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1. INTRODUCTION, MAIN RESULTS

In 2008, in a finally unpublished draft version of [2]|, F. Botelho and J.
Jamison launched the following conjecture:

CONJECTURE 1.1. Let X1, Xs be complex Banach spaces. Suppose t|—>U,i
(k=1,2) are maps R —U(Xy):= {surjective linear isometries of Xy} with the
one-parameler group property Uit @ Us™ = [Ul @ UL[U; @ Us] (t, s€R) and
such that for every fixed bounded bilinear functional ¢ : X1 X X9 — C and for
every couple (x1,%2) € X1 X Xo, the function t — (b(fol, ngQ) 18 continuous.
Then both t — Ut and t — UL are strongly continuous one-parameter groups.!

Actually, they even outlined a proof for 1.1 under certain additional hy-
pothesis, implying a requirement on the representations of the elementary
forms which turned out to be contradictory due to the fact that we have
(k1X1) ® (kox2) = X1 ® X2 whenever k1ky = 1. Using a completely differ-
ent probabilistic approach, in course of the proof of [10, Theorem 1.1] we have
shown the following slightly generalized version of the conjecture for the case
with Hilbert spaces:

'"That is U, = ULU} (t,s € R, k = 1,2) and the Banach space valued functions  — U{xx
are norm-continuous for every fixed couple x1, 2.
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TuEOREM 1.2. Let HWY, ... HMbe Hilbert spaces, [U(t) : teR] bea
one-parameter group where U(t) = Uy @ -+ ® Uny with unitary operators
Uiy € UHP)) having the following continuity property: t — [[a_, (Up.ixx|hg)
is continuous for every fized x1,hie HY, ... xn, hy e HWN) Then we can find

N
functions k1,...,kN: R=>T(:={keC : |k|=1}) with [[ k=1 such that the
k=1

families [Hk(t)Uk’t : tE]R] are strongly continuous one-parameter groups. Thus,
by Stone’s classical theorem [8,12] there are possibly unbounded self-adjoint op-
erators Ay, : dom(Ay) — H®) defined on dense linear submanifolds such that
U(t)=[exp(itA))] @ -+ ® [exp(itAn)] (t € R).

At first sight our arguments in [10] rely heavily upon the Hilbert space
structure. In this paper we are going to investigate how far can we get rid of the
scalar product. In Section 2 we revise the arguments on adjusted component-
wise continuity of functions of type t — x1;®---®xn¢. The new results extend
to the setting of uniformly convex spaces and we get the following conclusion.

PROPOSITION 1.3. Let XU, ... . XN be uniformly convex Banach spaces.
Assume [U(t) : t€R] is a one-parameter group where U(t) =U1;® - @ Uy,
with invertible bounded linear operators Uy ; € L(X®)) such that the functions
t— HU x(Ng- . ex(V H are all continuous. Then, for each index k=1,..., N
there emst multzplzers Pk, Pk - R—C such that,

[pk(t)Uky : t €R] s a strongly continuous family,
[ﬁk(t)Uk,t s te R} s a one-parameter group.

Actually, we establish 1.3 a bit more generally: for spaces where weak
convergence implies norm convergence. Also we shall see that the multipliers
can be chosen to be bounded both from above and below from 0 (that is 0 <
, Sup ’ﬁk’ < 00). In particular, the conditions in 1.3
hold if the operators Uy, ; are all isometries, and in this case we can choose even
| = |px] = 1.

Unfortunately the later considerations in (|3], Sections 4, 5) leading to
probabilistic arguments seem to be too closely related with Hilbert space struc-
ture. Minor modifications seem possible when replacing L?-estimates with LP-
type estimates resulting in perhaps technically interesting facts with not much
farther generality from the original Hilbert setting of [3]. We do not proceed
into this direction.

A perhaps rather aesthetical generalization with equivalent general Ba-
nach norms in the Hilbert spaces instead of the ones defined by inner products
can be developed due to the amenability of the additive group of R.
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denote

THEOREM 1.4. In the setting of Theorem 1.2, let H}H Lo ‘H ‘N

equivalent Banach-norms on the respective spaces H® and let each operator
Uit be a surjective ‘H . H ‘k—isometry (instead of being < ’ > -unitary as supposed

k

originally). Then there are equivalent inner products << . ‘ >> on the respective

k
spaces H®) such that the conclusions of Theorem 1.3 hold with suitable possibly

unbounded << . ‘ . >>k—self—adj0int operators Ay.
The above result is an immediate consequence of the following fact.

PROPOSITION 1.5. Any linear automorphism of a bounded circular domain
D in a Hilbert space H is necessarily a scalar type operator as being a preserver
of some equivalent inner product. Given a strongly continuous one-parameter
group U := [Ut cte ]R] of linear automorphisms of D, or more generally a
bounded strongly continuous one-parameter subgroup of L(H), there exists an
equivalent U-invariant inner product on H.

Though it is likely that Proposition 1.5 appeared already in the literature
of Banach space geometry, as far we have not found proper references even af-
ter an inquiry with several colleagues. Therefore we devote the short Appendix
(Section 4) to its proof relying upon Banach limits. In [10] we emphasized the
natural connection of Theorem 1.2 with the Jordan theory of bounded sym-
metric domains during the Introduction of [10]. One of the aims of this note
is to work out the first step in this direction: in Section 3, with slight modifi-
cations of the proofs in [10], we obtain the full description of the unbounded
JB*-derivations of the infinite-dimensional Cartan factors [5, 6] of Types 1, 2, 3.

Recall that, by a classical representation theorem by F. Riesz [8], each
Type 1 Cartan factor is isometrically isomorphic to some £(H® H®) with
suitable Hilbert spaces HM) H®). Theorem 1.2 furnishes the complete de-
scription of their unbounded JB*-derivations as operations of the form X
A1 X + XAy with suitable possibly unbounded self-adjoint operators Ay €
L(H®). The next theorem provides the full description of the unbounded
JB*-derivations of the Cartan factors of types 2 and 3 which can be repre-
sented without loss of generality in the form Fs resp. F3 below.

THEOREM 1.6. Let H be a Hilbert space with a fized orthonormed basis
E={ej: jeJ} and let X — XT. X denote the operator transposition resp.
conjugation associated to E.# Assume [U(t) : t € R] resp. [V(t): ¢ € R]
are one-parameter groups of surjective linear isometries of Fo :={X € L(H) :
X =X") resp. F3:={Z € LH): Z = —Z"T} such that all the functions

2The matrices of XT resp. X are the transpose resp. conjugate of the matrix of X with
respect to E: (XTejles) = (Xeele;) and (Xejler) = (Xej|ep) for all j, £ € J.
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t — ([U@)X]x|y) resp. t — ([V(t)Z]x|y) are continuous for all fired x,y € H
and X € Fy resp. Z € F3. Then

U(t)X = [exp(itA)]| X [exp(itA)] (X € Fp, t € R),
V(t)Z = [exp(itB)|Zlexp(itB)] (Z € F3, t € R) .

Thus, the possibly unbounded iB*—derwationS of F3,Fs are of the form
X— AX + XA resp. Z— BZ+ ZB for some possibly unbounded self-adjoint
operators A, B on H.

Since the surjective linear isometries of a spin factor (Cartan factor of
Type 4) are automatically unitary with respect to the underlying Hilbert space
scalar product. and since the exceptional Cartan factors (of Type 5, 6) are
finite dimensional (16 resp. 27 dimensions), Theorem 1.6 completes the de-
scription of the possibly unbounded derivations of any Cartan factor. One may
intend to apply this result to get the description of the possibly unbounded
JB*-derivations for all JB*-triples® via the Gelfand-Neimark type theorem by
Friedmen-Russo [3]. This latter asserts that any JB*-triple be embedded into
a suitable >°-direct sum of Cartan factors as a weak*-dense norm-closed sub-
manifold. We finish by raising the following two related open problems:

Problems 1.7. a) Describe the pointwise continuous (resp. weakly contin-
uous) one-parameter groups of surjective linear isometries for any JB*-triple.

b) Describe the pointwise weak*-continuous one-parameter groups of sur-
jective linear isometries for all JBW*-triples (JB*-triples with predual).

c¢) (Non-linear issue of 1.7). Describe the pointwise continuous (resp.
pointwise weakly-, resp. weak*-continuous in the JBW*-case) one-parameter
groups of holomorphic automorphisms of the unit ball of any JB*-triple. In
particular, in the case of the unit ball of a Hilbert space, are they all of the form

exp ([a — (x]a)x + iAx} 8%) with suitable vector a and a possibly unbounded
self-adjoint operator A7

2. ADJUSTED CONTINUITY OF TENSOR MAPS

Henceforth, throughout the whole paper, let X®, 0 XW) be reflexive
Banach spaces with duals denoted by [X®1]* ... [XM)]* where weak conver-
gence along with convergence in norm entails norm convergence. That is, by
assumption, for each fixed index £k =1,..., N and for any net [xj 1 JE J] in

3Banach spaces with holomorphically symmetric unit ball. They were introduced and
axiomatized algebraically by means of a three-variable product in 1983 by Kaup [7]. For an
elementary introduction see e.g. [6].
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X *) we have
(2.1) ||xj—x|| — 0 whenever ||x;||—||x|| and (x;—x,¢) =0 (pe[X®]%).
Notice [1] that uniformly convex spaces are reflexive satisfying (2.1), and
a Banach space is uniformly convex if and only if its dual is uniformly smooth
(and vice versa, via reflexivity).
As usually, for the natural coupling between X*) and [X*)]* we write
(%, <Z>>( = ¢(x)) Given any family X(k) e Xk k) ¢ (XF)* (k=1,...,N),
xM @ .. @ xM) resp. o) - ® d) ) will denote the elementary N-linear
functionals (1/J(1),..., N) — Hk <x(k Pp*)Y  resp. (y(l),...,y(N)) >
Hé\[:l(y(k), ¢*)). Remark that

N
(2.2) x®) =ppyip (k=1,...,N) with [] pr=1 for some p1,..., px€eC.
k=1

It is well-known [9] that the tensor coupling

@m@%“®ﬂm¢m@%“®¢m>:f%@w¢®>

k=1

admits a bounded N-linear extension to the projective tensor product of the
spaces X¥) with the injective tensor product of the dual spaces, and the latter
is a closed subspace in B(X(l), ce (N) = {bounded N-linear functionals
XM x .. X)) (C} with its natural sup-norm. We shall speak of weak
convergence in XM ®-..@X W) in the sense of the tensor couphng In partlcular
xg-l) - ® X(N) —v xW @ ... @ x(N) if I qb(k)( ) — 1 o) (xF)) for
ﬁmd&k [(WWk:L”wN)

LEMMA 2.3. Let [eg.k) :J € j] be nets of unit vectors in the respective
spaces X*®) such that

o)

where e®) € X*¥) (k. =1,...,N) are also vectors with norm 1. Then there are
nets of constants [mg-k) :jeJ] (k=1,...,N) inT:={seC: |r|=1} such
that

(™)

®"'®ej _>We(1)®...®e(N)

N
Hﬂy):l’ |{R§k)e§k)_e(k)u 0 (k=1,...,N).

Proof. Let { K1, - )€TN & Tl kk = 1}, and for any index
(1)
Rj

Jj € J define €; resp. ( e g )) as the minimal value resp. a minimum

N
location of the continuous function Aj(kq,...,kN) = > “er§k) - e(k)H on
k=1
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the compact domain 'H‘év. We have to show €; — 0. As a consequence of the
compactness of T along with the weak compactness of the closed unit ball in
each X*) we can choose a subnet [j,, DV E N] of J along with vectors y (F)
of norm < 1 such that

(2.4) g5, —limsup; €j, </£ e( ) —y ") k) >—>O for all ¢(*) ¢ [X(*)]*
for k=1,..., N. By passing to j,-limits we have
vy @ . oy =elg... gel.

Since [T, [y®| = [yP@---0y™| = [[eD®---©e™ | and [[yV],....
Hy(l)H <1, all the y*) must be unit vectors. Since also He(k)H =1, in view
of (2.2) here we even have y*) = p(Fle(¥) with suitable constants p*) e T.
Thus, by our basic topological assumption on the equivalence of weak and
norm convergence on the unit sphere of the spaces X¥) from (2.4) it follows

Kyj)e(k) N y(k) — p(k)e(k) in norm,

A (1) (F)_ (k) _N (k)_1
) ) = Sy e = |01

(k)

By the definition of the terms Kj by means of Aj, for any fixed tuple

(K1,..., kn) € TY we have >, }|/<;ke§k) — el H >3 H/@ (k) (k (k)H. Since,

(1) (N)) .
o, )

(é1,...,€N) € T, we have egk) [/ﬂyjz]*lmgk)ey: — &pWel) . Hence, we
conclude that

N N N
S kel — 1) = 3 [[rrgep®e® — e[| = 37 |[pPel) — o]
k=1 k=1 k=1

for any (k1,...,kn) € T). With the choice ki == & (k= 1,...,N) we get
p*¥) =1 (k=1,...,N) and limsup, e; = lim, Ajy(/{;i),...,/ﬁ;iv)) = 0 which
completes the proof. [

by taking a convergent subnet [(Fc T € 7'] with limit point

PROPOSITION 2.5. Suppose egk) e X® (teR, k=1,...,N) are unit
vectors such that function t — egl) ® - ® egN)
one can find a function t — (/{Ek),. (k)) from R to T = {(k1,...kN) €
T : [l,kx = 1} such that the functions t Iﬁg )egk) (k =1,...,N) are
norm-continuous.

is weakly continuous. Then

Proof. An analogous argument with the o-compctness of the real line as
n ([10], proof of Lemma 2.3) shows: it suffices to see that for any 7 € R
there is an open interval I, around 7 where the statement holds. Let us fix
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7 arbitrary. By choosing a family ¢®) € [X®]* (k = 1,..., N) of functionals
with <eg€),¢(k)> = qu(k)H = 1 (guaranteed by the Hahn-Banach theorem),
define the interval I as the connected component of 7 in the open set {t €
R: Hfj:l(egk), PpF)) £ 0}. For the parameters ¢ € I, we define the functions

t— nﬁk) as

9 (e, 6O (e, 60 (k< M), A m DT

To establish the norm continuity of the functions ¢ — /@ik) gk) (on Ir) we
consider a convergent sequence t, — tg in I, and show that

(2.6) Hlit ey:) ’ng eto H —0.
(k)

In view of Lemma 2.3, there are convergent sequences [,utn tn=12 ... }
(k=1,...,N) in T such that Hu eti) (f)H —0(k=1,...,N). Fix any

index k. To prove (2.6) we have to see that

k k k
) o0

Observe that /<;t < ,(b > = ‘<e§k), ¢(k)>‘ for any t € Iy. Therefore
’igf): "””tn < tn o™) _ \<e§f),¢(’“>>\ -
s < L6 (efy), o)
k
\Mtn (el )| NG §()),¢ D w

u e g®y (e gy

COROLLARY 2.7. If t — XE ) (k=1,...,N) are nowhere vanishing func-

tions R — X®) with weakly continuous tensor product t — xﬁ” Q- ® ng)

whose norm t — H]kvzl ngk)H is also continuous, then there are multipli-

ers /ﬁﬁk) eT (t €eR k=1,...,N) making the vector valued functions

£ x0T ()Y %5 norm-continuous.

(k)

Proof. A choice in accordance with Proposition 2.5 for the multipliers &,

(k) ()| =1y ()

to the functions ¢t — e,/ := th suits the statement. [

For the next two lemmas let Z denote a complex topological vector space
with separating topological dual (thus, for any vector 0 # z € Z there is a
continuous linear functional ¢ : Z — C with ¢(z) = 1).

LEMMA 2.8. Assume z1(t),2z2(t) are linearly independent vectors in Z
for all t € R and let p1,p2, 0 : R — C\ {0} be funclions making the maps
(121, (222, 11(21 + 22) continuous. Then the functions (221, (122 are also contin-
UOUS.
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Proof. Let us fix any point ty € R. It suffices to see the continuity of
C1/C2 at tg. To this aim let us choose a couple 11,12 of continuous linear
functionals Z — C with detw;igg; z;zgg;] # 0 and define Pz := w;ﬂ
(z € Z). This can be done by the linear independence of z; (to), z2(to). Then, by
the continuity of both ¢ — ((¢)zk(t) (k = 1,2), there is a neighborhood I of ¢
where det[P¢(t)z1(t), P((t)z2(t)] # 0 (t € I) and the matrix valued function
t = Ly = [PG(t)z(t), PCQ(t)ZQ(t)]_l is continuous on I. The continuity of
t — p(t)z1(t) +22(t)] entails the continuity of the function ¢ — Ly Pu(t)[z1(t) +
zo(t)] = [z(t)/@(t)] on I whence the continuity of (1/¢2 = [/C1]/[p/C2] at to is

(t)/¢2(2)
immediate. [

LEMMA 2.9. Let t— Uy be a map R— GL(Z) and let p : R— C\{0} resp.
A :R2 — C\ {0} be functions such that all the maps t p(t)Uyz (z € Z) are
continuous and we have Usyy = A(s,t)UsUy for all s,t € R. Then there exists
a function p: R — C\ {0} making [p(t)U; : ¢ € R] a one-parameter group.

Proof. By induction on n, we see that there are functions \,, : R" — C\{0}
with
Usy4-tsn, = (81,0, 8n)Usy -+ Us,

for all possible choices. We establish the symmetry of each A\, by showing that
the family {U; : t € R} is Abelian. Since Uy = Up+o = A(0,0)UZ, necessarily
Up = A(0,0)7Id. Hence, the identity A(t, —t)U;U_; = Uy implies that U_; is
always a multiple of U; . Since, for n = 2,3, ... we have Uns = \u(t, ..., 1)U},
theset {U; : ¢€Q} = Up—1{Un/m: : n€Z} is Abelian as being the union of an
increasing sequence of Abelian families. By the density of the rational numbers
within R, our strong continuity assumption entails that {p(t)U; : ¢t € R} and
hence, {U; : t € R} are Abelian.

From the relation U, € CU® we see also that any operator of the form
(Ut admits arbitrary m-th roots of the form nUy ,,,. Hence, for any given ¢ € R,
we can construct a sequence of group homomorphisms gt ., : {n/m!: n € Z} —
GL(Z) (m = 1,2,...) with g¢m+1 extending g, such that g, (1) = U; and
gt.m(n/ml) € (CUtT;m! = CUyy/py for all m,n. Thus, for any t € R, there is a
homomorphism ¢; : R— GL(Z) along with a function p; : Q —C such that

gi(n/m!) = gt,m(n/m') = 5t(n/m')Unt/m' (n=0,%£1,%2,...; m=1,2,...).

Let us fix any Hamel basis % in R and define the map g : R — GL(Z)
resp. the function p: R — C\ {0} as

glaiti + -+ autn) = g1, (q1) -~ 9t (an),
P(tlfh +- thn) = )\n(q1t17 ) Qntn)_lph (Lh) e 'ptn(Qn)
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for ¢1,...,qn € Q and t1,...,t, € H. We complete the proof by observing
that g is a group homemorphism with g(1) = Uy and satisfying the identities
gl@ti+- -+ autn) = An(qita, . .. intn)_lﬁ(mtl'i“ At antn)Ugty - Ugpr,. O

Proof of Proposition 1.3.

By assumption, for any tuple [x(j)] e XM x ... XM the map t —
Uth(l) ® - ® UN7tx(N) is weakly continuous. An application of Corollary
2.7 establishes the existence of functions py 1)) : R = C\ {0} such that

all the maps t — pkv[x(k)](t)Umx(k) (t) are continuous. Let us fix any family
0 # x(()]) e X®) (j =1,...,N) and p(t) := Py [x(()j)}(t). To complete the
proof that each [,ok(t)Uk,t ot e R] is a strongly continuous family, it suf-
fices to see that, given any index ¢ with vector x® e X which is linearly
independent of xé@, the function t — Ug’tX(Z) is continuous. This fact fol-
lows immediately from Lemma 2.8 applied with Z := X©), z1(t) :== U&tx((f) (1),
2(t) == UpxO(t), C1(t) := pe(t), Ca(t) := py o (t), p(t) := pypau(t) where
y® = (1- 6kg)x(()k) + 0oy and u®) = (1 — (Skg)x(()k) + 0,ey® in terms of the
Kronecker-delta g := [1 for k = £ and 0 else].

It is a well-known consequence of (2.2) and the Schur lemma that the
factorization of a non-vanishing tensor products of linear operators is unique
up to constant factors with product one. Hence, the semigroup property U(s+
t) = U(s)U(t) entails the existence of functions A : R? — C\ {0} such that
Uk,s+t = Me(5, ) Uk tUst 5, t,€R; k=1,...,N). Given any index f€{1,..., N},
by applying Lemma 2.9 again with Z := X the operators Uy := Ups and
the function p := py constructed above, we obtain the existence of a function
pr : R— C making the family [ﬁgUgﬂg : tER] a one-parameter group. [J

3. CARTAN FACTORS OF TYPES 2,3;
PROOF OF THEOREM 1.6

Throughout this section let H be an arbitrarily fixed complex Hilbert
space. We shall write h* := [H 5> x — (x|h)] for the dual functionals,
BallH) := {h € H : HhH < 1} for the unit ball, 0Ball(H) := {h € H :
HhH = 1} for the unit sphere and g* Ah* := g* ® h* —h* ® g* for the basic an-
tisymmetric functionals, respectively, where g* ® h* := [(x,y) — g*(x)h*(y)].
The spaces Fo, F3 in Theorem 1.6 are isomorphic copies of the Banach spaces
2,33 of all symmetric resp. antisymmetric continuous bilinear functionals
H x H — C. Recall [11] that in both cases k = 2,3, the surjective linear
isometries of §, are of the form [U ® Ul® = [(x,y) — ®(Ux,Uy)| (® € i)
Therefore the conclusion that, given any of the indices k € {2,3} with a one-
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parameter group [U(t) : t € R] of the form U(t) = U; ® Uy such that all
the functions ¢t — ®(Uix,Uy) (® € Fx; x,x € H) are continuous, there are
functions k,% : R — T making [k(t)U; : t € R] resp. [R(t)U; : t € R]
a strongly continuous family resp. a one parameter group is immediate from
Propositions 3.3, 3.5 and Corollary 3.4 below even with k, k admitting only the
values £1. Since the results of ([10], Sections 4, 5) concern only a single un-
derlying Hilbert space, hence, we can conclude Theorem 1.6 (without refering
to ([10], Section 6).

LeMmA 3.1 ([10], Lemma 2.3). Suppose F : R — PH) = {Tg :
(glg) = 1} is a continuous map with respect to the distance dist(Tg, Th) :=
min‘n‘:‘/\|:1 |kg — Ah|. Then F(t) = Thy (t € R) for some continuous func-

tion t — h; € 0Ball(H).

LEMMA 3.2. Lett — e; be a function R — 0Ball(H). If for any convergent
nett, — t in R there exists a constant o, € {—1,1} along with a subnet t,,, such
that e, — o€y then there also exists o : R — {—1,1} such that t — o(t)e; is
continuous.

Proof. We can apply Lemma 3.1 as follows. Observe that ¢t — Te;
is necessarily continuous. Indeed, if ¢, — t then liminf, dist(Te;, , Te;) <
lim inf, min,, 41 ‘etu — U*et‘ = 0. Thus, Te; = Thy (¢t € R) for some con-
tinuous function ¢ — h; € 0Ball(H), that is ¢ — k(t)e; is continuous for a
suitable function k : R — T. For any point t € R, we can choose an open
interval I; around it such that (k(s)es|x(t)e;) > 0 for all s € I;. Each func-
tion o4(s) := signRe(k(s)|x(t)) is continuous on the the interval I;. By the o-
compactness of R, we can find a sequence - -- < 73 <71 <Tg < T < T2 < -
such that each interval [r,—1, 7] is included in some of member of the family
{I; : t € R}, say [Th—1,Tn] C I+, (n =0,%1,+2,...). Then we obtain a function
o suiting the requirements of the lemma by letting o(t) := o, (t) for t € [7_1, 70],
and then, recursively for £k = 1,2,..., o(t) := o(r—k)or_, (T—k)or_, () for
t € [T—k—1,7—k] and o(t) := o(1p_1)04, (Th—1)0y,(t) for t € [mj_1, 7k, respec-
tively. [0

PROPOSITION 3.3. If t — ¢(et, €) with unit vectors e, € H is continuous
for all ® € Fo then there is a function o : R — {—1,1} such that t — o(t)e; is
continuous.

Proof. Given any vector h € H, with the functional ®(x,y) := h*®@h*(e
T2) we see that the function t — <et‘h>2 is continuous. Consider a convergent
net t, -t € R and let t, (— t) be a universal subnet [4] for it. Since the range
{e: : t € R} is contained in the weakly compact closed unit ball Ball(H), for
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some vector g € Ball(H) we have

(et,, |h) — <g}h>, <g’h>2 = <et‘h>2 (h € H).
Since the mapping h — <g‘h> is conjugate-linear, it follows that g €
{ £ e}. That is, for some o, € {1} we have o.e; = weak lim,,, e;,_. It is
well-known that weak convergence entails norm convergence for nets of unit
vectors in Hilbert spaces. Therefore we even have o.e; = norm lim,, e,
whence Lemma 3.2 applies. 0O

COROLLARY 3.4. Let t — [et, fi] be a map R — {orthonormed 2-frames}.
If the map t — ®(Eey + nfy, Eer + nfy) is continuous for all ® € Ty and {,n €
{0,£1} then there is a function o : R — {—1,1} such that t — o(t)[e, ] is
continuous.

Proof. By Proposition 3.3, for some {—1, 1}-valued functions t— x(t),t—
A(t),t — pu(t), the functions t — A(t)es,t — w(t)fy, t — pu(t)2~Y2%[e; + £
are continuous. Therefore also ¢ — (A(t)|e;) = A(t)u(t) and similarly ¢ —
k(t)u(u) are continuous and necessarily constant with value 1 or —1. Hence,
the statement is immediate. [

PROPOSITION 3.5. Suppose t— [es, £, 8] is a function R— {orthonormed
3-frames} such that the functions t — ¢(es, ), t — Ple, gt), t — o(f, gt) are
continuous for all ® € F3. Then there exists a function o : R — {—1,1} such
that t — o(t)[e, Ty, g¢] is continuous.

Proof. Consider a convergent net ¢, —t € R and let ¢, (— t) be again a
universal subnet. By the weak compactness of Ball(H), for some vectors ey, fi €
M(H) we have <etua ‘h> — <e*‘h>, <ftya h> — <f*‘h>, <gtm }h> — <g*‘h> for
any fixed vector h € H. Given any couple of vectors x,y € H, with the
functional ¢xy = x* Ay*(€ F3) we see that the function 7 — <e7|x><fT‘y> —
<fT’x><eT‘y> is continuous. Hence, we conclude that

(o) () — () erly) = (o) (E1y) — (£l edly) (v € H).
That is we have e; A ff = e} A f;. It is well-known from classical linear
algebra that then for some constants i1, A12, A21, Aoa € C we have

e = A1 + Aiafy, £ = dore; + Agofy,  det[Ngy] = 1.

In particular e, € Ce;+Cf;. Similarly (with g;, in placeoff;, ), alsoe, €
Ce; + Cg; and therefore e, € Ce; that is e, = ey with ‘/\‘ < 1. Analogously
f. = pfy and g, = kg with |u , }Fa’ < 1aswell. Since ef AMff = e; Af], it follows
Ap = 1. Similarly Ak = uk = 1. Therefore Kk = X\ = p € {—1,1}. By writing
oy for the common value of , A\, u, we get lim,, e, = oye;. According to
Lemma 1, for suitable functions t — A(t),t — u(t),t — k(t) ranging in {—1,1}
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the functions ¢t +— A(t)e, t — wu(t)fi,t — k(t)g; are continuous. In particular
also both ¢ — [A(t)e]* A [A(¢)f]* and t — e} A f] are continuous entailing
the continuity and hence, the constant being of the {—1,1}-valued function
t = A u(t). t = AE)ed* A NBE]*. Thus, u(t) = A(t) or u(t) = —A(t).
Similarly k(t) = A(t) or k(t) = —A(t). In any case t — A(t)[eq, fi, g¢] must be
continuous. [

APPENDIX: PROOF OF PROPOSITION 1.5

Let U := [Ut tte R] be a strongly continuous one-parameter subgroup
of GL(H) with
M7 x|| < |[Utx]| < M|x|| (xeH, teR).

Consider a Banach limit L, on the space Cy[0,00) of all bounded
continuous functions [0,00) —C. Thus, Lr_,« is a linear functional Cy |0, co) —
C such that

(4.1) liRniinff(R) < Lrooof(R) <limsup f(R) whenever range(f) C R.

R—o0
Since all the functions ¢ —+ U'x are continuous and bounded, the operation

() = L (5 [ Wity at)

is well-defined for every couple of vectors x,y € H. The sesquilinearity of the
product <‘> along with the inequalities (4.1) entail immediately that <<‘>> is
also a scalar product on H with

M_2<X’X> < ((x|x)) < M2<X‘X> (xeH).
We complete the proof by showing the U-invariance of the new scalar
product as follows. Given any parameter s € R, we have U] <Utx‘Uty> dt‘ <

M?2s||x||* whenever I is an interval of length |s|. Therefore
(U X[U*y)) = Liosoo (55 [T (UFHx|U+y) dt) =
= Livoo (g J551, (U'|U"y) dt) =

*LR—>OO<2R[f + /- R+5+ R+s]<UtX‘Ut ) d ):

= Lisoo (5 [T, (UX[Uty) dt + O(RTY)) =

— 1 R+s t t —

= Lisoo (g [5507, (U|U"Y) dt) = ((x[y)) -
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