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Abstract

In this paper, we prove the convergence of an iterative method for fixed-point problems in a
reflexive Banach space. As a particular case, the proposed method is exactly the additive Schwarz
domain decomposition method when we use the Sobolev spaces. Also, for the finite element spaces,
our result proves that the one-level and multi-level methods (the multigrid method, for instance)
can be applied to find the fixed-points of contraction operators.
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1 Introduction

The literature on the domain decomposition methods is very large. We can see, for instance, the papers
in the proceedings of the annual conferences on domain decomposition methods starting in 1988 with
[4] or those cited in the books [12] and [13]. Naturally, most of the papers dealing with these methods
are dedicated to the linear elliptic problems. For the variational inequalities, the convergence proofs
refer in general to the inequalities coming from the minimization of quadratic functionals. Also, most
of the papers consider the convex set decomposed according to the space decomposition as a sum of
convex subsets. To our knowledge, even if sometimes the authors make some remarks in their papers
on the nonlinear cases, very few papers really deal with the application of these methods to nonlinear
problems. We can cite in this direction the papers written by Lui [8], [9], Tai and Espedal [14], and Tai
and Xu [15], for nonlinear equations, Hoffmann and Zhou [6], Zeng and Zhou in [16] for inequalities
having nonlinear source terms, and Badea [1] for the minimization of non-quadratic functionals.

The multilevel or multigrid methods can be viewed as domain decomposition methods and we can cite
the results obtained by Kornhuber [7], Mandel [10], [11], Smith, Bjerstad and Gropp [13], Badea, Tai
and Wang [2], and Badea[3]. Evidently, this list is not exhaustive and it can be completed with other
papers.

As we have already said, few papers deal with the domain decomposition methods for non-linear
problems, even if there are many mechanical or engineering problems which are modeled by a non-
linear equation which does not come from the minimization of a energy functional. In this paper,
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we prove the convergence of an iterative method for fixed-point problems. The paper is organized as
follows. In Section 2, we introduce the framework of our paper. The problem is stated in a reflexive
Banach space and it generalizes the well known fixed-point problem in the Hilbert spaces. Section 3 is
dedicated to a general subspace correction method for the problem in previous section. We give here an
error estimation theorem for the proposed algorithm. Finally, in Section 4, we show that the particular
form of proposed method in which the subspaces are associated with a domain decomposition is the
multiplicative Schwarz method. Also, we make some remarks concerning the convergence rate (as
a function of overlapping and mesh parameters) of the one-level and multi-level methods when the
proposed algorithm is applied for problems in finite element spaces.

2 General framework

Let V be a reflexive Banach space and Vi,---,V,,, be some closed subspaces of V' such that V =
Vi+---+ V. We make the following assumption concerning the decomposition of the space V.

ASSUMPTION 2.1. There exists a constant Cy > 0 such that for any v € V, there exist v; € V;,

1=1,---,m, satisfying
m
v = Z’UZ‘, (2'1)
i=1

and

> lwill < Colloll- (2.2)
i=1

We consider a Gateaux differentiable functional F': V' — R, and we assume that there exists p > 1
such that for any real number M > 0 there exist two real numbers Ay, By > 0 for which

Apllvo —u|P << F'(v) — F'(u),v — u > (2.3)

and
|F'(v) = F'(w)[|vs < Bullo — u|[P7, (2.4)

for any u,v € V with ||u||,||v]| < M. Above, we have denoted by F’ the Gateaux derivative of F. It
is evident that if (2.3) and (2.4) hold, then for any u,v € V, ||u]l,||v|]| < M, we have

Apllv —u||P << F'(v) — F'(u),v —u >< Byllv — ulP. (2.5)

Following the way in [5], we can prove that for any u,v € V, ||u||, ||v|| < M, we have

IN

< F'(u),v—u> —i—‘;TMHv —u||P < F(v) — F(u)

2.6

< F'(u),v —u >+ o —u|]?, (2.6)

Finally, let T : V. — V' be a contraction operator in the sense that for any M > 0 there exist
0 < ppr < 1 such that

IT(v) = T(wllv < pallo = ul[P~! (2.7)
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for any v,u € V, [Jv]|, ||u|| < M.
We consider the problem

weV: < F'(u),v>—<T(u),v>=0, forany v € V. (2.8)
Since the functional F is convex and differentiable, any solution of problem (2.8) is also a solution for
wueV: Flu)— <T(u),u >< F(v)— < T(u),v >, for any v € V. (2.9)

Using (2.6), for a given M > 0 such that the solution u of (2.8) satisfies ||u|| < M, we get

A
My — |l < F(v) — F(u)— < T(u),v—u > for any v €V, ||v|| < M. (2.10)

3 Subspace correction algorithm

We define the following correction algorithm corresponding to the subspaces V1, -« , V,, of the space
V.
ALGORITHM 3.1. We start the algorithm with an arbitrary u® € V. At iteration n+1, having u™ € V,
n > 0, we compute sequentially fori=1,--- ,m, wZ-H'l € V; which satisfies the equation
< F’(u”Jr% +wl v > — < T(u”Jr% +w™), v >=0,
d i (3.1)
for any v; € V;,
and then we update
w i =yt !
1
Evidently, if w?“ is a solution of problem (3.1), then it also satisfies
F(un+i7—nl + w;ﬂrl)_ < T(unJr% + wzﬂ+1)’ wln+1 >< (3 2)

F(u”‘*'% +v;)— < T(u”‘*'% +wt), v; >, for any v; € V;.
We have the following global convergence result.

Theorem 3.1. Let V' be a reflexive Banach and Vi, --- ,V,, be some closed subspaces of V' such that

V=Vi+- -4 Vy. We assume that F is convezr, Gateaux differentiable and satisfies (2.3) and (2.4).

Also, we suppose that the operator T satisfies (2.7). If Assumption 2.1 holds, u is the solution of

problem (2.8) and u™, n >0, are its approximations obtained from Algorithm 3.1, then there exists
Apm

P
pmax < P — (3.3)

such that for values 0 < pp; < pmax of the contraction constant in (2.7), we have
Fu")— < T(u),u™ > —F(u)+ < T(u),u ><

(C?h)n [F(u®)= < T(u),u” > —F(u)+ < T(u),u >] (3.4)

3
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and

lu" — ul|P < Cs (Cﬁl)" [F(u®)— < T(u),u® > —F(u)+ < T(u),u >] (3.5)

The constants Cy and Co are given in (3.18) and (3.20), respectively, in which we take for e1 and e
their values giving pmax in (3.25).

Proof. In this proof, we use (2.3), (2.4) and (2.7) in which u and v are replaced only with the solution
of problem (2.8) or its approximations obtained from Algorithm 3.1. Consequently, we are interested
in the existence of an M > 0 such that Hu"*# |<M,n>0,i=1,---,m. To this end, we see that,
with a proof by induction on n and i, equation (3.5) can be used to prove the existence of such a M
at the same time with (3.4) and (3.5). In the following, for the simplicity of the proof, we prove only
(3.4) and (3.5) assuming that there exists an M > 0 such that [|[u"*m|| < M,n>0,i=1,--- ,m, ie.
we prove only the general step of the induction process.

From (3.1) and (2.6), for any n > 0 and i = 1,--- ,m, we get,

i—1

Fu"™ %) — Fu™m)— < T(u" m),u™ % > + (36)
< T, w3 Au [, |
and, using (2.10), for any n > 0 and i = 1,--- ,m, we have
F(umtin) — F(u)— < T(u),u™m > + < T(u),u >> 42|50 —ul|P. (3.7)
From Assumption 2.1, we get a decomposition wuy,- - , U, of v = u — u™ satisfying (2.1)—(2.2). Re-
placing v; by u; in (3.1), and using (2.6) we get
Fu™™) — F(u)— < T(u),u™ > + < T(u),u > +ATM||U — TP <
< F'(u™h),umtl —u > — < T(u),u™™ > + < T(u),u >=
m
Y < Flumtm) — F'(um),uy — w > — (3.8)
i=1

m
Z < T(u™m),u; — Wit > — < T(u),u™™ >+ < T(u),u > .
i=1

4
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In the following, using (2.4) and (2.2) for the decomposition uy, -, uy, of u — u", we get

3

ST < Flu™m) = F'(u™h), up — wftt ><

=1

m m L )
Z Z < F/(un—&-]T) _ F’(un—i_%),ui _ w;wrl ><
i=1 j= 7,+1

BMZHwn—I-lHP 1ZHU’2 n+1H<

BMZ [y P~ (Z [Juill +Z Hw”“!|>

—1

1 P
Byme (Z wa“”p) <(1 + C)) Z |[w | + ColJu™ T — uH) <

S

=1 _— =1
1 m P p—1 m P
Byym» (ZHw?“H”) m' 7 (14 C) (Z|w"“|rp> + Gyl — || =
=1 =1
m 1 m %
Bym(1+ Co) Y [[wf P + Byyme Co (Z |rw?+1|p) ™+ — 4.
=1 =1

But, for any € > 0, p > 1 and z, z > 0 we have the inequality
zar <ex+ (—)r-1. (3.9)
€

Applying this inequality to the last term of the above equation, we get

m
> < Flw't) — F/(u™)u — wft ><
i=1

o\ o (3.10)
1 1
By | m(L+Co) +mr—= | 3 [lwf |7 + Bam# Coen]fu — w7,
51771 i=1
for any €1 > 0.
Let u" =u} +---+up, u € Vi, i =1,--- ,m, be an arbitrary decomposition of u". Using (2.7) and




Lori BADEA Domain decomposition method for fixed-point problems

(2.2) for the above decomposition uy, - , Uy, of u— u", we get

m

—Z < T(u”Jr%),ui — Wt > — < T(u),u"™ >+ < T(u),u >=

m

m
= <T@ ) uf du >+ < T ) uf +wftt > 4
= 2:1
m

=3 < T(u),u} +w"“>+Z<T U+ U >=
] =1

m
> <T@ w) = T(u), wp™ —u; ><

m

e S — Pt ]| <
=1

m =1
pM (HU"H—UHJFZHW?H\O Dol — | <
] b1 iT:nl
pM (HU"H ull +Z\|w”+1|!> D ™+ [ual]) <

=1 i=1

pfl m
pu (nu”“ ul| +Z\|w”+1||> ((1 +Co) Y [[wf | + Col[umtt —u||>> <

=1 =1

p
w(1+ Co) (Z [l 1]+ [+ — UH>

Consequently, we have
m .
- Z < T ), u; —with > — < T(u, ")+ < T(u,u) <

(3.11)
prr(1+ Co)(m+1)"> (Z\Iw"+1|!p+ (e W’)

=1

From (3.8), (3.10) and (3.11), we get

F(u™h) — F() <T(u),u >+<T(u)u>+
AM = n+1
T Bum# Coer — par(1+ Co)(m +1) 7 )Hu P <
1 "\ (3.12)
Bym + Bymy» —— + pu(1+ Co)(m +1) 7 sz?HHp
er! ;

for any €1 > 0.
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Now, from (3.6) we get

N

m
AV S up P < P(u) — P )= < T(u),u” > + < T(u), um > -
p -
=1
“ i i i 3.13
Z u”+71 > — < T(u" ), u"m >+ (3.13)
<_T( ) u > — < T(u),u™ >
Again, with an arbitrary decomposition v = uf' +---4+up,, ul' € V;, i =1,--- ,m, of u”, in the same

way as for (3.11), we have

i i i—1

= <T@ ), > -

< T(u”+%),u”+% >4 < T(u),u™ > — < T(u),u™t ><
m m

—Z<T(u”+#),u?>+Z<T(u”+%),u?+w?+1>+
I
Z<T(u),u?>—Z<T( Ll wlt >=

_“ m
Z<T( ) T(u)’wZT”Fl >< pMZHun—‘r e u||p 1||wn+1|| <
i=1

p—1 m
ZH@U"HHH\U“H U||) Dl
=1

For x,y > 0, we have (z + y)? < 29+ y? for 0 < ¢ < 1, and (z + )9 < 2971 (29 + y9) for 1 < ¢q. Using
it and inequality (3.9), we get from the above equation

m ) i1
=Yl T u > -
< T ), w5 S < T(u),u > = < T(u),u™! ><
m p m
pr2? (Z r\w?“\l) o2 — PN (| <
p (3.14)
par2P72 (1 4 g9) (Z\lw”+1|’> +PM

HU”H —ullP <
lp—2| —1 nt1 2P
pu 2P (1 + e9)m?P E fw; P 4+ prr—
i=1 55*1

p*l
€2

P

I
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for any €9 > 0. Consequently, from (3.13) and (3.14), we get

A m
(22 = g2 21+ ) 3 P <
=1 olp—2| (3.15)

F(u™) — F(u"™)— < T(u),u™ > + < T(u),u™ > +pp [T
55‘1
for any €2 > 0.
Let us write s
Cy= =% = pa2P (1 + e)m? ™. (3.16)
p

For some pjps and €3 such that C3 > 0, we get from (3.12) and (3.15),

F( Y~ Fu)— < T(u, u™ ™)+ < T(u, u) + Cyllu — u P <

[ ( ) F(unJrl)_ < T(u?un)_}_ < T(u, un+1)] (317)
where
—1
Ch = C (BMm—i—BMmP —|—pM(1+C’0)(m+1) ) (3.18)
alp_
and -
A p—1 9lp—
Cy = TM — BMmP Coe1 — pM(l + C())(m + 1)pP — PM 1 4 (3.19)
ey

From (3.17), we easily get (3.4) assuming that C4 > 0. From (3.7) we get that %Hu’”r1 —ullP <
Fu"™) — F(u)— < T(u),u™™ > + < T(u),u >, and using again (3.17), we get

[(1+ C1)A7M + Cy]|u" ™ —u||P < F(u") — F(u)— < T(u,u™)+ < T(u,u).

Using (3.4), we get (3.5) with

1+C
)= B (3:20)
(14 C1)=E + Cy
Conditions C3 > 0 and C4y > 0 can be written as
Am [p—2] p—1
— —pa2P7 (1 + e2)mPT >0 (3.21)
and ) _
% — Bymr Coeq — pM(1+Co)(m+1) P —
1 p—1
Bym~+Bym?P —2—+pp (14Co)(m+1) P (3.22)
2lp—2| sf’*l >0
M Tll %*PM2"’_2|(1+82)WLP—1

)
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respectively. Using (3.21), the above inequality could have a solution pp; > 0 only if
Am
g < —2— (3.23)
B MmE C()

Moreover, (3.22) can be written as a second order algebraic inequality,

—1 _ —1
ot [2”'(1 +e2)(1+ Co)m?H(m+ 1) = 22 (14 Co)m+1)'7 | =
el”
1 —1

M [2\1’—2'(1 +e9)mP~ (A — Byymr Coer) + (1+ Co)(m + )5 Ay (3.24)

_ 1 1
2lp12‘ (Byym + Byyme Co )|+ A—M(M — Byymr Coeq) > 0,
EPTI 61ﬁ P P

2 1

and we can simply verify that for any e; satisfying (3.23) and €3 > 0 there exists a ps,e, > 0 such that
any 0 < pay < peje, 18 a solution of (3.24). Also, we can verify that the bound of pjs obtained from
(3.21) do not satisfy (3.24). Consequently,

Am Am
p P

Peres < 2p=21(1 4 £9)mp-1 < 9lp—2]yyp—1’

and we get (3.3) with

pmax = sup Peres (3.25)
Ap
0<e1< P, 0<e
BymP Cp
O

4 Multiplicative Schwarz method as a subspace correction method

In the following, we show that the particular form of Algorithm 3.1 in which the subspaces are
associated with a domain decomposition is the multiplicative Schwarz method.

Let Q be an open bounded domain in R? with Lipschitz continuous boundary 9. We consider an
overlapping decomposition of the domain §2,

a=Jo (4.1)

in which €; are open subdomains with Lipschitz continuous boundary.

We take V' = I/VO1 *(Q), 1 < s < oo and associate to the domain decomposition (4.1) the subspaces
Vi = W(}’S(Qi), i=1,---,m. In this case, Algorithm 3.1 represents the multiplicative Schwarz method
written as a subspace correction method.
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To see that Assumption 2.1 holds, let us consider a unity partition associated with decomposition
(4.1), 01, , 0, ie.

6; € C1(Q), suppb; C Qi =1,---,m, and 291- =1on Q. (4.2)
i=1

It is evident that for a v € V, the decomposition v; = O;v, i = 1,--- ,m, satisfies (2.1) and (2.2) in
Assumption 2.1. Consequently, the convergence and error estimation given in Theorem 3.1 hold, too.
Evidently, the constant Cy in (2.2) depends on the unity partition (4.2). From error estimations (3.4)
and (3.5), we see that the convergence rate essentially depend on this constant C. If we use the finite
element spaces associated with the above spaces V and V;, i = 1,--- ,m, following the techniques in
[3], we can write the constant Cy depending on the overlapping and mesh parameters. In this way, we
can prove that Cy depends only on the overlapping parameter in the case of the one-level method, but
it is independent of these parameters for the multi-level methods (multigrid methods, for instance).

Remark 4.1. The above spaces V and V; correspond to Dirichlet boundary conditions. Similar
results can be obtained if we consider mixed boundary conditions. We take 09 = I'y UTy, 1Ny = ()
a partition of the boundary such that meas(I';) > 0, and we consider the Sobolev space V = {v €
Whs(Q) : v =0 on I'1}. This space corresponds to Dirichlet boundary conditions on I'; and Neumann
boundary conditions on I'y. The subspaces V; will be defined in this case as V; = {v; € les(Q) =
0inQ—Q, v; =00y NT1},i=1,--- ,m.

Also, we have considered problems having the solution in W*(Q), but all the obtained results hold
with [W1(Q)]V, N > 2, in the place of W*(Q).
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