A NEW PROOF OF A RESULT OF P. SZUSZ IN THE
METRICAL THEORY OF CONTINUED FRACTIONS

LIANA MARIA MANU IOSIFESCU

We give a new proof of a result of Sziisz [6] that generalizes the classical theorem
of Gauss-Kuzmin-Lévy (see [3, Chapter 2]). The proof makes use of an operator
occurring in the theory of dependence with complete connections (see [4]).
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1. INTRODUCTION

Any irrational number ¢ € I = [0,1] has a unique infinite continued
fraction expansion of the form
. 1
o 1
ai(t) + ——
as(t) +:

that we shall denote t = [a(t), a2(?),...].

Endowing I = [0, 1] with the o-algebra Br of its Borel subset, it is clear
that the a,, n > 1, can be viewed as random variables defined almost surely
with respect to Lebesgue measure A. Basically, the metric theory of conti-
nued fractions is the study of the sequence of random variables (ay),>1 and
related sequences.

Let us define

rn(t) = an(t) + [ant1(t), anta(t),...], n=>1.

The first result in the metrical theory of continued fractions is a conjec-

ture from 1812 of C.F. Gauss according to which
1 log(1

(1) lim /\<t crp(t) > ) = lim A(t: [an(t),ant1(t),...] <z) = log(1+2)
x

n—00 n—00 log 2

for any 0 < = < 1. The reader is referred to [3] for an authoritative recent
account of this theory. All its basic results can be obtained by using the ergodic
theory of random systems with complete connections (see [4]).

MATH. REPORTS 12(62), 4 (2010), 339-350



340 Liana Maria Manu losifescu 2

The nth convergent of the continued fraction [a1, ag, . ..] is defined as
D _ [a1, ..., an]
dn
with (pn,qn) =1, n > 1, and we have
(2) Pn = GpPn—1 + Pn—2, Qn = QnQn—1 + gn—2, n 2 17
with p_1(t) = 1, po(t) = 0, ¢-1(t) = 0 and go(t) = 1.
Clearly,
1
Tn(t):ngI, tEI,

where the transformation 7" of I is defined as

1.
ro={ {3} w70
0 ift=0.

Here, {-} stands for fractionary part. The transformation 7" does not preserve
the Lebesgue measure. Instead, it preserves Gauss measure v defined as

1 dx
A) = A .
7(4) log2[41+$’ € B

Also, T is ergodic while equation (1) implies that it is mixing. See [1].

2. A PROBLEM OF P. SZUSZ

This problem to be stated below points to a singular random system with
complete connections to which the general theory does not apply.
It follows immediately from (2) that

n

dnPn—1 — PnQn—-1 = (_1) , n>1
Hence (¢n-1,qn) =1, n > 1.
For n > 1 consider the set E, (k1,ke,2) of irrational numbers ¢t € [
such that ¢,—1(t) = k1, gn—2(t) = ko(mod ), 0 < k1, ke < 7, and 7, (t) > %,
0 <z <1, where r is a given positive integer, and set

mn(k‘l, ]6‘2,1‘) = A [En(k'l, ]{32,1’)] .

If (k1,ko,r) # 1 then E, (k1,ko,2) = 0. Indeed, if (k1,ko,7) = d > 1 and
Gn—1 = k1, Gn—2 = ka(mod ), then d is a common divisor of ¢,—1 and ¢,_2,
which contradicts the fact that (g,—2,g,—1) = 1. So, we shall only consider
the case (ki, ko,r) = 1.
The problem solved by Sziisz [6], using a different method, is the exis-
tence of
lim mn(kl, kg, .%'),

n—oo
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its determination as well as the convergence rate.

We shall start by considering the function m;(k1, k2, x). Since ¢_1(t) =0
and qo(t) = 1 for any t € I, if k; # 1 and ko # 0 then mq(k1,ke,z) = 0.
Clearly,

1
m1(1,0,z) = A (7"1 > ) =z, 0<z<L
T
We note that for any n > 2 the relations
1
Gn—1 = k1, qn—2 = ka(mod r), 0 < kj,ke <randr,>—, 0<zx <1
T

are equivalent to [ < r,_1 <!+ z and g,—2 = ka2, gn—3 = S(I)(mod ), with
S(1) such that 0 < S(I) <r, ky —lka = S(I)(mod r), I =1,2,3,.... Indeed,

—1
Th—1=0an-1+7T, and @n—1 = An—1Gn—2 + Gn-3,

while a,,_1 can take any value l =1,2,3,....
This equivalence, that amounts to decomposing the event E, (k1, ke, )
into pairwise disjoint events, allows us to write the equation

mn%bk%xyzzg{n%,1<&h50%;)-wnWJ(hLSU%lim>}

for any n > 2. Hence, by differentiation with respect to x, we get

1
! (ki ko, @) }:mn1<@, Dl+m>(2’ n>2.

=1 [+ z)
The term by term differentiation of the series is clearly allowed since

e

1>1 (l + )’ 1>1 !
while m/) does exist, as we have seen. Putting

gn(klu k?y I) - (1 + .’L‘) miz(kh k27 l‘),
the recurrence relation just obtained yields
1+ 1

3 ky, k = —1 | k2, S(1
B gn (ki by, 2) Z(l+x)(l+1+x)g”1<2’ ()’1+x>

1>1

for any n > 2. Equation (3) is fundamental in what follows.
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3. A RANDOM SYSTEM WITH COMPLETE CONNECTION

The transition from g,—1 to g, in (3) is made by the operator associated
with a random system with complete connections whose components are
W = {(kl,kg,x) 0< ki, ko <y (kl,k'g,?“) =1, 0<z< 1},
X =N"={1,2,...},
1+

P =01+

(=mi(r)),

1
u(w,l) = (kg,S(l), Z—HC) for w = (k1,ke,x) € W and l € N*.

If we metrize W by defining the metric d as
d (w' ") = 6 (5, k) + 8 (k) + |o — 2"

for w' = (k{, kb, 2') and w” = (K], kY, 2") with

0 z=y,

then
d (u(w', 1), u(w”,1))
4 >1
( ) w?;lgu d(w’,w”) -
for any [ € N*. Indeed, if k5 # k% then
su d (u(w’, l)v U(U}H, l)) > d (’LL ((T - 17 k/27 ﬂj‘) ) l) , U ((T - 15 k;gv ﬂl‘) ) l))
o d(w’,w") = d((r—1,kb,2), (r — 1,k x))

> 1.

Inequality (4) shows that a basic hypothesis in the ergodic theory of ran-
dom systems with complete connections is not satisfied. Thus, Sziisz’s problem
leads to a singular random system with complete connections. In what follows
we shall show that an ergodic theory of this system is still possible. The result
we shall prove, a generalization of the Gauss-Kuzmin-Lévy theorem, can be
stated as follows

THEOREM 1. There exist positive constants C' and q < 1 such that

log(1 + x) < g

NS
r2-log?2 - <1—)
I1 e

plr

my, (k1, ko, x) —

foranyne N*, 0<zxz<1,re N* 0<ky,ky <r. Here p stands for prime
numbers.
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4. A FEW AUXILLIARY RESULTS

We now give a few lemmas that are essentially used in the sequel. Let

us show first that

1
(5) D olp@)| <5 0<z<L
>1
Indeed, since Y pj(z) = 0, we have
>1
‘ +ZL‘)|
> i ’_Z -
= l—|—$ l—|—1—|—x)
1 12— (1+2)?|
T 2t2?  @raPB+a)? Ejp@)_
_ 1 ‘2_(1+$)2’ / / _
“Gror T RraErep AW RO=
1 2-(1+2)?|+0+2)?-2
(24 2)? (24 2)2(3 + x)? N
—— <z <V2-1
) (24 2)? f0<e<v2-1,
- 4
—— ifv2-1<z<1
B+z)? | vZ-lsesl,

and (5) follows.
For 0 <z <1andl,ls,...,l € N* let us define recursively

pi, () ifk=1,
Dils,... 1, () = 1 .
12,5l by (:E)ng,...,zk <{L’ I ll) ifk>1.

We have
(6) > @<t 0<z<i.

l1,l2>1

Indeed, by (5),

Z [P, ()] < Z

l1,l2>1 l1,l22>1

1
+ Z pl1 plz <ﬂf+l]_>

l1,l12>1
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LEMMA 2. For any 0 <z, 2’ <1 we have

1
_ M < L,
ach- lze;l (@) =ph)) < 7 @ — |
and
1
Sup Z (pl1l2 (fE) — DPiils (:U/)) S 5 ‘x — .’L’l‘ .
BENTxNT (I1,l2)eB

Proof. 1t is well known that if I is at most countable a set and (u;);er
and (v;);er two probability distributions on I, then

1
Z(ui—vi) :§Z|ui—vi\.

i€EE el

sup
ECI

Using this equation, on account of (5), the mean value theorem yields

2 (m() —pz<$’>>| =2 3 [nle) — pule)| =

sup
ACN* leA P
1
—3 3 (o) = (e s (o) ~ ) =
leN*
1
- 5(:6 N l’/) Z p;(ex,z’) sgn (pl(:]j) _ pl(l’/)) <
leN*
. 1
< 5le=a/| 32 b (o) | < 7 |2 =]
leN*

Similarly, on account of (6), we have

sup Z (P () = P11, (2')) | =

BCN*xN (lhl2)€B

1
- 5 Z ’phlz (:L‘) — Piyls (‘r/)‘ =

(l1,l2)EN* X N*

=-(@—2) D PlpBee)sen (pun(r) — pun () <
(l1,l2)EN* X N*

‘x B xll Z ’pgllz (91‘,96’)

(l1,l2)EN* X N*

<
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LEMMA 3. There exists a constant a > 0 such that

Z Py la,ls s (%) = @

l1,l2)l3,l4>1
A Elll, ZQEIIQ, 1351/3, 14512 (mod 7‘)

forany 0 <o <1,1<14,151051 <r.
Proof. We have
142
= >
>, )= ) (+x)(+1+z) =

I>1 I>1
[=l'(mod ) [=l'(mod )

1 1
= Z (l+x)(l+1+2) = Z 1"+ mr+1)(I" + mr +2) =

1>1 m>0
I=l'(mod r)
1 1 c
> > _——
= 2 : = } : 2,2 2
=0 (m+ 1)r[(m+1)r+1)] =0 2(m +1)%r r

with ¢ a positive constant for any 0 <z < 1,1 <1’ <r.
The inequality from the statement follows from the definition of py, 1, 1.1,

4
with a = (%) .
r
LEMMA 4. Consider the map vy : priW — pr;W defined as

’Ul(kl, kQ) = (kg, S(l)) .

Then, whatever (k1,k2), (K',k") € pr;W, there exist 1 < ly,la,13,l4 <1 such
that

Uiy (Uls (Ulz (Uh (k1,k2)))) = (k’l, k,/)-
The proof of this result can be found in Sziisz ([6], pp. 156-157).

5. PROOF OF THEOREM 1

The operator U associated with the random system with complete con-
nections considered is defined by

1
V1) (o) = o) (oS0 )
1>1
We obviously have g, (k1, ks, x) = (U”_lgl) (k1,ka,x), n > 2.
The operator U takes into itself the space L(W) of functions defined on
W such that

|f (K1, k2, x) — f(k1, ko, 2)] <

|z — 2| ’

m(f) = sup
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where the upper bound is taken over all x # 2/, 0 < z,2’ <1 and ky, ks such
that (ki, ka,7) = 1. Indeed, we have

(Uf) (b1, kg, ) = (Uf) (1, ko, 2’) = (pi(e) — pu(a)) f <k27S(Z)’ lim) +

>1

+3 pia) [f (’“2’5“)>z+1m) _f <k2,5(5), Hlx)] |

>1

We shall now use the result below (see [4, p. 38]).
Let (Q, K, ) be a measure space, where p is a finite o-additive signed

measure such that () = 0. If f is a bounded real-valued measurable function
defined on §2, then

| @) < ose £ sup ().
Q AcK

In conjunction with Lemma 2 this result shows that the first sum above
is bounded by

1 /
Z}x—x‘-oscf,

where
OSCf: sup f(k17k27x)_ inf f(kl)k27$)'
(k1,k2,7’):1 (]C1,k2,7’):
0<z<1 0<z<1
Since
ni(z 1 1
> 2 Spl(ﬂf)JrZZPz(fC) pi(@) + (1 =-pi(z)) <
>1 1>2
3 1 3 1 5
<2 i<y 7
_4(2+x)+4_8+4 8’
the second sum is bounded by
1 1 , p(z) 5 ,
Zpl(w)m(f)‘ler IS |z —= |m(f)ZlT < §|$—$ | m(f).
I>1 1>2
Therefore,
ki, k — ky, ko, 2’ 1
(Uf)( 1 2)37) (Uf)( 1, Q,LU) S *OSCf—f— §m(f),
|z — 2| 4 8
whence ) 5
m(Uf) < ZOSCf+ gm(f)
As

sup (Uf)<supf and inf (Uf) >inf f,
(k1,k2,r)=1 (k1,k2,r)=
0<z<1 0<z<1
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we have
osc (U™f) > osc (U™ f), n>1.

We shall prove that there exists a constant U™ f such that both m (U™ f — U f)
and |[U™f — U f| converge geometrically to zero as n — oco. The proof con-
sists of two steps. In the first step we derive a bound of m(U" f).

Remark that

(U™ f) (ky, ko, x) Zpll (U™t <k2, S(ly), ! >—

I1>1 htz
n—2 1
Z plllg U f) Uy (Ull (k17k27))7 71 ;
Il l
1,l2>1 2+ I+

so that
(Unf) (klv kQa 'T) - (Unf) (klv kz,:ﬂl) =

- Lh+x
= E — " g2 k1 ke e

= (pl1l2('r) pl112(x )) f(le(vll( 15 27))a Il + Iy + 1> +
1,22

+ Z P, (@

l1,l2>1

lh+z
Un 2 ki, k 71 111
f<vl2(vl1( b 2’))’11l2+l2$+1>

l1 + 2
_Un72 ki k _—
f<vlg(vl1( 1, 2?))7 lllQ +l2x/ + 1)

The reasoning used to prove that m(U f) < oo shows that the first sum is
bounded by

% |z — 2| osc(U™2f)

while the second sum is bounded by

1
Z Pt (2 )m(U™™ 2f)|90—1‘\ —m(U"2f) |z — 2|
l1l2) 4
l1,l20>1
Therefore,
(U™ f) k1, k2, z) — (U™ ) (b1, kg, 2") _ 1 —9 1 2
< = um -m(U™
’IIZ'—.’L’,‘ —2080( f)+4m< f)7
whence

(U f) < 5 ose(U2f) + L m(U" ).
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Since osc(U"2f) < osc(U™*f), we conclude that

(U7 ) < Gosc(U" 1)+ (Gose™ )+ g m(@ ) ) <
)

1 4 5 —4
< n- " > 4.

The second step amounts to deriving a bound of osc(U" f). Let us denote

Uiy lalsly (kh kQ) = Uy (vla (vlz (Uh <k17 k2))))7

X - (ll7l27l37l4) = 1

lo + 1
2 l1+l‘

We can then write

(Un kl) k25 Zpl1l2l314 f) (Ul1l2l3l4 (kla k?)) x - (l1l2l3l4)) .

Let (K, k") € pryW, & = x,,_4 be values for which the minimum of U"~*(f)
is reached. By Lemma 4 there exist 1 <1,15,15,1) < r such that

vp i, (ki k) = (K, K").
Clearly, we shall have vy, 1,141, (k1, k2) = (K, k") for any (11, 12,13,14) € A, where
A= {(ml,mg,mg,m4) cmy =1, ma =1, my=15, my =10} (modr)}.

Therefore,

(Unf) (kla ko, {L‘) - Z Plilaisls (x)

(l1,l2,l3,l4)€A
U Wittt (k1 ko), @ - (hlalsla)) — (U f) (K K 2p-a) ] +

HUEOE K 20ma) Y P @)+

(I1,l2,l3,l4)€A

+ Z Plilalsly (T) (Un_4f) (Vi1ats (K1, k2), - (Lilalsly))
(1 l2,lsl4) EA

whence putting

Alz) = Z Diyla, 3,14 (z)

(I1,l2,l3,l4)€A
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that by Lemma 3 exceeds a > 0, we have
(U™ ) (k1, ko, ) < A(z)inf (U4 f) + (1 — A(z)) sup(U™ ™ f)+

+ D Punn(@) max(z - (hialsly), 1— - (lhlalsla)) m(U™ ).
(ll,lg,lg,l4)eA

Remark that

> Ptz (z) [max(z - (hlalsly), 1— - (Ihlalsly))] <
(l17127l3,l4)6A

<b- Z plll2,l37l4($)v

(L1,l2,l3,la)€A
where b is a positive constant strictly less than 1. Therefore,
(U ) (k1 k2, 2) < A(2) inf (U™ f) + (1= A(x)) sup(U" " ) +bA(x)m(U" " f),
whence
(U™ f)(k1, ka, z) — inf (U™ f) <
< (1= A(z))sup(U™*f) — inf (U™ f) + bA(z)m(U"*f) <
< anosc(Uf) 4 bym (U™ f)

witha <a, <1-a,0<b,<b,a,+b,<1—a(l—-0)<1.
Since inf(U f) > inf f, whence inf(U™f) > inf(U"~%f), we finally have

(8) osc (U"f) < aposc (U™ f) + bym(U"1f), n>4.
Equations (7) and (8) imply that osc(U™f) + m(U" f) < O(q"™), where

11
< —,1—a(l— 1.
q < max <16’ a( b)> <

As the sequences (sup(U"f)),>; and (inf(U"f)),>; are monotonic, the exis-
tence of the constant U f is immediate.
Coming back to Sziisz’s problem, the result obtained shows that

lim (1 + z)m),(k1, ke, ) = co
n—oo
does exist and does not depend on k; and ks. Therefore,
’(1 +x)m) (k1, k2, ) — co‘ <cq",

whence
|mu, (K1, ko, ) — colog(1 + x)| < Cq",

with suitable positive constants ¢ and C.
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Since
1 log(1
Z mp(k1, ko, o) = A t:r,(t) >~ ) — log(1 + )
z log 2
(k1,k2,r)=1
0<k1,ka<r

as n — 0o, we have

1 1 1\ !
0 log 2 /( Z r2log 2 H < p2>

k1,ka,r)=1 plr
0<k1,ka<r pprime

The proof is now complete. [

REFERENCES

[1] P. Billingsley, Ergodic Theory and Information. Wiley, New York, 1965.

[2] P.R. Halmos, Measure Theory. Van Nostrand, New York, 1956.

[3] M. Iosifescu and C. Kraaikamp, Metrical Theory of Continued Fractions. Kluwer, Dor-
drecht, 2002.

[4] M. Iosifescu and S. Grigorescu, Dependence with Complete Connections and its Applica-
tions. Corrected reprint of the 1990 original. Cambridge Univ. Press, Cambridge, 2009.

[5] M. Loeve, Probability Theory, 3rd Edition. Van Nostrand, Princeton, NJ, 1963.

[6] P. Sziisz, Verallagemainerung und Anwendungen eines Kusmischen Satzes. Acta Arith.
7 (1962), 149-160.

Received 14 October 2009 Academy of Economic Studies
Department of Mathematics
Calea Dorobantilor 15-17
010552 Bucharest, Romania
lianamanu@gmail.com



