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The object of the present paper is to study &-concircularly flat and ¢-concircularly
flat N(k)-contact metric manifolds. Beside these, we also study N (k)-contact
metric manifolds satisfying Z(&, X).S = 0. Finally, we construct an example to
verify some results.
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1. INTRODUCTION

A transformation of a (2n + 1)-dimensional Riemannian manifold M,
which transforms every geodesic circle of M into a geodesic circle, is called a
concircular transformation [16, 21]. A concircular transformation is always a
conformal transformation [21]. Here, geodesic circle means a curve in M whose
first curvature is constant and whose second curvature is identically zero. Thus,
the geometry of concircular transformations, i.e., the concircular geometry, is
a generalization of inversive geometry in the sense that the change of metric is
more general than that induced by a circle preserving diffeomorphism (see also
[6]). An interesing invariant of a concircular transformation is the concircular
curvature tensor Z. It is defined by [16, 17]

r

1L1) ZX W =RX, V)W -ooe s

[g(Y7 W)X_g(X7 W)Y]a
where X,Y,W € TM and r is the scalar curvature. Riemannian manifolds
with vanishing concircular curvature tensor are of constant curvature. Thus,
the concircular curvature tensor is a measure of the failure of a Riemannian
manifold to be of constant curvature.

Let M be an almost contact metric manifold equipped with an almost
contact metric structure (¢,&,m,g). At each point p € M, decompose the
tangent space T, M into direct sum T,M = ¢(T,M) @ {&,}, where {&,} is the
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1-dimensional linear subspace of T, M generated by {£,}. Thus, the conformal
curvature tensor C' is a map

C: T,M x T,M x T,M —s ¢(T,M) & {&,}, pe M.

It may be natural to consider the following particular cases:

(1) C : T,(M) x Tp,(M) x T,(M) — {&}, i.e., the projection of the
image of C' in ¢(T},(M)) is zero.

(2) C:TH(M)xTy(M)xTy(M) — ¢(Tp(M)), i.e., the projection of the
image of C' in {&,} is zero. This condition is equivalent to

(1.2) C(X,Y)E = 0.

(3) C : ¢(TH(M)) x ¢(Tp(M)) x ¢(Tp(M)) — {&}, i.e., when C is
restricted to ¢(T,(M)) x ¢(Tp(M)) x ¢(Tp(M)), the projection of the image of
C in ¢(T,(M)) is zero. This condition is equivalent to

(1.3) ¢*C(¢X, Y )¢pZ = 0.

An almost contact metric manifold satisfying (1.2) and (1.3) are called
&-conformally flat and ¢-conformally flat, respectively. Almost contact metric
manifolds satisfying the cases (1), (2) and (3) are considered in [11], [12] and
[13], respectively .

In [12], it is proved that a K-contact manifold is &-conformally flat if
and only if it is an 7-Einstein Sasakian manifold. In [20], the authors studied
&-conformally flat N (k)-contact metric manifold. A compact ¢-conformally
flat K-contact manifold with regular contact vector field has been studied in
[13]. Moreover, in [15] the author studied ¢-conformally flat (k, u)-contact
metric manifolds. Motivated by the above studies, in this paper we study &-
concircularly flat and ¢-concircularly flat NV (k)-contact metric manifolds. Anal-
ogous to the considerations of conformal curvature tensor here we define the
following;:

Definition 1.1. A (2n + 1)-dimensional N (k)-contact metric manifold is
said to be &£-concircularly flat if

(1.4) Z(X,Y)E =0, for X,Y € TM.

Definition 1.2. A (2n + 1)-dimensional N (k)-contact metric manifold is
said to be ¢-concircularly flat if

(1.5) 9(Z (X, Y )W, oU) = 0 for X, Y, W,U € TM.
In [7], D.E. Blair et al. started a study of concircular curvature tensor of

contact metric manifolds. A (2n + 1)-dimensional N (k)-contact metric man-
ifold satisfying Z(¢,X).Z =0, Z(£,X).R = 0 and R(§, X).Z = 0 have been
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considered in [7]. B.J. Papantoniou [1] and D. Perrone [9] included the stud-
ies of contact metric manifolds satisfying R(£, X).S = 0, where S is the Ricci
tensor. Motivated by these studies, we continue the study of the paper [7] and
classify N (k)-contact manifolds with concircular curvature tensor Z satisfying
Z(,X).8=0.

The present paper is organized as follows. After preliminaries in Section
3, we study ¢-concircularly flat N (k)-contact metric manifolds and prove that
a (2n + 1)-dimensional, n > 1, &-concircularly flat N (k)-contact metric man-
ifold is locally isometric to Example 2.1. Section 4 deals with the study of
¢-concircularly flat N(k)-contact metric manifolds. In this section, we prove
that a ¢-concircularly flat (2n + 1)-dimensional, n > 1, N(k)-contact metric
manifold is a Sasakian manifold. Section 5 is devoted to study a (2n + 1)-
dimensional, n > 2, N(k)-contact metric manifold satisfying Z(£,X).S = 0
and prove that the manifold satisfies Z(£.X).S = 0 if and only if it is an
Einstein-Sasakian manifold. Finally, in Section 6, we construct an example of
a 3-dimensional N (k)-contact metric manifold which verifies some results of
Section 3.

2. PRELIMINARIES

A (2n + 1)-dimensional differentiable manifold M is said to admit an
almost contact structure if it admits a tensor field ¢ of type (1,1), a vector
field £ and a 1-form n satisfying [3, 4]

(21) X =-X+9X)E @) =1 ¢£=0 and 75o¢=0.
An almost contact metric structure is said to be normal if the induced
almost complex structure J on the product manifold M x R defined by
d d
J(X, f=—)=(¢X — X)—
is integrable, where X is tangent to M, t is the coordinate of R and f is a
smooth function on M x R. Let g be the compatible Riemannian metric with
almost contact structure (¢,&,7n), i.e.,

(2.2) 9(¢X,9Y) = g(X,Y) — n(X)n(Y).
Then M becomes an almost contact metric manifold equipped with an

almost contact metric structure (¢,&,7n,g). From (2.1) it can be easily seen
that

for any vector fields X,Y. An almost contact metric structure becomes a
contact metric structure if g(X, ¢Y) = dn(X,Y), for all vector fields X, Y.
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A contact metric manifold is said to be Einstein if S(X,Y) = A\g(X,Y),
where A is a constant and n-Einstein if S(X,Y) = ag(X,Y) + Bn(X)n(Y),
where o and 3 are smooth functions.

A normal contact metric manifold is a Sasakian manifold. An almost
contact metric manifold is Sasakian if and only if

(2.4) (Vxo)Y =g(X,Y)§ —n(Y)X,

X, Y € TM, where V is the Levi-Civita connection of the Riemannian metric
g. A contact metric manifold M2+ (¢, £, n, g) for which ¢ is a Killing vector
field is said to be a K-contact metric manifold. A Sasakian manifold is K-
contact but not conversely. However, a 3-dimensional K-contact manifold is
Sasakian [14].

It is well known that the tangent sphere bundle of a flat Riemannian
manifold admits a contact metric structure stisfying R(X,Y){ = 0 [5]. Again
on a Sasakian manifold [18] we have

R(X,Y)¢ = n(Y)X — n(X)Y.

As a generalization of both R(X,Y)¢ = 0 and the Sasakian case: D.E.
Blair, T. Koufogiorgos and B.J. Papantoniou [8] introduced the (k, x)- nullity
distribution on a contact metric manifold and gave several reasons for studying
it. The (k, u)-nullity distribution N(k, ) [8] of a contact metric manifold M
is defined by

N(k,p) @ p— Np(k,p) = {W € T,M : R(X,Y)W
= (kI + ph)(g(Y, W)X — g(X,W)Y)},
for all X,Y € TM, where (k, ) € R%2. A contact metric manifold M with & €
N(k,u) is called a (k, u)-contact metric manifold. If p = 0, the (k, u)-nullity
distribution reduces to k-nullity distribution [19]. The k-nullity distribution
N(k) of a Riemannian manifold is defined by [19]
N(k) :p — Nyp(k) ={Z € T,M : R(X,Y)Z = k[g(Y, Z2) X — g(X, Z)Y]},

k being a constant. If the characteristic vector field £ € N(k), then we call a
contact metric manifold as N (k)-contact metric manifold [7]. If k¥ = 1, then
the manifold is Sasakian and if £ = 0, then the manifold is locally isometric to
the product E""1(0) x S™(4) for n > 1 and flat for n = 1 [5].

However, for a N(k)-contact metric manifold M of dimension (2n + 1),
we have [7]

(2.5) (Vx@)Y =g(X +hX,Y)§ = n(Y)(X + hX),
where h = %fjg(p.
(2.6) h? = (k —1)¢°.
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(2.7) R(X,Y)E = kln(Y)X —n(X)Y].

(2.8) R(&, X)Y = k[g(X,Y)E —n(Y)X].

(2.9) S(X,Y) = 2(n—1g(X,Y)+2(n—1)g(hX,Y)
+[2nk — 2(n — 1)n(X)n(Y), n>1.

(2.10) S(Y,€) = 2nkn(X).

(2.11) r=2n(2n—2+k).

Given a non-Sasakian (k, u)-contact manifold M, E. Boeckx [10] intro-

duced an invariant
-4

=A%
and showed that for two non-Sasakian (k, u)-manifolds M; and Mas, we have
Ing, = Iy, if and only if up to a D-homothetic deformation, the two manifolds
are locally isometric as contact metric manifolds.

Thus, we see that from all non-Sasakian (k, u)-manifolds of dimension
(2n 4+ 1) and for every possible value of the invariant I, one (k, u)-manifold
M can be obtained. For Ij; > —1 such examples may be found from the
standard contact metric structure on the tangent sphere bundle of a manifold
of constant curvature ¢ where we have Iy = fi‘% Boeckx also gives a Lie
va

algebra construction for any odd dimension an ue of Iy < —1.

Ezxample 2.1. Using this invariant, D.E. Blair, J-S. Kim and M.M. Tri-
pathi [7] constructed an example of a (2n + 1)-dimensional N(1 — 1)-contact
metric manifold, n > 1. The example is given in the following:

Since the Boeckx invariant for a (1 — 1, 0)-manifold is v/n > —1, we con-
sider the tangent sphere bundle of an (n + 1)-dimensional manifold of constant
curvature ¢ so chosen that the resulting D-homothetic deformation will be a
(1 —1,0)-manifold. That is, for k = ¢(2 — ¢) and p = —2c we solve

1 k+ad*>-1 w4 2a —2
l——=—, 0=———
n a a
for a and ¢. The result is
+1
C:L a=1+4c

n—1"~
1

and taking ¢ and a to be these values we obtain N(1 — -

manifold.

)-contact metric
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The above example will be used in Theorem 3.1.
Here, we state some Lemmas which will be neccessary to prove our main
results.

LeEMMA 2.1 ([5]). A contact metric manifold M?"*! satisfying the condi-
tion R(X,Y){ =0 for all X, Y is locally isometric to the Riemannian product

of a flat (n+ 1)-dimensional manifold and an n-dimensional manifold of posi-
tive curvature 4, i.e., E"T1(0) x S*(4) for n > 1 and flat for n = 1.

LEMMA 2.2 ([2]). Let M be an n-FEinstein manifold of dimension (2n+1)
(n>1). If £ belongs to the k-nullity distribution, then k = 1 and the structure
is Sasakian.

LEMMA 2.3 ([19]). Let M be an FEinstein manifold of dimension (2n + 1)
(n > 2). If £ belongs to the k-nullity distribution, then k =1 and the structure
is Sasakian.

3. &-CONCIRCULARLY FLAT N(k)-CONTACT METRIC MANIFOLDS

In this section, we study &-concirculrly flat N (k)-contact metric man-
ifolds. Let M be a (2n + 1)-dimensional, n > 1, &-concirculrly flat N (k)-
contact metric manifold. Putting W = ¢ in (1.1) and applying (1.4) and
9(X, &) =n(X), we have

r

(3.1) R(X,Y)§ = W[U(Y)X —n(X)Y].
Using (2.7) in (3.1), we obtain
(3:2) (b= Sy 1Y = 0(X)Y] = 0.

Now [n(Y)X —n(X)Y] # 0 in a contact metric manifold, in general.
Therefore, (3.2) gives

r

(3.3) k= T T

Using (2.11) in (3.3) yields

1

34 Ek=1-——.
(34) .
Hence, we can state the following:

THEOREM 3.1. If a (2n + 1)-dimensional (n > 1) N(k)-contact metric
manifold is &-concircularly flat, then it is locally isometric to Example 2.1.
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Let us consider a 3-dimensional {-concircularly flat N (k)-contact metric
manifold. Then n = 1 and in that case we have & = 0. Hence, in view of
Lemma 2.1, we can state the following:

COROLLARY 3.1. A 3-dimensional N (k)-contact metric manifold is -
concircularly flat if and only if the manifold is flat.

4. ~-CONCIRCULARLY FLAT N(k)-CONTACT METRIC MANIFOLDS

This section is devoted to study ¢-concircularly flat N (k)-contact metric
manifolds. Let M be a (2n + 1)-dimensional ¢-concircularly flat N (k)-contact
metric manifold.

Using (1.5) in (1.1) we obtain

r
4.1 X, oY ) oW, = —— [9(9Y, X
(1) g(ROXGVIOW.0V) = oot lo(6Y, 61)g(6X, 6V)

—9(¢X, oW)g(8Y, V)]
Let {e1,e9,...,en, Pe1, pea, ..., pen, &} be an orthonormal ¢-basis of the

tangent space. Putting X =V =¢; in (4.1) and taking summation over i = 1

to 2n and using (2.7), we obtain

r(2n —1)

2n(2n + 1)
Replacing Y and W by ¢Y and ¢W in (4.2) and using (2.1), (2.2), (2.10)

and (2.11) yields

(4.2) S(¢Y, oW) = | + klg(8Y, oW).

(4.3) SY, W) = Ag(Y, W) + Bn(Y)n(W),

where A and B are given by the following relations:

(2n —1)(2n — 2) + 4nk and B:2(2n—1){n(k—1)—1}'
2n+1 2n+1

A:

In view of the equation (4.3) we state the following:

PROPOSITION 4.1. A (2n+1)-dimensional ¢-concircularly flat N (k)-contact
metric manifold is an n-Einstein manifold.

Using the Lemma 2.2 we have the following:

THEOREM 4.1. A (2n + 1)-dimensional ¢-concircularly flat N (k)-contact
metric manifold is a Sasakian manifold.
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5. N(k)-CONTACT METRIC MANIFOLD SATISFYING Z(£,X).S=0

This section deals with a (2n+1)-dimensional, n > 2, N (k)-contact metric
manifold satisfying Z(&, X).S = 0. Now, the relation Z(§, X).S = 0 implies

(5.1) S(Z(&, X)Y, W) + S(Y, Z(&, X)W) = 0.
Using (1.1) in (5.1), we have
(5.2) S(R(&X)Y, W)+ S(Y,R(&, X))

r

—m[g(X,Y)S(f,W)
—n(Y)S(X, W) 4+ g(X, W)S(Y, &) —n(W)S(X,Y)] = 0.
Using (2.8) and (2.10) in (5.2) yields
(5-3) 2nk[g(X, Y )n(W) + g(X, W)n(Y)] = [S(X, W)n(Y')
(

(
+S(X,Y)n(W)] — m[%k{g(X,Y)n(W)

+g(X, W)n(Y)} = {S(X, W)n(Y) + 5(X, Y)n(W)}] = 0.
Putting W = ¢ in (5.3) and using g(X, &) = n(X) and (2.10), we obtain

(5.4) {m —1}S(X,Y) — 2nkg(X,Y)] = 0.

Putting the value of r from (2.11) in r = 2n(2n + 1), we get k = 3. We
know that k < 1 in a N(k)-contact metric manifold. Therefore r # 2n(2n + 1)
and hence, from (5.4) we have
(5.5) S(X,Y) = 2nkg(X,Y).

Therefore, a N (k)-contact metric manifold satisfying Z (£, X).S = 0 is an
Einstein manifold. Therefore, in view of Lemma 2.3, we have the manifold is
a Sasakian manifold.

Conversely, let the manifold be an Einstein-Sasakian manifold. Then we
have £k =1 and S(X,Y) = 2ng(X,Y). Therefore, we have

(5.6) (Z(&X).9)(Y, W) = S(Z(X)Y, W)+ 5(Y,Z(§, X)W)
= 2n[g((Z(&, X)Y, W) +g(Y, Z(§, X)W)].
Using (1.1), (2.8) and (2.11) in (5.6) we easily obtain
(5.7) (Z(&, X).5)(Y, W) =
In view of the above discussions, we state the following:

THEOREM 5.1. A (2n+1)-dimensional, n > 2, N (k)-contact metric man-
ifold satisfies Z(&,X).S = 0 if and only if the manifold is an Finstein-Sasakian
manifold.
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6. EXAMPLE

In this section, we construct an example of a N(k)-contact metric man-
ifold which is &-concircularly flat. We consider 3-dimensional manifold M =
{(z,y,2) € R}, where (z,y, ) are the standard coordinate in R3. Let e, ea,
es are three vector fields in R® which satisfies

[e1,ea] = (1 4+ N)es, [ea,e3] =2e1  and [esz,e1] = (1 — Aea,

where ) is a real number.

Let g be the Riemannian metric defined by
gle1,e3) = glez,e3) = gler,e2) =0,  gler,e1) = glez, e2) = gles, e3) = 1.
Let n be the 1-form defined by
n(U) =g(U,e)
for any U € x(M). Let ¢ be the (1, 1)-tensor field defined by
pe1 =0, ges =e3, deg = —es.

Using the linearity of ¢ and g we have

nler) =1,

¢*(U) = =U +n(U)ey
and

9(oU, oW) = g(U, W) = n(U)n(W)
for any U, W € x(M). Moreover,

he; =0, hey = Aea and hes = —)es.

The Riemannian connection V of the metric tensor g is given by Koszul’s
formula which is given by,

29(VxY,Z) = Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)
—9(X, [V, Z]) = g(Y, [X, Z]) + 9(Z, [X,Y]).
Using Koszul’s formula we get the following:
Vee1 =0, Veea=0, Vges=0,
Veer = —(1+ANes,  Veea =0, Veez = (1+ e,
Veser = (1 —Aea, Veea=—(1—XNe, Veez=0.
In view of the above relations we have

Vxé=—0X —¢phX, for e =¢
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Therefore, the manifold is a contact metric manifold with the contact
structure (¢, &, 7, g).
Now, we find the curvature tensors as follows:
R(e1,ez)ea = (1 — N)er,  Rles,ez)ea = —(1 — A)es,
R(el, 63)63 = (1 — )\2)61, R(Cg, 63)63 = —(1 — )\2)62,
R(eg, 63)61 = 0, R(el, 82)61 = —(1 - A2)€2, R(eg, 61)61 = (1 — )\2)63.
In view of the expressions of the curvature tensors we conclude that the
manifold is a N (1 — A?)-contact metric manifold.
Using the expressions of the curvature tensor we find the values of the
Ricci tensors as follows:
5(61,61) :2(1*)\2), 3(62,62) :O, 5(63,63) =0.
Hence, 7 = S(e1,e1) + S(ea, e2) + S(es, e3) = 2(1 — A2).
Let X and Y are any two vector fields given by
X = aje; +agey +agzes  and Y = bieq + boes + bses.
Using (1.1) we get
2(1 - \?)
3
Therefore, the manifold will be &-concircularly flat if A = 1 and in that

case the manifold will be a N(0)-contact metric manifold with » = 0 which
verifies the result of Section 3.

Z(X, Y)61 = [(a2b1 — a1b2)62 + (a3b1 — albg)eg].
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