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Abstract
The aim of this paper is to study the asymptotic behavior of the solution of a nonlinear problem
arising in the modeling of chemical reactive flows through periodically perforated domains. The
asymptotic behavior of the solution of such a problem is governed by a new elliptic boundary-value
problem with an extra zero-order term that captures the effect of the chemical reactions.
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1 Introduction

The aim of this paper is to study the asymptotic behavior of the solution of a nonlinear problem
arising in the modelling of chemical reactive flows through periodically perforated domains. More
precisely, we shall focus on the so-called Langmuir model (see [5]-[6] and the references therein). Let
Q) be an open bounded set in R™ and let us perforate it by holes. As a result, we obtain an open set
Q¢ which will be referred to as being the perforated domain ; € represents a small parameter related
to the characteristic size of the perforations. We shall deal with the case in which the perforations are
identical and periodically distributed and their size is of the order of €. In these perforations we shall
introduce a set of reactive solid grains (reactive obstacles).

The nonlinear problem studied in this paper concerns the stationary reactive flow of a fluid confined
in QF, of concentration u®, reacting on the boundary of the perforations:

—DAu® + p(u®) = f  in QF,

ou’
— = € € 1
Dy ey agg(u®) on S%, (1)
u® =0 on Of.

!Departamento de Quimica Inorganica, Facultad de Quimica, Universidad de Murcia, 30071, Murcia, SPAIN
E-mail: beatrice.calmuschi@gmail.com

2Department of Mathematics, Faculty of Physics, University of Bucharest, P.O. Box MG-11, Bucharest-Magurele,
ROMANIA
E-mail: claudiatimofte@yahoo.com



B. CALMUSCHI anp C. TIMOFTE Reactive Flows in Porous Media

Here, v is the exterior unit normal to Q°, a > 0, f € L?(2), S° is the boundary of the obstacles
and 02 is the fixed external boundary of 2. Moreover, the fluid is assumed to be homogeneous and
isotropic, with a constant diffusion coefficient D; > 0.

We shall consider that the functions 5 and g in (1) are continuously differentiable functions, monotonously
non-decreasing and such that 5(0) = 0, g(0) = 0. This general situation is well illustrated by the fol-
lowing important practical examples, arising in the so-called Langmuir model:

Av
= A 0
and 5
v
= 1) 0.

The existence and uniqueness of a weak solution of (1) can be settled by using the classical theory of
semilinear monotone problems (see, for instance, [1] and [7]). As a result, we know that there exists
a unique weak solution u® € V() H2(Q), where

Ve ={ve HY(Q) | v=0on0Q}.

From a geometrical point of view, we shall just consider periodic structures obtained by removing
periodically from , with period €Y (where Y is a given hyper-rectangle in R™), an elementary hole
T which has been appropriated rescaled and which is strictly included in Y, i.e. T C Y.

As usual in homogenization, we shall be interested in obtaining a suitable description of the asymptotic
behavior, as € tends to zero, of the solution u° in such domains.

We shall see that the solution u®, properly extended to the whole of €2, converges weakly in Hol (Q) to
the unique solution of the following homogenized problem:

- 0%u oT )

> ot ar gy 4 sy = 1 n o,
i 0mdn YT )
u=0 on 0.

Here, @ = ((gi;)) is the classical homogenized matrix, whose entries are defined as follows:

1 0x;

i =Dy | 6ij + o !

U= P\t yNT] ) oy
Y\T

in terms of the functions X, 1 =1,...,n, solutions of the so-called cell problems

—Axi:O in Y\T,

o(xi + vi)

_ (4)
£y 0 on 9T,

x; Y — periodic.
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The approach we used is the so-called energy method introduced by L. Tartar [8] for studying homog-
enization problems. The structure of our paper is as follows: first, let us mention that we shall just
focus on the case n > 3, which will be treated explicitly. The case n = 2 is much simpler and we shall
omit to treat it here. In Chapter 2 we introduce some useful notations and assumptions and we give
the main result. In Chapter 3 we give the proof of the main convergence result of this paper.

2 Preliminaries and the Main Result

Let © be a smooth bounded connected open subset of R™ (n > 3) and let Y = [0,[;[x...[0, ;[ be the
representative cell in R™. Denote by T an open subset of Y with smooth boundary 07 such that
T C Y. We shall refer to T as being the elementary hole.

Let € be a real parameter taking values in a sequence of positive numbers converging to zero. For each
and for any integer vector k € Z", set T} the translated image of eT" by the vector kl = (k1ly, ..., kply) :

T; =e(kl+T).

The set T}, represents the holes in R™. Also, let us denote by T° the set of all the holes contained in
Q, ie.

Té‘:U{T,j | TFcQ, keZ”}.
Set
QF = O\ T

Hence, €° is a periodically perforated domain with holes of size of the same order as the period.
Remark that the holes do not intersect the boundary 0f).

Let
5S¢ =U{0Ty | TfCQ, kezZ}.
So
00° =00 U S°.
We shall also use the following notations:
|w| = the Lebesgue measure of any measurable subset w of R",

x = the characteristic function of the set w,
w

Y* =Y\ T,
and
Y|
p= . (5)
Y|
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2.1 Setting of the problem

As already mentioned, we are interested in studying the behavior of the solution, in such a perforated
domain, of the following problem:

—DiAu® + p(u®) = f  in Q°,

—Dfaauy =aeg(u®) on S, (6)
u® =0 on Of).

Here, v is the exterior unit normal to Qf, a > 0, f € L?(Q), S¢ is the boundary of the obstacles
and 0 is the fixed external boundary of 2. Moreover, the fluid is assumed to be homogeneous and
isotropic, with a constant diffusion coefficient D; > 0.

We shall consider that the functions 5 and g in (6) are continuously differentiable functions, monotonously
non-decreasing and such that 5(0) = 0, g(0) = 0. We shall also suppose that there exist a positive
constant C' and an exponent ¢, with 0 < g < n/(n — 2), such that

apg

e P q

| 25 | €U+l
and J
g

— < ).

12 < e+ o)

This general situation is well illustrated by the above mentioned important practical examples (Lang-
muir model).
Let us introduce the functional space

Ve ={ve HY(Q) | v=0on 00},

with the norm
[vllve = VUl r2(0)-

The weak formulation of problem (6) is:

Find u® € V¢ such that

Df/Vu8 -Vpdx —I—as/g(ua)cpda—i-
Qe Se

+ [ B(uf)pdr = [ fodr Vo e VE.
Qe Q=

By classical existence results (see [1]), there exists a unique weak solution u® € VN H?() of problem
(7).

The solution u® of problem (7) being defined only on ¢, we need to extend it to the whole of Q to
be able to state the convergence result. In order to do that, let us recall the following well-known
extension result (see [4]):
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LEMMA 1 There exists a linear continuous extension operator P € L(L?();
L3(Q)) N L(VE HY(Q)) and a positive constant C, independent of €, such that

[P0l 120y < Cllvll 2 (e

and

VP 0|12y < C IV f2(qey 5
foranyv e Ve,
An immediate consequence of the previous lemma is the following Poincaré’s inequality in V¢ :
LEMMA 2 There exists a positive constant C, independent of €, such that
HUHLZ(QE) <c HVUHLQ(QE) )

for anyv e VE.

2.2 The main result

The main result of this paper is the following one:

THEOREM 1 One can construct an extension Pu® of the solution u® of the variational problem (7)
such that
Pu® —u  weakly in Hy (),

where u s the unique solution of

- 0%u oT ,
i,j=1 L, (8)
u=0 on 0.
Here, Q = ((qij)) is the classical homogenized matriz, whose entries are defined as follows:
1 oX;
i = D0+ —— | Dddy), 9
Y*
in terms of the functions X, 1 =1,...,n, solutions of the so-called cell problems
—Axi =0 in Y*,
06+3) _ o o o (10)
ov
xi: Y — periodic.

The constant matriz Q is symmetric and positive-definite. =
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3 Proof of the main result

Proof of Theorem 1. We divide the proof into three steps.

First step. Let u® € V¢ be the solution of the variational problem (7) and let P°u® be the extension
of u® inside the obstacles given by Lemma 1. Taking ¢ = u® as a test function in (7), we easily get

1P u || ga ey < €

Consequently, by passing to a subsequence, still denoted by Pfu®, we can assume that there exists
u € HE(Q) such that
Py — v weakly in Hy(Q). (11)

It remains to identify the limit equation satisfied by u.

Second step. For getting the effective behavior of our solution we have to pass to the limit in (7). In
order to do this, following [3] and [6], let us introduce, for any h € LP(9T), 1 < p < oo, the linear
form g on VVO1 *(Q) defined by

x S
(o) = [ h(E)edo Vg € Wo(9),
Se

with 1/s+1/p = 1. From [3] we know that

pi — pn - strongly in (Wy*(Q)), (12)
where
(e, ) Zuh/wd:v,
Q
with

1
[th = / h(y)do.
Y]
oT

Moreover, if h is constant, we have
u5 — pp,  strongly in W™1°°(Q) (13)

and we shall denote u° the above introduced measure in the particular case in which A = 1. Notice
- 0T

that in this case uj becomes u; = m

On the other hand, let us notice that, exactly like in [6], one can easily prove that for any ¢ € C§°(£2)

and for any 2° — z weakly in H}(Q2), we get
0g(2°) — pg(z) weakly in WOW(Q) (14)

and _
©B(2°) = pB(z)  weakly in I/VOI’q(Q)7 (15)
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2n

where
7= qn—2)+n’

Now, from (13) (with A = 1) and (14) written for 2 = Pu®, we obtain
0 po(Pu) — T [ patw) (16)
Q

Third step. Let & be the gradient of u® in ° and let us denote by 575 its extension with zero to the

whole of €, i.e.
&= & in QF,
0 in Q\Q°.
Obviously, £ is bounded in (L2(£2))" and hence there exists & € (L2(Q))" such that
€ —~ ¢ weakly in (L3(Q))™ (17)
Let us see now which is the equation satisfied by €. Take ¢ € C5°(§2). From (7) we get
Df/gE - Vdzx +a€/g(u5)<pda+
Q Se
+/><Qsﬂ(P€u5)<pdw = /xﬂgﬂpdw- (18)
Q Q
Now, we can pass to the limit, with & — 0, in all the terms of (18). For the first one, we have
Dy lin(l)/fAé-chdx:Df/f-Vgodx. (19)
E—
Q Q
For the second term, using (16), we get
(20)

T
lim ae/g(us)goda = aa—/g(u)apdaz.
o v )

E—
Se

Y*

On the other hand, we know that Xge = ’\Y‘ weakly in any L?(2), with o > 1. In particular, defining
1
7

q* such that
+—=1,

Y| =

we see that ¢* > 1 and, consequently,
Y™

Xqge = Y]’ weakly in L7 ().
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Hence, we obtain

hm/xQE Nodr = |Y|| /ﬂ Yoda. (21)
It is not difficult to pass to the limit in the right-hand side of (18). Indeed, we obtain
lim/x fodx = b /fgodac. (22)
b ] Yo ]/

Putting together (19)-(22), we have

Df/f V(pdx—&-a‘y‘ /g Yodx+

N fato _ v
B(u /f(pdx, Yo € D(Q).
] v )
Hence £ verifies
0T | Y Y=, .
—D¢divE + a—g(u) + B(u) = f in Q. 23
/ 1o = %

It remains now to identify £. Introducing the auxiliary periodic problem (10) and following a standard
procedure (see, for instance, [6]), one easily gets
Y 0%u

Y| wz:1 qjj 00z

DydivE = |

Hence, we get exactly the limit equation (8). Since u € H}(Q) (i.e. u = 0 on 99Q) and u is uniquely
determined, the whole sequence P*u® converges to u and Theorem 1 is proved.
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