an> T Chigelan) e’ 3 [l (Jil) )
i:||i||>cn
Let ¢y = gbx(an)_l/N, then, we have
3 Cou (A, Aj) < (ca T Ciige(an)™ 1 S [l (1) )
1||i||>Cn

Hence, we obtain that

> Cov (Aj,Aj) = o (h).
In conclusion, we have
%var(iezzn Ai) = <var (Ai)—i—% ngZIn Cov (Aj, Aj)> — (1 — ) when n— oco.
This yields the proof.
Proof of Lemma 5. Let

with
1

EK;

Ay =

[aK; — KiHi(qo) — E (aK; — KiHi(qa))] -

:

Then, we can write

ﬁEZKi 12 T Rl T Ry
[a(l—a)EKiQ] <[04FD - FN(Qa)} -F [OCFD - FN(Qa)D =
= (a1l —a)) 2 5,
Consider the same spatial block decomposition (due to Tran (1990)) as
Lemma 2, with ¢, = o ([ﬁqﬁx(an)(1—|-2N)]1/(2]\7))7 My = |:(ﬁ¢x(an))1/(2N)/8n}
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where s, = 0 ([ﬁqu(an)l”N] 1/(2N) q_l). Then, we have

n

2]\7
Sa=Y_ T(n,x,i),
=1

where

Hence,

Sn/ (Ra(l —a)/? =T (n,2,1) / (Aa(l — a))/? +

+ ZT(n,x,i) / (Ra(1 — a))Y2.

Thus, the proof of the asymptotic normality of (na(1l — oz))_l/ 2 S is reduced
to the proofs of the following results

Te— 1
(11) Q= 'Eexp [iuT'(n,z,1)] H Eexp [iuU(1,n,2,j)]| — 0
Jr=0
k=1,...N
2N 2
(12) Q= ﬁ_1E<ZT(n,m,i)) -0
i=2
2
(13) Q=a"1Y E[U(L n, x,j)} —a(l-a)
j€Jg
(14)
Qi=n"! ZE[ (1 n’x’j))21{|U(1,n,x,j)|>€(a(1—o¢)ﬁ)1/2}} — 0, for all € > 0.
jeg
N
Proof of (11). Let us numerate the M = [] 7z = 0(mn+aqn) ™ < nmg"
k=1

random variables U(1,n,z,j); j € J in the arbitrary way Ui,...,Uy. For
Jje T, let

I(1,n,z,j) = {i: jk(mn +qn) + 1 <ig < jg(mn + qn) +mn; k=1,...,N}
then, we have U(l,n,z,j) = > A;. Note that each of the sets

i€el(1,n,z,j)

of site I(1,n,x,j) contains mf , these sets are distant of m, at least.
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Let us apply the lemma of Volkonski and Rozanov (1959) to the variable

M
(exp(iuﬁl), e ,exp(iuﬁM)). The fact that | [] exp[iul]| < 1, implies
s=j+1
re—1
Q1= |Eexp [iuTl'(n,z,1)] H Eexp [iuU(1,n,z J)}‘
k:]’foN
re—1 re—1
=|F H exp [iuU(1,n,z,j)] H Eexp[zuU(lnxJ)]‘
Jk =0 =0
k=1,.,N k=1,.,N
M—-1 M
§ Z E exp zuUk} - 1)(exp[zuU - 1 H exp wU]
=1 j=k+1 s=j+1
M
- E(exp[iuﬁk] - 1)E(exp[iu(7j] —-1) H expliuly]
s=j+1
M—1 M
= Z ‘E(exp[iuﬁk} —1) (exp[iuﬁj] - 1)
k=1 j=k+1

- E(exp[iuﬁk] — 1)E(exp zuU ‘

T

M=

’E expliully] — 1) (exp[iuﬁj] -1)

TT
—
<.
\ |

k+1

- E(exp[iuUk] - 1)E(exp[iu(7j] - 1) ‘

Let f] be the set of sites among the I(1,n,z,j) such that ﬁj =>
The lemma of Carbon et al. (1997) and assumption (3), give

icl(j) A

‘E(exp[iuﬁk] - 1)(exp[iuﬁj] —-1) - E(exp[iu(}k] - l)E(exp[iuﬁj] - 1)‘
< Co(d(I, Ir))mb
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Then,

M 1

M M
S ¢ (4T T0) < Cmy Y (d(h, 1)

k=1 ]:k+1 k=2

cad Y Y e (ddE)

=1 kign<d(I1,I;)<(i+1)gn

oo oo
i=1 =1

|/\
S

IN

by (6). This last tends to zero by the fact that ng;V? — 0 (see (H5)).
Proof of (12). We have

oN 2
Q:=n"'E T(n,z,i) ) =
S )
2N
—a ! (TErmr P+ Y B ) ).
i=2 i,]:2¥.‘.,2N

By Cauchy-Schwartz inequality, we get V2 < i < 21V:

8B [T(n,2.0)] [T(n,2.5)] < (8 E[Tn,20)?) (57 E T2 )P)

Then, it suffices to prove that
A lE[T(n, x4 -0, v2<i<2V,
We will prove this for ¢ = 2, the case where ¢ # 2 is similar. We have
M
T(n,z,2) = Y U(2,n,z,j) = ) Uj, where we enumerate the U(2,n,z, )

jeg N =l
in the arbitrary way Uy, ...,Ups. Then,

E[T(n,z,2)] ZVar +ZZCOUU = A + As.
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The stationarity of the process (Xj, Yj);czn, implies that

Var(ﬁi):Var< ij iAi>2

ix=1  iy=1
k=1,..N—1

i an Min an
=mN g Var (A;) + Z Z Z Z EAA;.

ip=1 iny=1  jp=1 jn=1

k=1,.,N—1 k=1,..,N—1
i)
We proved above that Var (A;) < C. By Lemma 8, we have
(15) |EAi(2)Aj(x)] < Coulan) Mo (i =) -

Then, we deduce that

Var(@) < Om a1+ du(an) 3 (e )

’Lk 1 7/N 1
k=1,.. ,N71

< Cm571Qn¢x<an)il Z Z H H

Zk 1 7'N 1
k=1,.,N—1

Consequently, we have

A < OMmY  guda(an) ™Y iV (0(0)) -
i=1

Let
I(2,m,z,5) ={i:je(mn+qn) +1<ip < jr(mn+qn) +mn, 1<E<SN -1
N (M + qn) + M+ 1 < iy < (v + 1) (mn + an) }-

The variable U (2,n,x,j) is the sum of the A; such that i is in I (2,n,z,j).
Since my > qn, if i and i’ are respectively in the two different sets I (2,n, z, j)
and I (2,n,z,j'); then, i; # i}, for a certain k such that 1 < k£ < N and
Ji— ]| > ga-

By using the definition of As, the stationarity of the process and (15),
we have

Z > &
=1 EAA; < Cdulan)™' 0 Y (o([il]))
k 1,. ,Nk; LN in=1
||i—jH>Qn k=1,..,.N
l[i/>gn
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and

We deduce that

o0
n'E [T'(n,z, 2)]2 < CMmgflqnﬁfl%(an)fl Z:Z-kaa+
i=1

+Co¢y(an)” ZZN 1=9,

1=¢@n

From (my + qn) " Vml ~lgn = (mn + qn) VmY (mn> < B we get

CMmy ™ gaB fa(an) ™ = B(mn + gn) " Vm gl 0 (an) ! <
< (q) Or(an) ™" = usn (803 (an)) Gu(an) ™! = gusn (B0s(an) V)™

Mn
By the hypothesis on gnsn, this last term converges to — 0. Finally, we have
o
C(an)™ Z N0 < Cdplan)” 1/ tN170dt = Cepy(an) "Ll 0.
1=Qn qn

This last term converges to zero by (8) and ends the proof of (12).

Proof of (13). Let us use the following decomposition of small and big
blocks

S, =T (n,z,1), S)= ZT n,z,i)

Then, we can write
n B (L) = 'ES2 0 tE(SY)% - 20 L ESaSL.

Lemma 4(iii) and (12) imply, respectively, that i~ E (Sp)? = 6 tvar (Sy) —
a(l —a) and n~1E (S7)? — 0. Then, to show that A1E (5,)* — a(l — a),
it suffices to remark that n='ES,S” — 0 because, by Cauchy-Schwartz’s
inequality, we can write

‘ﬁflESnSﬁ‘ < ﬁflE’SnSﬁ‘ < (ﬁ—lESrQI)lﬂ(ﬁ—lESﬁZ)l/Q'
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Recall that T (n,z,1) = > U (1,n,z,j), so

jeJg
re—1
e (s,) =n! EU(1,n,z,j)+
A
re—1 re—1

+n ! x J;) ikz::o cov[U(1,n,z,j),U(1,n,x,1i)].
k=1,...N k=1,..,N
ip#Ji for some k

By similar arguments used above for Ag, this last term is not greater than

re—1 00
Coulan) ™ 3 (ll) < Coalan) ™ 30 5 (60) < Conlan) a0
k:“f.l,N Tin
lIi[l>gn

So, Q3 — a(1 — «). This ends the proof.

Proof of (14). Since |A;] < Co¢ulan)~'/2, we have |U (1,n,z,j)| <

CmN ¢, (an)~ /2. Then, we deduce that

re—1

Q< Omo(an) A Y P[U () > clal - ).
Jr=0
k=1, N

We have [U(1,1,,)|/((a(1 — a)i)/2) < Cm (B (an)) /2 = C(sn) N —
0, because my = [(Mgy(an))/ ) /sy] and s, — oco. So, for all € and j € 7; if
n is great enough, then P[U(1,n,z,j) > e(a(l — a)n)/?] = 0. Then, Q4 = 0
for n great enough. This yields the proof.

Proof of Lemma 6. By change of variables, using the stationarity of the
process, we have

1
E[KiHi(¢a)] = o —
EKi [ 1 l(qa)] « EKI

ElaFg - F\]‘f;(qa)] —a— EK;E [Hi(ga)|Xi]

o 1 . o — Y X
o EKE(K/RKQ< - )f (y)dy)
1 _
= o — (1) (D) (o — Y Xi
@ EKiE<K1/Rbn K, < ™ F*i(y)dy
- p KI/K(I)(t)FXi (qa — but) dt
EK; R

:Oé+/81+/627
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where

. 1 d(z, X
ﬁlI*EKiE <Ki/RK§1)(t)FXi(QQ)dt) = —EKi E<K1 <(3;n)) FX(qa))
and

L ) ) [P X
SBK" <K1/RK2 (t) [F7(ga) = ¥ (ga — bat)| dt

Voo (woee [ e @ b2
. < .

This yields the proof of the first result of the lemma. The following result ends
the proof of the second result

g (422) - )

<C

n

“et (4 (M) )

1 d(x, X
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