,, Caius Iacob” Conference on
Fluid Mechanics&Technical Applications
Bucharest, Romania, November 2005

Asymptotic thermal flow around a highly conductive suspension by
FapiLA BENTALHA! | IsaBELLE GRUAIS? AND DaN POLISEVSKI 3

Abstract

Radiant spherical suspensions have an e-periodic distribution in a three dimensional incom-

pressible viscous fluid governed by the Stokes-Boussinesq system. We study the border case when

the radius of the spheres is of order £ and the ratio of the solid/fluid conductivities is of order ¢ ~°.

We apply a homogenization procedure by adapting the energy method introduced by [1] and devel-
oped by [2]-[7]. The macroscopic behavior is described by a nonlocal law of Brinkman-Boussinesq
type and two coupled heat equations, where the radiation and a certain capacity of the vanishing
suspensions appear. This result completes those obtained for the thermal flow when the volume of
the solid matrix is not vanishing as € — 0 (see [8]-[9]).

1 Preliminaries

Let Q ¢ R3 be a bounded open set and let

1 1\°
Y= (-—= 4= .
(-3+3)

YF.=ck+eY, keZ
Z. ={keZ® YFcQ}

The reunion of the suspensions is defined by
T. := Ugez. B(ek,re),

where 0 < r. << ¢ and B(ek,r.) is the ball of radius r. centered at ek, k € Z.. The fluid domain is
given by
Q. =Q\T..

Let €3 be the last vector of the canonical basis of R3, n the normal on 99, in the outward direction
and [] the jump across the interface T.. For a > 0 (the so-called Rayleigh number), f € L?(12),
g € C(Q) and b > 0, where b(¢/r.)3 stands for the ratio of the solid/fluid conductivities, we consider
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the problem corresponding to the non-dimensional Stokes-Boussinesq system governing the thermal

flow of an e-periodic distribution suspension of solid spheres:
To find (u®,p®,0°) € H'(Q.; R3) x L2(Q.) x HY(Q), solution of

divu® = 0 in Q,
—AE+VpE = abe® in Q.
AP UV = f i Q.
—A#° = g in T
6°]. = 0 on OT,
I3 €
%in = b(a/re)‘g%i on 0T,

u* = 0 on 09,
° = 0 on ONQ.

Introducing
Ve :={ve H{Q;R?), dive =0},

the variational formulation of (1)-(8) reads:

V(v,q) € Ve x L*(), / Vu® - Vo dr = a/ 0°v3 dx

€ €

gdivu® de = 0
Qe

Vo € HY (W), VOVodr — + ble/r:)? / V6V dx
Qe T:

+/ u*pVo° dr = Qfg0+b(6/r5)3/ gpdz.

We define F. € H1(Q2) by

Vo € Hy(Q), Felp) = /Q fedz+ b(é‘/re)?/T gpdz.

W N =

ot
e D DD DO =

(=)

TN TN TN N N N N /N
EN| I

Qo

Then, for v > 0 (we shall choose a suitable value for this parameter later), we can present the

variational formulation of the problem (1)—(8):
To find (uf,6°) € V2 x HE(Q) such that
(G(u,6), (v,9)) = Fe() for any (v,¢) € Ve x Hy(9),
where the mapping G : Vo x H}(Q) — V! x H71(Q) is defined by

(G(u,0), (v,p)) = ’y/ VuVv dz - a/ Ovs dx
Qe Qe

+ [ VOVpdr + / upVeo dx +b(5/r5)3/ VOV dx.

Qe B T

9)

In order to prove the existence theorem for problem (9), we make use of the following result of Gossez:
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Theorem 1.1 Let X be a reflexive Banach space and G : X — X' a continuous mapping between the
corresponding weak topologies. If

G,
Mﬁm as |plx — oo

|<P|X

then G is a surjection.

Acting as in the proof of Theorem 5.2.2 [8] Ch 1, Sec. 5, we find that the existence of the weak solutions
of problem (9) is assured if ~ is chosen sufficiently small. Moreover, if (u®, 6%) is a solution of problem
(9), then, by using the weak maximum principle, we obtain that ¢ € L*>°(Q), (see Theorem 3.4 [§]
Ch 2, Sec. 3). We do not have a uniqueness result, except if we assume that a > 0 is small enough.

2 Basic inequalities

Lemma 2.1 For every 0 < ry < r9, consider:
C(ri,m) ={z e R3 1 <|z| <}

Then, if u € HY(C(r1,72)), the following estimate holds true:

where U(ST - do = ﬁ fST - do.

Lemma 2.2 There exists a positive constant C > 0 such that, for any R > 0, a € (0,1) and u €
H(B(0, R)), the following inequality holds:

R2
/B(O o lu — ][s Ru do|? dz < C;|VU|QB(O7R). (11)
We denote the domain confined between the spheres of radii a <b by
C(a,b) := {zx € R?, a < |z| < b}

and correspondingly
Ck(a,b) := ek + C(a,b),

From now on, we consider R, to be a radius satisfying
re << R. <<¢ (12)
and we use the following notations:

C. = Upez.CF(re, Re).
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ko_
S, =

Sk =0B(ek,R.), Sk = Uez.SE.,
For any r € (0,¢), we define G, : H}(Q) — L?(2) by

G,,,((g)(.f,t) = Z (][Ske(yjt) de) 1Ysk (.’I})

kE€Z.

OB(ek,re), Sy := Ugez.S¥

Te?

Lemma 2.3 For every 0 € H}(Q) we have

A

&3 1/2
0 Gr ()l 2oy vy < c() V620

R
0 — Gr.(0)| 21 Cre|VO| 21

&3 1/2
o(2)" o

€

IN

GR.(0) = Gr.(0)|L2(0)

IN

Denoting U[TE -dx = ﬁ ng -dx, we also have

IGRr.(0)[72(0 _][T’GRS(G)PCZQ? and \Grg(g)\%mz)_][T\Grs(g)\de-

Proposition 2.4 For any 0 € H}() we have:

3
3
][T 02 dz < C'max (1, T—€)|ve|iz(m,

Remark 2.5 Using the Mean Value Theorem, we easily find that

Gy (@) — ¢lroc.up.) < 2R:|Volpo), Vo € D).

3 A priori estimates

In the sequel, we denote

and we assume that

Proposition 3.1 We have

where F € H=Y(Q) is given by

(17)
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Proposition 3.2 If (uf,60°) € V. x H}(Q) is a solution of the problem (9), and if 4° stands for uf
continued with zero to ), then we have

@ and 60° are bounded in H(Q). (24)

Moreover,

IVO%(§, + b(e/r.)?|VEE |3, < C. (25)

Proposition 3.3 There exist u € HY(Q;R3), 0 € H}(Q) and 7 € L*(Q) such that

a° — u in HJ(Q;R?), (26)
divue = 0 in Q (27)
0° — 0 in HYD), (28)
Gr.(6°) — 0 in L*Q), (29)
G (6°) — 7 in L*Q). (30)
Moreover,

lim 0° — G, (6°) > dz =0 (31)

e—0 TE

4 The two macroscopic heat equations

The aim of this section is to pass to the limit as ¢ — 0 in the variational formulation of the heat
equations:

VO € HE(Q), / VOV dr + b(a/rg)3/ VOV dr +
Qe T:

(32)
+ | u*VE D dxr = F. (D).
Qe
First we consider the unique solution of the following problem:
AW® = 0 in C(re, R.), (33)
We =1 in r=r, (34)
We¢ = 0 in r=R.. (35)
that is,
We(y) = _re (B 1) if yel(re,R:) and r:=]y|.
(Re—1e) \ T
Proposition 4.1 Setting
0 in Q\Ce,
we(z) = We(x —ck) in CF, ke Z, (36)
1 in T
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we have
[Vuw®|o < C (37)
Lemma 4.2 If for any ¢, € D(Q) we denote ®° € H}(Q) by
P° = (1 —w)p +w G, (V), (38)
then, as lim._,o |®° — ¢|q = 0, we have

lim [ V6°- (VO + O°u°) dx
e—0 Qe

= /VG-(V@—I—@U) d:n+’y/(9—7‘)(1/1—g0) dzx,
Q Q

where (u®,0%) is a solution of (9).

Using Lemma 4.2, the two heat equations of the homogenized system are easily obtained. They are
given by the next corollary.

Corollary 4.3 The limit (u,0,7) verifies
uVl — A0+ 4ry(@ —7) = f in Q, (39)
Adry(r—6) = —g in Q. (40)

5 The homogenized problem

From [7], we find that there exists an extension of the pressure (denoted by p¢) and some p € L?(£2)
such that
P —p in L*Q)/R. (41)

We denote by (wf,¢¥) € H'(C(r.,§)) x L3(C(rc, 5)) the only solution of the following Stokes problem

divw* = 0 in C(r, %),
~Awf+VgE = 0 i C(re, %),
wlg = 0 if r=r
w’; = e if r= %
Correspondingly, we define
0 if zeTy,
i) =< wk(z—ei) if zeCi(r.,§), i€,

e if z€ Q. \ Uiz . C'(re, §).

6
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Setting v = v in (9), for some ¢ € D(Q), and using the energy method like in [1], we find that the
limits satisfy the following Brinkman type homogenized equation:
—Au+ 6myu = —Vp+abe® in Q. (42)

Finally, the results of Proposition 3.3, Corollary 4.3 and relations (41)-(42) are summarized by our
main theorem:

Theorem 5.1 If (u®,0%) is a solution of problem (9), then there exists an extension of the pressure
(denoted by p®) such that the following convergences hold on some subsequence

P — p in L*(Q)/R. (43)
W — wu in HLR?), (44)
6 — 0 in HYQ), (45)
G..(0°) — 7 in L*Q). (46)

The limit (p,u,0,7) is a solution of the following system

divu =0 in

o)
—~~
i
-3
~

—Au+ 6myu = —Vp+afe® in Q, (48)
47h

uVH—Aé?:f—i-%g in Q (49)
b

T=0+5g in O (50)

Remark 5.2 If we assume that a > 0 is small enough, then the homogenized system has a unique
solution in the corresponding space and the convergences of Theorem(5.1) hold on the entire sequence.

References

[1] D. CIORANESCU AND F. MURAT, Un terme étrange venu d’ailleurs, Nonlinear Partial Differen-
tial Equations And Their Applications, Collége de France Seminar, 2 and 3, Research Notes In
Mathematics, 60, pp. 98-138 and 70, pp. 154-178, Pitman, London, 1982.

[2] M. BELLIEUD AND G. BOUCHITTE, Homogenization of elliptic problems in a fiber reinforced
structure. Non local effects, Ann. Scuola Norm. Sup. Pis Cl. Sci., 26, pp. 407-436, 1998.

[3] J. CAsADO-D1Az, Two-scale convergence for nonlinear Dirichlet problems in perforated domains.
Proceedings of the Royal Society of Edinburgh, 130 A, pp. 249-276, 2000.

[4] M. BRIANE AND N. TcHOU, Fibered microstructure for some non-local Dirichlet forms, Ann.
Scuola Norm. Sup. Pisa CI. Sci., 30, pp. 681-712, 2001.

[5] M. BELLIEUD AND I. GRUAIS, Homogenization of an elastic material reinforced by very stiff or
heavy fibers. Non local effects. Memory effects, J. Math. Pures Appl., 84, pp. 55-96, 2005




F. BENTALHA at all. Thermal flow around conductive suspension

[6] U. Mosco, Composite media and asymptotic dirichlets forms, J. Functional Anal., 123, pp.
368-421, 1994.

[7] G. ALLAIRE, Homogenization of the Navier-Stokes equations in open sets perforated with tiny
holes. I. Abstract framewok, a volume distribution of holes, Arch. Rational. Mech. Anal., 113, pp.
209-259, 1991.

[8] H. ENE AND D. POLISEVSKI, Thermal Flow in Porous Media. D. Reidel Pub. Co., Dordrecht,
1987.

[9] D. PoLiSEVSKI, Thermal flow through a porous radiant of low conductivity. J. Appl. Math. Phys.
(ZAMP), 53, pp. 12-19, 2002.




