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In this work, we study the existence of renormalized solutions for a class of
nonlinear degenerated parabolic problem in the form

Ob(z,u)

(0.1) -

—div(a(z, t,u, Du)) + div(é¢(u)) = f in Q,

where b(x,u) is unbounded function on wu, the Carathéodory function a satis-
fying the coercivity condition, the general growth condition and only the large
monotonicity, the function ¢ is assumed to be continuous on R and not belong
to (L}oe(@))Y. The data belongs to L'(Q).

AMS 2010 Subject Classification: ATA15, A6A32, 47D20.

Key words: weighted Sobolev spaces; truncations; time-regularization; renormal-
ized solutions.

1. INTRODUCTION

Let Q be a bounded open set of RY, p be a real number such that 2 < p <
00, @ = 0x]0,T[ and w = {w;(x), 0 <i < N} be a vector of weight functions
(i.e., every component w;(x) is a measurable function which is positive a.e. in
) satisfying some integrability conditions. The objective of this paper is to
study the following problem in the weighted Sobolev space:

(%(gt,m —div(a(z,t,u, Du)) + div(¢(u)) = f in Q,
(1.1) b(z,u)(t = 0) = b(z,up) in Q

u=0 in 0Qx]0,T[.
The data f and b(x,u) lie in L'(Q) and L'(f2), respectively. The func-
tions ¢ is just assumed to be continnous of R with values in RY. The operator

div(a(x,t,u, Du)) is a Leray-Lions operator which is coercive, and which grows
like |[DulP~" with respect to |Dul, but which is not restricted by any growth
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condition with respect to u and only the large monotonicity (see assumption
(H2)) and b(x,u) is unbounded function on u.

Let us point out, the difficulties that arise in problem (1.1) are due to
the following facts: the data f and ug only belong to L', a satisfies the large
monotonicity that is

[a(z,t,s,&) —a(z,t,s,1)](E—n) >0 forall (£,7) e RN x RV,

and the function ¢(u) does not belong to (L} .(Q))Y (because the function ¢ is
just assumed to be continuous on R). To overcome this difficulty, we will apply
Landes’s technical (see [14, 24]) and the framework of renormalized solutions.
This notion was introduced by Diperna and P.-L. Lions [20] in their study of
the Boltzmann equation. This notion was then adapted to an elliptic version
of (1.1) by L. Boccardo et al. [8] when the right hand side is in W~"#'(Q), by
J.-M. Rakotoson [27] when the right hand side is in L}(Q), and finally by G.
Dal Maso, F. Murat, L. Orsina and A. Prignet [19] for the case of right hand
side is general measure data.

For the parabolic equation (1.1) the existence of weak solution has been
proved by J.-M. Rakotoson [26] with the strict monotonicity and a measure
data, the existence and uniqueness of a renormalized solution has been proved
by D. Blanchard and F. Murat [10] in the case where a(x,t, u, Du) is indepen-
dent of u, ¢ =0, b(z,u) = u, and by D.Blanchard, F. Murat and H. Redwane
[11] with the large monotonicity on a.

For the degenerated parabolic equations the existence of weak solutions
have been proved by L. Aharouch et al. [3| in the case where a is strictly
monotone, ¢ = 0, b(z,u) = u and f € L' (0,7, W= P (Q,w*)). See also the
existence of renormalized solution by Y. Akdim et al. [7] in the case where
a(x,t,u, Du) is independent of u and ¢ =0, b(z,u) = u.

Note that, this paper can be seen as a generalization of 3, 29] in weighted
case and as a continuation of [7].

The plan of the paper is as follows. In Section 2 we give some preliminaries
and the definition of weighted Sobolev spaces. In Section 3 we make precise all
the assumptions on a, ¢, f and ug. In Section 4 we give some technical results.
In Section 5 we give the definition of a renormalized solution of (1.1) and we
establish the existence of such a solution (Theorem 5.3). Section 6 is devoted
to an example which illustrates our abstract result.

2. PRELIMINARIES

Let Q be a bounded open set of RV, p be a real number such that 2 <
p < oo and w = {w;(x), 0 < i < N} be a vector of weight functions, i.e., every
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component w;(x) is a measurable function which is strictly positive a.e. in Q.
Further, we suppose in all our considerations that, there exits
—T0

(2.1) ro > max(N,p) such that w°™" € Li(Q),
(22) w; € Llloc(Q)7

—1

(2.3) w!™t e LHQ),

7

for any 0 < i < N. We denote by WP(Q,w) the space of all real-valued
functions u € LP(2,wp) such that the derivatives in the sense of distributions

fulfill
ou

T

€ LP(Qw;) fori=1,...,N.

Which is a Banach space under the norm

ou( 1/p
(2.4) ]| 1 p0 = /|u )|Pwo(z dx+Z/y u (z)dz| .

The condition (2.2) implies that C§°(£2) is a subspace of W1P(Q, w) and
consequently, we can introduce the subspace V = Wol’p(Q, w) of WIP(Q,w) as
the closure of C5°(§2) with respect to the norm (2.4). Moreover, condition (2.3)
implies that W1P(Q,w) as well as Wol’p(Q, w) are reflexive Banach spaces.

We recall that the dual space of weighted Sobolev spaces WO1 P(Q,w) is

/

equivalent to W1 (Q,w*), where w* = {w = w} ¥, i = 0,...,N} and

(2

where p’ is the conjugate of p i.e. p’ = p%l (see [23]).

3. BASIC ASSUMPTIONS

Assumption (H1). For 2 < p < 0o, we assume that the expression

(3.) Ilulllv = Z . 2 ()

is a norm defined on V which equivalent to the norm (2.4), and there exist a
weight function o on €2 such that,

ccL'Q) and o' c LY(Q).

We assume also the Hardy inequality,

(3.2) / lu(x)|%0 dx Z

wi@)dr)”,
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holds for every v € V with a constant ¢ > 0 independent of u, and moreover,
the imbedding

(3.3) Wb P(Q,w) —— LYQ,0),

expressed by the inequality (3.2) is compact. Note that (V, [||.|||y) is a uniformly
convex (and thus, reflexive) Banach space.

Remark 3.1. If we assume that wo(z) = 1 and in addition the integrability

condition: There exists v E]%, +o00 [N [p 7, +ool such that

N

(3.4) w;” € L) and w ' € L, (Q) foralli=1,...,N.

Note that the assumptions (2.2) and (3.4) imply that,

(35 Il = ( /||wz yaz) ",

is a norm defined on I/VO1 P(Q, w) and its equivalent to (2.4) and that, the imbed-
ding

(3.6) W, P (9, w) < LP(),

is compact for all 1 < g < pjifp.v < N(v+1)andforallg > 1if p.v > N(v+1)

where p; = 25 and pj is the Sobolev conjugate of p1 (see [22], pp. 30-31).

Assumption (H2).
(3.7) b:QOxR— R

is a Carathéodory function such that for every z € Q, b(x,.) is a strictly in-
creasing C! — function with b(x,0) = 0.

Next, for any k > 0, there exist A\, > 0 and functions Ay € L'(Q) and
By, € LP(9) such that

ob(x, s)
0s

(3.8) A

IN

< Ag(z) and ’Dm <ab(;;7 S)>‘ < By(z)

for almost every = € €, for every s such that |s| < k , we denote by D, (%)

the gradient of % defined in the sense of distributions.

For i+ = 1,..., N and for any k£ > 0 there exist 8, > 0 and a function
Cr(z,t) € LP (Q) such that,

1

N o1
(3.9) lai(z,t,5,)] < Brw! () [Crlz,t) + Y w! (x)|&P7],
j=1
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for almost every x € €, for every s such that |s| < k and ¢ € RV,
(3.10)  [a(x,t,8,6) —a(z,t,s,m)](E —n) >0 for all (£,1) € RY x RY,

N
(311) a(x7t787€)'€ Z azwi|€i|p)

i=1
(3.12) ¢: R— RY isa continuous function,
(3.13) f is an element of LY(Q),

(3.14)  wug is measurable function defined on Q such that b(x,ug) € L'().

Where « is strictly positive constant. We recall that, for £ > 1 and s in
R, the truncation is defined as,

Ti(s) s if |s| <k
S) =
F kit if |s| > k.

Is

4. SOME TECHNICAL RESULTS

Characterization of the time mollification of a function u. In order
to deal with time derivative, we introduce a time mollification of a function u
belonging to a some weighted Lebesgue space. Thus, we define for all u > 0
and all (z,t) € Q,

t

we=p [ i, s)expluls — O)ds. where a(z,5) = u(z, o) (5)
PROPOSITION 4.1 ([3]).

1) If u € LP(Q, w;) then uy, is measurable in Q) and %Ltu = pu(u —uy) and,

sl @y < 1l r(0mny -

2) Ifu e Wol’p(Q,w), then u, — u in Wol’p(Q,w) as p— oo.
3) If up, = u in Wol’p(Q,w) , then (un), — uy, in Wol’p(Q,w).

Some weighted embedding and compactness results. In this sec-
tion, we establish some embedding and compactness results in weighted Sobolev
spaces, some trace results, Aubin’s and Simon’s results [30].

Let V =Wy P(Q,w), H=L*Q,0) and let V*=W 1 with (2 < p < c0).

Let X = LP(0,T; Wol’ P(Q,w)). The dual space of X is X* = LV (0,T,V*)
where %—k z% = 1 and denoting the space Wpl(O,T, VH)={veX: v eX*}
endowed with the norm

HUHWI} = |lull x + HU,HX ;
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which is a Banach space. Here u’ stands for the generalized derivative of u, i.e.,
T T
/ o (1) p(t)dt = — / w(t)o (D)t for all o € C5°(0,T).
0 0

LeEmMA 4.2 ([31]).
1) The evolution triple V.C H C V* is verified.
2) The imbedding W, (0,T,V,H) C C(0,T, H) is continuous.
3) The imbedding Wpl(O,T,V,H) C LP(Q,0) is compact.

LEMMA 4.3 ([3]). Let g € L"(Q,~) and let g, € L"(Q,~), with HgnHLT(Q;y)
<C,l1<r<oo. If go(x) = g(x) ae. in Q, then g, — g in L"(Q,7).

LeMMA 4.4 ([3]). Assume that,

Ovy,
ot
where o, and By, are bounded respectively in X* and in L'(Q). If v, is bounded
in LP(0,T; Wy P(Q,w)), then v, — v in LI (Q,0).
Further v, — v strongly in LY(Q).

= ay + fBn in D'(Q)

Definition 4.5. A monotone map 7" : D(T') — X* is called maximal mono-
tone if its graph

G(T) = {(u,T(u)) € X x X* for all ue D(T)}

is not a proper subset of any monotone set in X x X*.

Let us consider the operator % which induces a linear map L from the

subset D(L) = {v € X : v € X* v(0) = 0} of X into X* by

T
(Lu, v)x = /O W), v(#)vdt) ue D(L), ve X,

LeMMA 4.6 ([31]). L is a closed linear mazimal monotone map.

In our study we deal with mappings of the form F = L + S where L is
a given linear densely defined maximal monotone map from D(L) C X to X*
and S is a bounded demicontinuous map of monotone type from X to X*.

Definition 4.7. A mapping S is called pseudo-monotone with u, — wu,
Luy, — Lu and lim sup(S(uy),u, —u) < 0, that we have
n—oo

li_)m sup(S(un),un, —u) =0 and S(u,) — S(u) as n — co.
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5. MAIN RESULTS

Consider the problem
bx,uo) € LY(Q), feLN(Q)
@) _ giv(a(a t,u, Du)) + div(é(u) = f in O
(51) at » Yy M -
u=0 on 90Qx]0,T7,
b(xz,u(x,0)) = b(xz,uy) on
Definition 5.1. Let f € LY(Q) and b(x,uo) € L'(Q). A real-valued func-
tion u defined on Qx]0, T is a renormalized solution of problem (5.1) if
(5.2)
Ti(u) € LP(0,T; Wy P(Q,w)) for all (k>0) and b(z,u) € L>(0,T; L'());

(5.3) / a(z,t,u, Du)Dudzdt — 0 as m — +o0;
{m<|u|<m+1}

Z?Ban(tx,u) — div (' (w)a(u, Du)) + 5" (u)a(u, Du)Du

(5.4) +div(S'(u)¢(u)) — 5" (u)p(u)Du = f§'(u) in D'(Q);

for all functions S € W2 °°(R) which compact support in R, where Bg(z,z) =
Iy %S’(r)dr and

(5.5) Bgs(xz,u)(t =0) = Bg(z,up) in €.

Remark 5.2. Equation (5.4) is formally obtained through pointwise mul-
tiplication of equation (5.1) by S’(u). However, while a(u, Du) and ¢(u) does
not in general make sense in (5.1), all the terms in (5.4) have a meaning in
D(Q).

Indeed, if M is such that supp(S’) C [—M, M], the following identifica-
tions are made in (5.4):

o S(u) € L>®(Q) since S is a bounded function.

e S'(u)a(u, Du) identifies with S"(u)a(Tasr(u), DTh(u)) a.e. in Q. Since
|Tpr(u)| < M a.e. in @, assumptions (3.9) imply that
1>

o S’(u)a(u, Du)Du identifies with S”(w)a(Thr(w), DTa(w)) DT (u) we
have S”(u)a(Th(w), DTy (u)) DT (u) € LYHQ).

‘ai(.%',t,TM(U),DT]V[(u))‘ < /BMU/ ( (CM z, t _|_Z ‘BTM( )

Ox;j

We obtain that S (u)a(Tar(w), DTar(u eHLp Q,w
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o S"(u)p(u)Du and S’(u)p(u) respectively identify with S” (u)od(Thr(u))
DTy (u) and S’ (u)d(Th(u)). Due to the properties of S and to (3.12), the
functions S’, S” and ¢oTys are bounded on R so that (5.2) implies that
S'(u)¢(Thr(u)) € (L=(Q))Y, and " (u)¢(Tas (u)) DThs(u) € LP(Q, w)

e S'(u)f belongs to LY(Q) .

The above considerations show that equation (5.4) holds in D'(Q) and
that

OBs(xw) 1w (0. 7w ¥ (0, w0)) + LM(Q).

ot
Due to the properties of S and (5.4), 8%(;‘) € LP (0, T; WL P(Q,w})) +

LY(Q), which implies that S(u) € C°([0,T]; L'(2)) so that the initial condition
(5.5) makes sense, since, due to the properties of S (increasing) and (3.8), we
have

(5.6) |Bs(z,7) — Bs(l‘,’l“,)’ < Ag(x) ’S(r) - S(r/)} for all r,r" € R.

THEOREM 5.3. Let f € LY(Q) and b(z,up) € LY(Q). Assume that (H1)
and (H2) hold true. then, there exists at least a renormalized solution u of the
problem (5.1) (in the sense of Definition 5.1).

Remark 5.4. The statement of Theorem 5.3 generalized in weighted case
the analogous in [29] and [7] (with b(x,u) = u).

Remark 5.5. Since, the function ¢(u) does note belong to (L;OC(Q))N.
Then the problem (5.1) can have a renormalized solution, but not a weak
solution.

Proof. Step 1: The approximate problem.
For n > 0, let us define the following approximation of b, a, ¢, f and wug;

1
(5.7) bn(z,r) = b(x, T (r)) + o7 for n >0,
In view of (5.7), b, is a Carathéodory function and satisfies (3.8), there
exist A\, > 0 and functions A, € L'(Q) and B, € LP(Q) such that
Oby(x, s) Oby(z, s)

)\TL < T < An(x) and Da; <as>‘ < Bn<ﬂf) a.e. in Q, s eR.

(5.8) an(z,t,5,d) = a(z,t,T,(s),d) ae. in Q, VseR, VdeRY,

In view of (5.8), a,, satisfy (3.11) and (3.9), there exists C,, € L*' (Q) and
Bn > 0 such that
(5.9)
1 N1
a7 (2,1, 5,€)| < Bow] () [Cr(w, ) + Y w! ()|&[P7"], for all (s,€) € R xRN,
j=1
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(5.10) &, is a Lipschitz continuous bounded function from R into R,
such that ¢, uniformly converges to ¢ on any compact subset of R as n tends
to +o0,

(5.11)

fn€LP(Q) and f, — f a.e. in Q and strongly in L*(Q) as n — +oo,

won € D(Q) + [|bn (2, uon)l L2 < [16(z, uo)] 11,

(5.12) bn(2,u0n) — b(2,u0) a.e. in Q and strongly in L'(9).
Let us now consider the approximate problem:
bn y Y . . .
(w — div(an(z,t, up, Duy)) + div(gn(uy)) = fn in D'(Q),

(5.13) up, =0 in (0,T) x O,

bp(x, un(t =0)) = bp(z,upn) in Q.
As a consequence, proving existence of a weak solution u, € LP(0,T;

Wol’ P(Q,w)) of (5.13) is an easy task (see e.g. [25, 28]).

Step 2: The estimates derived in this step rely on standard techniques for

problems of type (5.13).
Using in (5.13) the test function Tk (us)X(0,r), We get, for every 7 € [0, T7.
Oby(z, up)

( 5t 7Tk(un)X(0,T)>+/Q a(x,t, T (un), DTk (up)) DTk (uy,)dadt

(5.14)
+/QT ¢n(un) DTy (uy)dzdt = /QT fn Tk (uy)dzdt,

which implies that,

/Q B, un (7)) da + / / o, T (1), DTy (1)) DT (1) davclt
(5.15)

On(Upn) DTy (uy)dadt = Fu Tk (un dxdt+/ By (x, ugn)d
o o Q

where B}!(z,r) fo ab" %n(@:5) 45 The Lipschitz character of ¢,, and Stokes’
formula together with the boundary condition 2 of problem (5.13) give

(5.16) / / 6 (1) DTk (11 )dizdlt = .
0 Q
Due to the definition of B}’ we have
(517 0< / B (@, uon)dz < k/ b, won)| dz < [[b(z, w0) | 1 -
Q Q

Using (5.16), (5.17) and B} (x,uy,) > 0, it follows from (5.15) that
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(5.18) /O ’ /Q o, T (), DTy (1)) DT (1) davclt

< k([ fnll 1@y + 1on(@; won)ll 1)) < CF,
Thanks to (3.11) we have

(5.19) / Z ’8Tk un) |7

We deduce from that above inequality (5.15) and (5.17) that

(5.20) /QBZ(x,un)dx < E([fll 21y + 116( o)l L1 (o)) = Ck.

dzdt < Ck, Vk> 1.

Then, Tj,(uy) is bounded in LP(0, T; Wy P (0, w)), Th(un) — vy, in LP(0, T;
W, (9, w)), and by the compact imbedding (3.6) gives,

Ty (un) — v strongly in LP(Q,0) and a.e. in Q.
Let k > 0 large enough and Bpg be a ball of €2, we have,

T
k meas({|un] > k} 0 B x [O,T])—/ / (T ()| davdlt
{|lun|>k}NBgr

T
< / / (T ()| davdlt

0 JBg
1 T L
P / P

g( / |Tk(un)]pada;dt> ( / / alpdxdt>
Br
1

<TCR</Z ‘aTk‘)

which implies that,

P
dxdt) < ckv,

meas({|u,| >k} N Br x [0,T]) <

So, we have

kli)riloo(meas({|un| > k}NBgr x[0,7])) =0.

Now, we turn to prove the almost every convergence of u, and by, (z, uy,).
Consider now a function non decreasing g, € C?(R) such that gy(s) = s for
s| < & and gi(s) = k for |s| > k. Multiplying the approximate equation by
g]/g(bn(xaun))v we get

(5.21) ‘W — div(a(w, t, un, Dug)gh(bu (@, un)))
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(@, tny D) (b (2, 40)) D (W) Du,

Obn (, un)

= 0 b 1))+ ) D (P2

= fugp(bn(x,un))

in the sense of distributions, which implies that
(5.22) 9k (b (z,uy,)) is bounded in LP(0,T; Wol’ P(Q,w)),

and

agk‘ (bn (ZL', Un))

2 _—
(5:23) ot

independently of n as soon as k < n. Due to Definition (3.7) and (5.7) of by, it

is clear that

is bounded in X* + L}(Q),

{|bn (2, un)| <k} C {lun| < E*}
as soon as k < n and k¥ is a constant independent of n. As a first consequence
we have

(5.24)
Dy, (bn(x, un)) = gi(x,bn(tn)) Dy ((%n(x,;jj* (un))) DTy (uy) ae. in Q

as soon as k < n. Secondly, the following estimate holds true

, Oby (x, Ti (U, , Obp(z, s
e | I e e e e i

As a consequence of (5.19), (5.24) we then obtain (5.22). To show that
(5.23) holds true, due to (5.21) we obtain

gk (bn (2, un))

(5.25) T = div(a(z,t, upn, Duy,) gy, (bn(z,uy)))
st D) 0 ) D ( P50 ) i 0 000

= ul s (P2 ) D+ g0

Since suppg;, and suppg, are both included in [—k, k], u, may be re-
placed by Tp«(uy) in each of these terms. As a consequence, each term on
the right-hand side of (5.25) is bounded either in L¥ (0, T; W ~1#'(Q, w*)) or in
L'(Q). Hence, lemma 4.4 allows us to conclude that g (b, (z,u,)) is compact
in L} (Q,0).

Thus, for a subsequence, it also converges in measure and almost every
where in @, due to the choice of g, we conclude that for each k, the sequence
T} (bn(x, uy)) converges almost everywhere in @ (since we have, for every A > 0,)
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meas({|bn(x, un) — bm(x, um)| > A} N Br x [0,7T])
< meas({|bn(z,un)| > k}NBrx[0,T])+meas({|bm (z, um)| > k}NBrx[0,T])
+ meas({|gr(bn (2, un)) — gr(bm(z, um))| > A}).
Let € > 0, then, there exist k() > 0 such that,

meas({|bn(x, un) — by (2, um)| > A} N Br x [0,T]) <e¢
for all n,m > ng(k(e), A\, R).
This proves that (b, (x, u,)) is a Cauchy sequence in measure in Bgx[0, T,

thus converges almost everywhere to some measurable function v. Then for a
subsequence denoted again u,,

(5.26) Up = u a.e. in Q,

and

(5.27) bn(x,upn) = b(z,u) a.e. in Q,

we can deduce from (5.19) that,

(5.28) Ti(un) = Ti(u) weakly in LP(0,T; Wy (Q,w))

and then, the compact imbedding (3.3) gives,
Ti(un) = Ti(u) strongly in LY(Q,0) and a.e. in Q.
Which implies, by using (3.9), for all £ > 0 that there exists a function
hy € ﬁl LP(Q,w}), such that

N
(5.29) a(z,t, Te(un), DT} (un)) = by weakly in [ [ L7 (Q, w}).
i=1
We now establish that b(z,u) belongs to L>°(0,T; L*(€2)). Using (5.26)
and passing to the limit-inf in (5.20) as n tends to +oo, we obtain that

1
7 [ Bl )de < 17151 gy + ol o) = €

for almost any 7 in (0,7"). Due to the definition of By(x,s) and the fact that
£ By (2, u) converges pointwise to b(z, u), as k tends to +oco, shows that b(z, u)

belong to L>=(0,T; L(Q)) .

Step 3: This step is devoted to introduce for k > 0 fixed a time regular-
ization of the function T (u) and to establish the following limits:
(5.30)

N
CL(CE, t, Tk(un)> DTk(un)) - a’(‘r? t, Tk (U)7 DTk(u)) weakly in H LP’(Q’ wr)a
i=1
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as n tends to +o0o. This proof is devoted to introduce for k£ > 0 fixed, a time reg-
ularization of the function Tj(u) in order to perform the monotonicity method.
Firstly, we prove the following lemma:

LEMMA 5.6.
(5.31) lim lim a(x,t, upn, Duy)Duydzdt = 0,
m—+00 n—+00 {m<|un|<m+1}
for any integer m > 1,
Proof. Taking Ty (un, — Tin(uy)) as a test function in (5.13), we obtain

(5.32)

<‘%n<$vun)’ Ty (up — Tm(un))> +/ a(tn, Duy)Dupdzdt
ot {m<|un|<m+1}

+ / div [ / ()T — Tm(r))] o — _/Q Tt — Ton (1))

Using the fact that [ ¢(r)T{(r — Tin(r))dadt € LP(0,T; W, P(Q,w))
and Stokes’ formula, we get

/B x,up) (T )d$+/ a(tp, Duy)Duydadt
{m<|up|<m+1}

(5.33)
/ |fnTl (un))|dxdt+/ Bm x UOn)d
where BJ'(r) = [, dbn (x 9 (@3) 7y (5 — Ty (s))ds. In order to pass to the limit as n

tends to +oo in (5. 33), we use Bl'(x,u,)(T) > 0 and (5.11),(5.12), we obtain
that

lim a(tp, Duy) Duydadt
M= 400 Jim< up | <m+1}

< / \f|dxdt+/ |b(z, uo(x))| dz.
{lu(z)|>m} {luo()|>m}

Finally, by (3.14), (3.13) and (5.34) we get

(5.34)

(5.35) lim lim a(ty, Duy)Duydadt = 0.

m—-+o0 n—+00 {m§|un\§m+1}
The very definition of the sequence (T} (u)), for 1 > 0 (and fixed k) we
establish the following lemma.

LEMMA 5.7. Let k > 0 be fized. Let (T(u)), the mollification of Tj(u).
Let S be an increasing C*°(R)-function such that S(r) =r for |r| <k and
supp S’ is compact. Then,

) ) T Jobn(z,un) ,
(5.36) Mll)r_ir_loo nllg-loo ; <8t’ S (un) (T (un) — (Tk(u))u)> dzdt > 0,
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where (.,.) denotes the duality pairing between L'(Q) + W~ (Q,w*) and
L®(Q) N Wy P(Q,w).

Proof. See H. Redwane [29].
We prove the following lemma, which is the key point in the monotonicity
arguments.

LEMMA 5.8. The subsequence of uy satisfies for any k>0
(5.37)

lim su / // (Tx(un), DTy (up)) DTy (uy )dxdsdt </ // hi DTy (u)dzdsdt,
n—-+oo
where hy is defined in (5.29).

Proof. In the following we adapt the above-mentionned method to prob-
lem (5.1) and we first introduce a sequence of increasing C*°(R)-functions Sy,
such that

Sm(T) =r if |T| <m,
suppSh, C [—(m +1),m + 1],
(R P

We use the sequence Tj(u), of approximations of Ty (u), and plug the test

function S}, (un)(Tk(un) — (Tk(w)),) (for n > 0 and g > 0) in (5.13). Through
setting, for fixed k£ <0,

<1, forany m > 1.

Wy = Ti(un) — (Te(w)) sy
we obtain upon integration over (0, ¢) and then over (0, T):

(5.38)

//<8b z Un) ,S! (un) W”>dtds+//0/ S (un)an (U, Duy)D W"dxdsdt
+///S;;(un)an(un,Dun)DunW”dxdsdt—///S;n(un)d)n(un)DW’}dmdsdt
/ / /S” Un ) Pn un)DunW"dxdsdt—/ / /fnS’ Un) W”dxdsdt

In the following we pass the limit in (5.38) as n tends to +oo, then p tends
to +00 and then m tends to +oo, the real number k > 0 being kept fixed. In
order to perform this task we prove below the following results for fixed £ > 0 :

B (x,up,
(5.39) liminf lim / /<8 (z,u W£>dtd520, for any m >k,

p—>+00 n——+00

T rt
(5.40) lim lim ///S;n(un)gi)n(un)Dngxdsdt:O, for any m > 1,
0/

n—-+00 u—+00 0
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(5.41)
T rt
nll)r}_loo uEToo/O /O/QSgl(un)d)n(un)DunWﬁdxdsdt =0, forany m>1,

(5.42)
T pt
/// S,’{l(un)a(un,Dun)DunWdedsdt =0, m>1
0/Q

lim limsup lim sup
M—=+00 ;5400 n—+00

T rt
(5.43) lim lim / /O/anS;n(un)Wﬁdmdsdt:Q

p—400m—+o00 [

Proof of (5.39). The function S, belongs to C*°(R) and is increasing. We
have for m > k, Sy, (r) =7 for |r| <k while suppS), is compact. In view of
the definition of W)/, lemma 5.7 applies with S = 5y, for fixed m > k. As a
consequence (5.39) holds true.

Proof of (5.40). In order to avoid repetitions in the proofs of (5.43), let
us summarize the properties of W. For fixed pn >0

W — Tj,(u) — (Ty(uw)), weakly in LP(0,T; Wy P(Q,w)), as n — +oo

(A

1 HLOO(Q) <2k, for any n >0 and for any u >0

we deduce that for fixed p > 0

Wi = T(u) = (Tk(u))y ae. in @ andin L*(Q)weak —*, as n — +00
one has suppS/,, C [—=(m + 1), —m] U [m, m + 1] for any fixed m > 1, we have
(5.44) Sy () () DW= S, () dn (T 1 (un)) DW) ace. in Q,

since suppS), C [-m — 1,m + 1]. Since S}, is smooth and bounded, (3.12),
(5.10), and u, — v a.e. in @ lead to

(5.45)

Sy (un) P (Tnt1(un)) — Sh,(w)d(Trng1(u)) a.e. in @ and in L>®(Q)weak —x*,

as n tends to +oo. As a consequence of (5.47) and (5.45), we deduce that

(5.46) lim / //S’ U)o (un) DW, dzdsdt =

n—-+4o0o

= lim S (un) ¢ (Tg1 (w)) (DTi(w) — D(Tj(u)) ) dadsdt,

n—-+o0o

for any p > 0. Passmg to the limit as u — 400 in (5.46) we conclude that
(5.40) holds true.

Proof of (5.41). For fixed m > 1, and by the same arguments that those
that lead to (5.47), we have
(5.47)
S (W) bn(un) Dun Wit = 3 (un) o (Ting1 (un)) DT g1 (un) W) ace. in Q.
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From (3.12), u, = u a.e. in @ and (5.28), it follows that for any p >0

T ot
lim / / / S&(un)¢n(un)DunWﬁdxdsdt
o Jo Jo

n—+00

T t
= /O /0 /Q SV (un)d (T (w)) (DT (u) — D(T(u)),)dadsdt,

for any p > 0. Passing to the limit as 4 — +oo in (5.46) we conclude that
(5.41) holds true.

Proof of (5.42). One has suppS);, C [—(m + 1), —m] U [m, m + 1] for any
m > 1. As a consequence

T [t
/ / / S (un)a(tn, Dun)DunW[fd:pdsdt‘
0 0 JQ

<7182 ) | o W], / a(ttn, Dity) Dugdrdt,
{m<|un|<m+1}

for any m > 1, any g > 0 and any n > 1. It is possible to obtain

T ot
/ / / SY () a(un, Dun)Duntdxdsdt‘
o Jo Ja

lim sup lim sup
H—>+00 mn—+00

< C'lim sup/ a(ty, Duy) Du,dxdt,
n—+00 J{m<|up|<m+1}
for any m > 1, where C'is a constant independent of m.
Appealing now to (5.31) it possible to pass the limit as m tends to 400
to establish (5.42).
Proof of (5.43). Lebesgue’s convergence theorem implies that for any

p>0and any m > 1

i /0 T/O ]t/(zfnSgl(un)Wﬁdxdsdt _ /O T/O t/ﬂfs;n(u)(Tk(u) — (T(w),))dadsdt

Now, for fixed m > 1, using lemma 4.1 and passing to the limit as u — +00
in the above equality to obtain (5.43).

We now turn back to the proof of lemma 5.8. Due to (5.39)—(5.42) and
(5.43), we are in a position to pass the limit-sup when n tends to 400, then
to the limit-sup when p tends +o00 and then to the limit as m tends to +o00 in
(5.38). We obtain by using the definition of W} that for any k > 0

T pt
lim limsuplimsup/ //S;l(un)an(un,Dun)(DTk(un)—D(Tk(u))u)dxdsdtgo.
0 JoJQ

M—=+00 400 n—+oo
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Since S}, (un)an (tUn, Dup) DT (uy) = a(tn, Duy) DT (uy,) for k < n and
k < m, the above inequality implies that for £ < m

hmsup/ //an U, D) DTy (uy,)dzdsdt

—+00
( n

< lim hmsuphmsup///S Un) G (U, Dy ) D(T)(u)) ydodsdt.

Tm—=400 s to0 n—r+oo

The right-hand side of (5.48) is computed as follows. We have for n >
m + 1:

S!(un)an (un, Duy) = S (un)a(Tst (un), DTt (uy)) a.e. in Q.
Due to the weak convergence of a(DTy,+1(uy)) it follows that for fixed
m>1

N

S;n(un)an(um Dun) - S;n(un)hm-‘rl weakly in HLp/(Qa w;'k)7
=1

when n tends to 4+oo. The strong convergence of (Tj(u)), to Ti(u) in
LP(0,T; W, P(2,w)) as p tends to 400, then we conclude that

T rt
lim lim / //S;n(un)an(un,Dun)D(Tk(u))dedsdt
0 JQ

H——+00 n—r+00 0

T ot
= / / / S! (un)hms1 DTy, (u)dadsdt,
0 0 JQ

as soon as k < m, S, (r) =1 for |r| < m. Now for kK < m we have,

(5.49)

a(Tim+1(un ), DL (wn)) X (un | <k} = @(Th(un ), DTk(un)) X {jun|<ky a-€. in Q,

which implies that, passing to the limit as n — +o0,

(550) hm+1X{|un|<k} = th{\un|<k} a.e. in Q - {\u| = k} for k <m.
As a consequence of (5.50) we have for k£ < m,

(5.51) him1 DT (u) = hi DT (u) a.e. in Q.

Recalling (5.48), (5.49), (5.51) we conclude that (5.37) holds true and the
proof of Lemma 5.8 is complete.
In this Lemma we prove the following monotonicity estimate:

LEMMA 5.9. The subsequence of u, satisfies for any k>0
(5.52)

lim / / / (T ), DTy ) (T wn), DT ()] DT (1) —D T )] dardsclt 0.

n—-—+
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Proof. Let k > 0 be fixed. The character (3.10) of a(x, t, s, d) with respect
to d implies that
(5.53)

lim /// (Tk (), DTy (wp)) —a(Tx (W), DTy )] [D Ty (wn) — DTy (w)]dzdsdt > 0.

n—-+o0o
To pass to the limit-sup as n tends to +oo in (5.53) imply that
o(Th(un), DTi(w) - a(Th(u), DTe(w) ace. in @,

and that,
la; (Tk(up), DTk (u))| < ,Bw%(:z) Ck(z,t) —l—i J” () 8?20(] w "™ a.e. in Q,
j=1
uniformly with respect to n. It follows that when n tends to o0
(5.54)  a(Tk(uy), DTk (u)) = a(Tk(u), DTk(u)) strongly in ﬂLpl(Q,wf).
i=1

Lemma 5.8, weak convergence of DTy (uy,) , a(Tx(un), DTk (uy)) and (5.54)
make it possible to pass to the limit-sup as n — 400 in (5.53) and to obtain
the result .

In this lemma we identify the weak limit hj and we prove the weak-L!
convergence of the “truncated” energy a(T(uy), DTk(un))DT (uy,) as n tends
to 4-o0.

LEMMA 5.10. For fized k > 0, we have
(5.55) hi = a(T(u), DT} (u)) a.e. in Q,
(5.56)
a(T (un), DTy (un)) DT (un) = a(T(u), DT} (u)) DTy (u) weakly in L'(Q).

Proof. The proof is standard once we remark that for any £ > 0, any
n >k and any d € RN

an(Ti(uy),d) = a(Tp(uy),d) a.e. in Q

which together with weak convergence of (Tj(uy,)) and a(DTy(uy,)) and (5.54)
we obtain from (5.52)
(5.57)

Erf /// (Tx(un), DT (up)) DTy (uy)daxdsdt = ///thTk )dadsdt.

The usual Minty’s argument applies in view of weak convergence of (T (uy,))
and a(DTy(uy,)) and (5.57). It follows that (5.55) hold true.
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In order to prove (5.56), we observe that monotone character of a and
(5.52) give that for any k > 0 and any 7" < T

(5.58)  [a(Tk(un), DTk(un)) — a(Tk(u), DTk (w))][DTy(uy) — DTk (u)] — 0

strongly in L'((0,T") x Q) as n — +oo.
Moreover, weak convergence of (Tj(u,)) and a(DTk(uy)), (5.58), (5.54)
and (5.55) imply that
a(Ty(un), DTy (un)) DTy (u) = a(Ty(u), DTy (u)) DT (u) weakly in L*(Q),
and

a(Ty(un), DTy (w)) DTy (1) — a(Ty(uy), DTi(u)) DTy (u) strongly in L'(Q)

as n — +00.

Using the above convergence results in (5.58) shows that for any & > 0
and any 77 < T
(5.59)
a(Tk(un)a DTk(un))DTk(un) - a(Tk(u)7 DTk(u))DTk(u) Weakly in Ll((ov T/) X Q),

as n — +o00.

At the possible expense of extending the functions a(zx,t,s,d), f on a
time interval (0,7T) with T > T in such a way that assumptions with @ and f
hold true with 7' in place of T, we can show that the convergence result (5.59)
is still valid in L'(Q)-weak, namely that (5.56) holds true.

Step 4: In this step we prove that u satisfies (5.3).

LEMMA 5.11. The limit u of the approzimate solution u, of (5.13) satisfies

lim a(u, Du)Dudzdt = 0.
M0 Jm< u|<m+1}

Proof. To this end, observe that for any fixed m > 0 one has

/ a(ty,, Duy) Duydzdt = / Ay, Duy) (DT 41 W) — DTy (uy))dxdt
{ Q

m<un|<m+1}

= / a(Tg1 W), DT g1 () D141 (wy)daxdt— / a(T, W), DT, Wn)) DTy, (wp)dzdt.
Q Q

According to (5.56), one is at liberty to pass to the limit as n — 400 for
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fixed m > 0 and to obtain
(5.60)
lim a(up, Duy)Duydxdt

=400 Jim< up |[<m+1}

= /a(Tm_H (u), DTy41(uw)) DT 41 (w)dadt —/a(Tm (u), DTy, (uw)) DT (u)dadt
Q Q

/ a(u, Du)Dudxdt.
{m<|un|<m+1}

Taking the limit as m — 400 in (5.60) and using the estimate (5.31) show
that u satisfies (5.3) and the proof of Lemma is complete.

Step 5: In this step, u is shown to satisfy (5.4) and (5.5). Let S be a
function in W1 (R) such that S has a compact support. Let M be a positive
real number such that supp(S’) C [-M, M]. Pointwise multiplication of the
approximate equation (5.13) by S’(u,) leads to

aBg('r7 un) o . / 7
(5.61) o div[S (up)a(uy, Duy)] + S" (up)a(ty, Duy) Duy,

+ div(S'(un)qﬁn(un)) - S//(un)¢n(un)Dun = fS/(un) in D,(Q)~

It was follows we pass to the limit as in (5.61) n tends to +oo.

e Limit of %. Since S is bounded and continuous, u,, — u a.e. in
Q implies that B¢ (x,u,) converges to Bg(x,u) it a.e. in @ and L*™ weak—*.
Then % converges to 8358(;5,10 in D'(Q) as n tends to 4o0.

e Limit of —div[S"(up)an (un, Duy)]. Since supp(S’) C [—M, M], we have

forn>M
S’ (un)an (tn, Dup) = S"(un)a(Tas (un), DTar(uy)) a.e. in Q.

The pointwise convergence of u, to u and (5.55) as n tends to +oo and
the bounded character of S’ permit us to conclude that

N
(5.62)  S'(un)an(un, Duy) — S’ (u)a(Ta(u), DTy (u)) in HLPI(Q,wf),
i=1

as n tends to +00. S’ (u)a(Th(u), DT (u)) has been denoted by S’(u)a(u, Du)
in equation (5.4).
e Limit of S”(uy)a(un, Duy)Duy,. As far as the ’energy’ term
S" (un)a(tp, Dug)Duy = 8" (un)a(Tar(urn), DTas(un)) DTy (uy) a.e. in Q.
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The pointwise convergence of S’(u,) to S’(u) and (5.56) as n tends to
+o00 and the bounded character of S” permit us to conclude that
(5.63)
S” () (tn, Dty) Dy — 8" (w)a(Tas (w), DTas(w)) DTy (u) weakly in LY(Q).

Recall that
S"(w)a(Tar(w), DTy (u)) DT (u) = S” (u)a(u, Du)Du a.e. in Q.
e Limit of S'(uy)¢n(uy). Since supp(S’) C [—M, M], we have

S (1) (tn) = S'(W)én(Tar(w) ace. in Q.

As a consequence of (5.10) and u, — v a.e. in @, it follows that
N
S ()b (tn) — §'(w)$(Tas(w)) strongly in [ 27(Q, w}),
i=1
as n tends to +o0o. The term S’ (u)¢(Th(u)) is denoted by S'(u)p(u).
e Limit of S”(uy)¢n(un)Duy,. Since S € WLH(R) with supp(S’) C
[—M, M], we have

S" (Un) pn (tn) Dy, = ¢ (Tas (un)) DS (uy) a.e. in Q.

Moreover, DS’ (u,) converges to DS’(u) weakly in LP(Q,w) as n tends to
+o0, while ¢, (Tas(uy)) is uniformly bounded with respect to n and converges
a.e. in Q to ¢(Thr(u)) as n tends to +o0o. Therefore

S" (un)bn (un) Duy, — ¢(Tag(u)) DS’ (u) weakly in LP(Q, w).

The term ¢(Th(u))DS'(u) = S"(up)p(u)Du.
e Limit of S'(uy)fn. Due to (5.11) and u,, — u a.e. in @, we have

S (up) fr — S'(u)f strongly in LY(Q) as n — +oc.

As a consequence of the above convergence result, we are in a position to
pass to the limit as n tends to +00 in equation (5.61) and to conclude that u
satisfies (5.4).

It remains to show that Bg(z,u) satisfies the initial condition (5.5). To
this end, firstly remark that, S being bounded, Bé(x, u,) is bounded in L>(Q).
Secondly, (5.61) and the above considerations on the behavior of the terms of
this equation show that % is bounded in LY(Q)+L” (0, T; W 1% (Q, w*)).
As a consequence, an Aubin’s type lemma (see, e.g. [30]) implies that Bg(x, uy,)
lies in a compact set of C°([0,7],L'(2)). It follows that on the one hand,
Bl(x,u,)(t = 0) = B2(z,u}) converges to Bg(z,u)(t = 0) strongly in L'().
On the other hand, the smoothness of S implies that

Bg(z,u)(t =0) = Bg(z,up) in .
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As a conclusion of step 1 to step 5, the proof of theorem 5.3 is com-
plete. O

Remark 5.12. We obtain the same result if the data is the forme f—div(F'),
N /
whith f € LY(Q) and F e [ LV (Q,w; ").
i=1
Remark 5.13. Under the assumption of theorem 5.3, if we suppose that
the seconde member are nonnegative, then we obtain a nonnegative solution.

Indeed, if we take T (u — T (u"t))x(0,r) a test function in (5.1), we have
(5.64)

/QBZ(:U,U(T))dx—I—/OT/Qa(x,t,u, Du) DTy, (u — Tp(u))dadt

+/ d(u)DTy(u — Ty (u))dzdt = | fTie(u — Tp(u™))dzdt + /BZ(IE, up)dz,
Qr

Qr Q

where B} (z,r) = [ Ti(s — Th(s+))8b(x :2) 5. The Lipschitz character of ¢ and
stokes’ formula together with the boundary condition 2 of problem (5.1) give

(5.65) /0 ’ /Q (u) DT (u — Ty (u+))dadt = 0.

Using (5.65), and Bl(x,u) > 0, it follows that
(5.66)

/a(m,t, w, Du) DTy (u — Tp,(u™))ddt S/ka(u—Th(zﬁ))dxdt—i—/B,]j(x,uo)dx,
Q Q Q

we remark also, by using f >0
/ FTe(u — Ty (u))dadt < / T — Ty (u))dardt.
Q {u>h}

On the other hand, thanks to (3.11), we conclude
(5.67)

/Z [T o < [, BTyt [ Bl

Q
Letting h tend to infinity, we can easily deduce
Tiy(u")=0, Vk>O0,

which implies that
u > 0.



23 Existence of a solution in weighted Sobolev spaces 151

6. EXAMPLE

Let us consider the following special case: b(x,r) = Z(z)C(s) where Z €
Wb P(Qw), Z(x) > a>0and C € C*(R) such that V £ >0 : 0< )\ =
|i‘n<fk C’(s) and C(0) = 0.

6.1)  0<M\ < ab(g;’ %) < Ayz) and ’vx (81’(52’ 5)>‘ < By(x)

¢: reR—= (4i)i_y, ny ERY,
where
¢i(r) =exp(a;r) i=1,..,N, a; €R

¢ is a continuous function.

And

ai(z,t,s,d) = wi(z) |d;|P" sgn(dy), i=1,..,N,

with w;(x) a weight function (i = 1,..., N).

For simplicity, we suppose that

wi(z) =w(z) for i=1,.,N—1, wy(x)=0.

It is easy to show that the a;(z,t,s,d) are Carathéodory functions satis-
fying the growth condition (3.9) and the coercivity (3.11). On the order hand
the monotonicity condition is verified. In fact,

N
Z (ai(z,t,s,d) — a(z,t,s,d)) (d; — dy)
i—1
N-1
= w(e) 3 (I sgn(d:) — | sgn(d)) (ds — df) > 0
i=1

for almost all € Q and for all d,d’ € RY. This last inequality can not be strict,
since for d # d' with dy # d)y and d; = d}, i=1,..., N — 1, the corresponding
expression is zero.

In particular, let us use special weight function, w, expressed in terms of
the distance to the bounded 9€). Denote d(z) = dist(x,09) and set w(z) =
d*(x), such that

(6.2) A < min (%,p _ 1) .
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Remark 6.1. The condition (6.2) is sufficient to show the integrability
condition (3.4). Finally, the hypotheses of Theorem 5.3 are satisfied. Therefore,
for all f € L*(Q), the following problem:

b(x,u) € L([0,T]; L(Q));
Tk(u) S Lp(07T§ W& p(ij))’

~1
%sgn (%) dzdt = 0;

N
. | Ou
lim f{m<|u|<m+1} Z Wi | 5z;

m——+00

Bs(z,r) = [; 2 ‘”S'( )do,

zi

—Jo Bs(z,u)%2 pdzdt + [, S( Z w;
+ fQ 5" (u) Z Wy

N
+ fQ Z S(u exp(aiu)%dxdt - fQ > S’(u)exp(aiu)%cpdxdt
3 Z:l 3
= fQ fS’ Ydzdt,
Bs(u)(t =0) = Bg(ug) in €,
V p e CP(Q) and S € WH®(R) with S’ € C§°(R),

(6.3)

ox;

sgn < “) ﬁ@dxdt

has at least one renormalised solution.
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