HOMOGENIZATION OF A PARABOLIC PROBLEM
WITH AN IMPERFECT INTERFACE

EDITHA C. JOSE

We describe heat diffusion in a two-component composite conductor with an e-
periodic interface. Due to an imperfect contact on the interface, the heat flow
through the interface is proportional to the jump of the temperature field by a
factor of order €”. We study the limit behaviour of this parabolic problem when
the parameter e tends to zero. We describe the different homogenized (limit)
problems, according to the value of v. When v = 1, a memory effect appears on
the limit problem.
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1. INTRODUCTION

The aim of this paper is to study the homogenization of a parabolic prob-
lem whose setting is a two-component composite conductor with an e-periodic
interface. In particular, the physical problem involves heat transfer. Due to
an imperfect contact on the interface, the heat flow through the interface is
proportional to the jump of the temperature field by a factor of order € (see
[6] for the physical model).

We look closely to the domain in R” which is Q = Q. U Q9. with Q.
connected and 29, a disconnected union of €Y -periodic sets of size €Y5. We
consider Y = YU Y5 to be the reference cell. The same domain were considered
by Monsurro [24] and Donato and Monsurro [15] for the elliptic case and by
Donato, Faella and Monsurro [14] for the hyperbolic case. This work which is

devoted to the parabolic case completes the investigation.
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Mathematically speaking, we can model this physical problem as

(u),. — div(A°Vui) = fic + Pi*(g) in ©1%]0,T7,
ub, — div(A*Vug.) = for in Q. x]0, T,
A*Vuie - n1e = —A*Vug, - no. on I"*x]0,T7,
(1.1) A*Vuye -nie = —eVh®(uge —uge)  on I'x]0, T,
ue =0 on 00x]0,T7,
w1 (z,0) = UL, in Qq,,
uge (z,0) = US. in Qo,,

where 7' > 0 and v < 1, n;. is the unitary outward normal to Q;., ¢ = 1,2, P}
is a suitable extension operator and P{* its adjoint. Here, A%(x) := A(z/e),
with A a periodic, bounded and positive definite matrix field while h®(z) :=
h(z/e), with a positive, bounded and periodic function h. The data UZ-O6 and
fie, i = 1,2, are given in L?(€;.) and L?(0,T; L?(Q4.)), respectively, while
g € L*(0,T; HY(Q)).

We study the limit behaviour of this problem when the parameter ¢ tends
to zero. We describe the different homogenized (limit) problems, according to
the value of v. We restrict our study to the case v < 1 because, otherwise, as
shown by Hummel [20], one cannot have boundedness in the solution.

It is but natural to impose some convergence on the data in order to get
homogenization results. We work under the assumptions

U0 = (U2, UL) — U := (6,U2,0,U9)  weakly in L2(€) x L*(Q),
fo = (Fies faz) = (01 f1,02f2) weakly in [L2(0,T; L*(Q)))%,

where 0;, i = 1,2, is the proportion of material occupying ;- and ~ denotes
the zero extension to the whole of 2.

In Section 4, we prove step by step (see Theorem 4.1) the homogenization
results

(1.2) {Pful€ —wup  weakly in L2(0,T; HL(2)),

Ue — Uo weakly* in L°°(0,T; L*(Q)),
for v <1, where Py is a suitable extension operator and w; is the solution of
a homogenized problem which changes according to the value of ~.

In particular, we show for the case v < 1 that u; is the unique solution
of the problem

uj — diV(Agvuﬂ =601f1 +02fo+¢g inQx]0,T7,
up =0 on 02x]0,T7,
ul(O) = HlUP + QQUS in .
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In addition, we prove in this case that us = fauy. This only means that
the second component converges to the same limit as the first component, up
to the proportionality constant occupied by the material.

For the case v = 1, we prove that the couple (uj,u2) is the unique
solution of the problem (a PDE coupled with an ODE)

Hlu’l — div(A%Vul) + ch(92u1 — UQ) = 61f1 +g in QX]O,T[,

uh — cp(baur — ug) = b fo in 2x]0,T7,
up =0 on 002x]0,T7,
ul(O) = UP, UQ(O) = HQUS in Q,

where ¢, = Y% f«/ h(y) do,. Moreover, solving the ODE and replacing in the
PDE yields

t
O uf) — div(AgVul) + cpbou; — 0%92/ K(t,s)ui(s)ds = F(z,t),
0

where K is an exponential kernel which is explicitly computed, together with F'.
This means that a memory effect appears in the limit for the case v = 1, which
is an interesting one. A similar phenomenon was observed in the hyperbolic
case but, in that case, the kernel is periodic.

Here, Ag is a constant positive definite matrix, called the homogenized
or effective matrix. In our case, it varies according to whether v < —1, v =
—1 and —1 < v < 1. The same findings as in [15] and [24] regarding the
homogenized matrices have been found, as follows.

When v < —1, the matrix AQ/ is described in terms of the classical
periodic solution of a problem for a composite occupying the whole €2 without
jump on the interface (see for instance [2]).

For the case v = —1, the homogenized matrix A? is described in terms
of the periodic solution of a problem posed in two sub-domains of the refe-
rence cell separated by an interface. At the interface, a conormal derivative
proportional to the jump of the solution is prescribed.

Last, when —1 < v < 1, the matrix A9/ is the same as that obtained for
the homogenization of an elliptic problem in the perforated domain 1. with
a Neumann condition on the boundary (see [8]).

Aside from (1.2), we also prove the convergence

AV, + AV — AgVul weakly in L*(0,T; [L*(Q)]™).

This result describes the contribution of both components in the limit.
More precisely, when —1 < v <1,

AVuy. — A)Vuy  weakly in L2(0,T; [L2()]"),
AV g — 0 weakly in L2(0,T; [L2(Q)]").
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Hence, for this case, the contributions given by the component Q. and the
component {29, can be identified separately.

One of the main difficulties in the parabolic case is that we only have
convergences (1.2) and no compactness of Pfui. in L*(0,T; L?*(€)), which
makes it different from the hyperbolic case. This observation had been seen in
the case of perforated domains in [16]. To overcome this difficulty, we adapt
some lemmas already used in [16]. Also, one need to check that the initial
conditions w1 (0) and u2(0) make sense. Finally, a specific difficulty in the case
v = 1 is that one has no longer us = 6su;. The identification of uy and its
initial conditions requires technical arguments, too.

In Section 2, we set up notation and terminologies. We state the varia-
tional formulation of problem (1.1) in a suitable Sobolev space H for which
we also give some characterizations. Moreover, we recall some technical results
needed in proving the main result.

Section 3 provides a detailed exposition of existence and uniqueness of the
solution to (1.1) using a result from an abstract Galerkin’s method. After that,
we compute the a priori estimates which are needed to establish the necessary
convergences. We also recall the classes of suitable test functions (see [15])
that will be used to identify the limit problem via Tartar’s oscillating test
functions method (see [28]). These test functions were used for the boundary
terms to cancel.

Some results of this paper were announced without proofs in [19]. Useful
results in the homogenization of heat equations in perforated domains can be
attributed to Donato and Nabil [16, 17]. Other works in parabolic problems
include those of Spagnolo [26] and Brahim-Otsman, Francfort and Murat [4].

The classical work on the elliptic problem corresponding to (1.1) has
been done by Lipton [21] for v = 0. For the different values of v we refer to
Monsurrd [24] and Donato and Monsurro [15]. For the same elliptic problem
in other geometries, see Auriault and Ene [1], Pernin [25], Canon and Pernin
[5], Ene and Polisevski [18], Hummel [20] and, for optimal bounds, Lipton and
Vernescu [22].

For the treatment of the wave equation, we refer to [14], [2] and [11]. See
also [9] for the classical case in a fixed domain with oscillating coefficients and
[8] for the case of perforated domain with Neumann conditions.

For the pioneer works on linear memory effects in the homogenization of
parabolic problems, we refer to Mascarenhas [23] and Tartar [28].

2. STATEMENT OF THE PROBLEM

Let Q denote an open and bounded set in R" and {e} be a sequence
of positive real numbers that converges to zero. Suppose Y] and Yy are two
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nonempty open sets such that Y is connected and Y5 has a Lipschitz contin-
uous boundary I'. We let

Y =1]0,¢1] x -+ x ]0,£,[ be the representative cell with Y = Y; UYs.
For any k € Z", let
YF =k +Y;, Ty =k + T where ky = (kyly, ..., knl,) and i = 1,2.
For any given ¢, let K. be the set of n-tuples such that EYik is included in 2,

that is,
K.:={keZ"|eYFnQ+#6¢, i=12)

Also, we define the two components of €2 and the interface, as

Qi :=QnN { U f:Yik}, i=1,2 and TI°=0Q,
keK.
respectively. Here we assume that

(2.1) o0 N ( U (grk)) = ¢.

kezm

Therefore, 2. is connected and 2o, is a union of e™" disjoint translated sets
of €Y. Obviously, 9Q2 NT¢ = ¢. Figure 1 shows the domain.

Y

Y

Qle re Q2E

Fig. 1. The domain.

From now on, we follow the usual notation:

Xw, the characteristic function of any open set w C R",
my(v) = ﬁ J,,vdz, the mean value of v over a measurable set w,

v, the zero extension to R™ of any function v defined on ;. or Y; for i = 1,2.

It is a fact that (for instance see [9])

L

(2.2) == 1,2, weakly in L*(9).

Aez

Qis
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We will consider the two spaces V¢ and HY defined by
Ve = {v; € HY(Q.) | v1 = 0 on 99}

with the corresponding norm

(2.3) o1y = ”VUl”H(QlE)
and
(2.4) HY = {v = (v1,v2) | v1 € V° and vy € H'(Q.)}

for all v € R, with the corresponding norm
2
(25) ol = VUil Zegy + V0202, + €7 llor = vallTarey.

Note that if 41 < 72 then |[v||%. < ||v||%- . Hence, in particular, for all
72 Y1
v <1 we have

(2.6) [vlles < [lv]lm:-

Now, we have the functional setting to introduce our parabolic problem.
For the coefficient matrix, let A be an n x n Y-periodic matrix-valued function
in L*°(Y) such that VA € R" and, a.e. in Y,

{(A(x)A,A> > alAP,

@7) A(@)A] < B

where «, 8 € R with 0 < a < 3. Now, for any € > 0 set

(2.8) A() = A (Z).
Furthermore, consider a Y-periodic function h such that
(2.9) h € L*°(T"), Fhp € R such that 0 < hy < h(y), y a.e. in T,
and assume
(2.10) he(z) == h (g) .

We suppose that
g€ L*0,T; H'(2)),
(2.11) U0 = (U, US,) € L2(Qu.) x L*(S),
J- = (fres fo) € D20, T LA(Q.)) x L2(0, T L2(Qs0)).
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For T'> 0 and v < 1 consider the problem
uy, — div(A*Vuye) = fie + Pi*(g9) in Qix]0, T,
ub, — div(A*Vug.) = for in Q9. x]0,T7,
A*Vuie - ne = —A*Vug, - no. on I'*x]0,T7,
(2.12) AV uie - nye = —eVhE(u1e —uge)  on I'x]0,T7,
ue =0 on 02x]0,T7,
u1e(,0) = Uy, in Q¢
uge (z,0) = UY. in Qo
where n;. is the unitary outward normal to €., + = 1,2, P is a suitable

extension operator given in Lemma 2.7 and P{* its adjoint.
By definition, P{* € L£(L?(0,T; H-Y(Q)); L?(0,T; (V))) and for g €
L%*(0,T; H-Y(Q)), P{*g is given by

(2.13)

T
f*g NS L2(0, T’ VE) — /(; <g, Pf'U>H,1(Q)7Hé(Q)dS

Our goal is to describe the limit behaviour of the above problem when
the parameter ¢ tends to zero. We describe the different homogenized (limit)
problems, according to the value of «. To do this, we consider its variational
formulation which is

(2.14)

where

Find u. = (u1e, ug:) in W€ such that

<U,15,Ul>(vs)',w + <ul2€’/U2>(H1(Q26))/7H1(Q26) + o A*VuiVoy d
le

+ A*Vus Voo dr + 7 / h® (u1e — uge)(v1 — v2) doy,
QQE €

— fievr dx + (g, va1>H_1(Q),Hé(Q)+/ focvo dz in D'(0,T),
ng 926

for every (vi,ve) € VE x H'(Qa.),

u1e(z,0) = UL, in Qi and uge(z,0) = UY. in Qo

We = {v = (vi,v2) € L*(0,T; V°) x L*(0,T; H'(s.)) s.t.
v € L*(0,T; (VE)') x L*(0,T; (H'(Q2:)))}

equipped with the norm

[v]lwe = HU1HL2(0,T; ve) T HUQHL2(O,T;H1(Q2E))+

+lv1 L2 (0,7 (veyy + V51l L2 (0,7, (H(Q2:)))-
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Remark 2.1. The existence and uniqueness of the solution of our problem
are proved using a theorem based on an abstract Galerkin method while the
a priori estimates are obtained using Gronwall’s Lemma. These are discussed
in Section 3. The asymptotic behaviour is then established in Section 4.

We end this section with some technical lemmas that will be used in the
sequel. Let us recall some characterizations of the norm in the above spaces
introduced by Monsurro.

LEMMA 2.2 ([24]). For every fized e, the norms of HS and V¢ x H' ()
are equivalent. Furthermore, there exist constants Cy,Co > 0 independent of
€ such that

(1) llollz2@uiyxr2(0.0) < Cillvllms, Yv € Hi;

(ii) ”WH%2(FE) < 02(571”7%”%2(915) + EHVW|’%2(QZ.E))7 Vo, € H'(Q:),
i=1,2.

The next result is an immediate consequence of Lemma 2.2.

LEMMA 2.3. There exist two positive constants C,Co independent of €
such that
Cillvllas < vllvexm @) < Cellvllag, Vv e Hi.

LEMMA 2.4 ([12, 24]). There exists a positive constant C' independent of
e such that

HUH%%QQE) < C@H”H%?(rs) + 52||VU||%2(926)), Vo e L?(Qa).
The following extension results due to D. Cioranescu and J. Saint Jean

Paulin will be useful.
LEMMA 2.5 ([10]). (i) There ezists a linear continuous operator
Que L(H'(YVi); H'(Y)) N L(L*(Y1); L(Y))
such that
[Quvillr2iyy < Cllvillizzyyy and  [[VQuvilr2yvy < ClIVuilz2(v)

for some positive constant C and for all vy € H(Y?).
(ii) There exists a linear and continuous extension operator

Q2 € L(H'(Y2); Hpe,(Y))
such that
Q202 1 (vy < Cllvall vy
for some positive constant C and for every vo € H(Y3).
(iii) There exists an extension operator

Q5 € L(L*(Q:); L*(Q)) N L(VE; Hy ()
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such that

1Q1v1llz2(0) < Cllvillz2,) and  [[VQivillr2) < CllVuillz2,,)

for some positive constant C independent of e.

Remark 2.6. Observe that Lemma 2.5 implies that there is a Poincaré
inequality in V¢, i.e., there exists a constant C' > 0 such that

[0l 2@,y < ClIVUll2@y), Vv e V™
On the other hand, D. Cioranescu and P. Donato proved

LEMMA 2.7 ([8]). There exists a linear continuous extension operator

Pf € L(L2(0,T;V); L2(0,T; Hy () N L(L2(0,T;5 L*(21)); L*(0, T5 L*(2)))
such that for some positive constant C independent of € and for any p €
L%(0,T;Ve) with ' € L?(0,T; L?(Q4.)) we have
(Pfo=¢ inQ:x]0,T,

Piy’ = (Pip)" inQx]0,TT,

I1PE ol 20,75 2200) < Cllell 20,1 £2(010))5

1 PF @' | 20,7 22 () < Cll€' 20,75 22(012))

IPEe(O)l i) < ClIVe®)llr2(i.), Y €10,T7,
LIV PER) 20,7 (22 < CIV @l L2007 112 (00100 ))7)-

We adapt Lemma 2.1 given in [3] to state
COROLLARY 2.8. If (v:) and (ve)" are bounded in L?(0,T; H}(2)) and

7

L2(0,T; L*(Q)), respectively, with v. — v strongly in L*(0,T; L*(Q)), then
Pf(velo,.) — v weakly in L*(0,T; L*(Q)).
Proof. By Lemma 2.7 we have

Pf (velay.) bounded in L?(0, T; H(Q)),
(P§ (velo,.)) bounded in L2(0,T; L?(52)).

So, by compactness, up to a subsequence, we get

PEuzlon) = v weakly in I2(0,T; HY(9),
Pf(velq,.) — v1  strongly in L2(0,T; L*(Q)).

On the other hand, Pf(ve|a,.)x, =vex, - Ase — 0, using (2.2), we have
le le
Pf(vg\gls)xﬂl — 101 weakly in L?(0,T; L*(Q)),
VX, — vbh weakly in L2(0,T; L?(9)).
le

Hence v; = v and the whole sequence Pf(vc|q,.) converges. [



198 Editha C. Jose 10

The next result is a direct extension of Lemma 3.3 in [13] which is an
adaptation to the case of a disconnected set of Lemma 3.1 in [7].

LEMMA 2.9 ([13, 7]). Suppose that T is of class C?. Let g be a function
in L") and set cq = \Ttlfl‘ g(y)doy. For every e, let v. be a function in

L2(H(Q9:)) such that for some positive constant C' one has

Vel 20,1 (20)) < C,
Uz — v weakly in L*(0,T; L*(12)).

T T
lima/ / g(x/e)ve dxdt:cg/ /vdxdt.
=0 Jo Jre 0o Ja

The last lemma of this section is very significant in this paper as it over-
comes the technical difficulty in passing to the limit with weak convergences
of products when one factor is independent of ¢. This result is due to Donato
and Nabil [16].

Then

LeMMA 2.10 ([16]). Let (ho) C LP(0,T; Wy (Q)) and (g-) € LY (Q) with
p,q > 1 and % + % =1 be two sequences such that

he — h  weakly in LP(0,T} Wol’q(Q)),
g- — g weakly in LY ().

Then heg. — hg weakly in LP(0,T; L(Q)).

3. PRELIMINARY RESULTS

In this section, the existence and uniqueness of the solution of problem
(2.12) are ensured and a priori estimates are given. Moreover, the suitable
test functions necessary in describing the limit problems are presented.

3.1. Existence and uniqueness of solution

The result below is based on an abstract Galerkin method (see [29]).

THEOREM 3.1 ([29]). Let (V, H, V') be an evolution triple, that is,

(i) VCHCV,

(ii) V' is a real, separable and reflexive Banach space;

(iii) H is a real, separable Hilbert space, endowed with a scalar pro-
duct (-, )g;

(iv) V' is dense in H and the embedding V' C H is continuous.
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Let a : V xVx]0,T[— R be a mapping on |0, T for all u,v € V such that
for everyt €]0,T], the map a(-,-,t) : VXV — R is bilinear and ¥V u,v € V, the
function t — a(u,v,t) is measurable on 0, T[. Moreover, Vu,v € V,Vt €]0,T7,
suppose that

(v) 3 a positive constant ay such that |a(u,v,t)| < aq||ullv||v|v (boun-
dedness);

(vi) 3 a2 > 0 and ag > 0 such that |a(u,u,t)| > as|ull} — asllul?,
(Garding inequality).

Let Uy € H and b € L?(0,T;V'). Then there exists a unique solution to
the problem

Findu € L*(0,T;V) such thatu' € L*(0,T;V') and
d
a(u(t),v)H +a(u(t),v)g = (b(t),v)v:v,u(0) = Uy € H,
for allv € V and for almost allt €]0,T.

The following classical result (see for instance [29]) gives meaning to the
initial condition u(0) in Theorem 3.1.

PROPOSITION 3.2 ([29]). Let (V,H,V') be an evolution triple. If
W3(0,T;V,H) = {u e L*(0,T;V) | «' € L*(0,T;V')}
is equipped with the norm
lullwa o,rv,my = lllzzo.rv) + 'l 20,779,
then one has the continuous embedding W4 (0,T;V, H) C C([0,T], H).
We now derive the existence and uniqueness results of problem (2.14).

THEOREM 3.3. Let T >0, v <1 and H5, A%, h® be defined by (2.4), (2.8)
and (2.10), respectively. Then under assumption 2.11, problem (2.14) has a
unique solution.

Proof. We apply Theorem 3.1 with V' = Hf and H = L2(Q12) x L2(Qa.)
which clearly satisfy (i)-(iii). Now, for v < 1, HS C L*(Qc) x L*(Q.) is a
continuous embedding since, Vv € HZ, from (2.6) and Lemma 2.2(i) we have

vl 22010y x 22(000) < Cllvlas -

Hence (V, H, V') is an evolution triple.
Consequently, it follows from Proposition 3.2 and (2.11) that

We c C([0,T); L*(2) x L*(Qs2)),

so that the initial conditions in (2.14) make sense for u. € We.
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Second, suppose b = f- + (g, Pfv1) g-1(q),m1(0)> Yo = U9 and a(u,v,t) =
a®(u,v), where

2e

a®(u,v) :/ A*Vu1 Vo dx—i—/ A*Vus Vg da+
le Q

+ 67/ h®(u1 — ug)(vy — vy) doy,

for every u = (u1,uz),v = (v1,v2) € H.
We verify (v). Observe that for every u,v € HS we have
(1) (o) <

+ +

/ A*Vu Vo do
le

/ A*Vus Vg do
Q2s

+

67/ h(u1 — ug)(vy — vg) dog| .

By (2.8) and Hélder inequality,

< BIIVuill 2@y VUil 2y, i=1,2.

/ A*Vu;Vv; dx
Qis

On the other hand,

< e"hf[lur — usl|p2(rey llvr — vallp2(re)-

87/ he(u1 — ug)(vy — ve) doy,

Let

C = (B4IVeurll 2@,y BVl 20,y €35 lur = usll 2 )
and

D = (851901l 200y, B 1V e2ll 2y € hE for = vl ey )
With the Euclidean norm in R3, we have C' - D < ||C|| || D||, so that

(3.2) BlIVurll L2, VUil L2,y + BlIVuzll L2 (0.0 I V2l 12000+
+ €7h%||ur — a2 ey llvr — vall2(pey <

1
< (BIVrlBag,,) + BIVEl 20y, + R — wal22e) ) %

=

% (BIVv1 32 0y, + BI V2l ey + 7 o1 = vallFae))
So, choosing a; = max {3, h°}, it follows from (3.1) and (3.2) that

ol  arllullvolly, Yu,v € HE, ¥t €)0,T].
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We now verify (vi). By definition,

A*VuVuy dz + A*VusVug dz+
ng QQ:‘

+€7/ he (u1 — ug)? doy,

|a(uv u, t)| =

By (2.8) we have

/ A*Vu;Vu;dz > aHVuiHig(QiE), i=1,2,
Qje

8’7/ hE (uy — ug)?* doy > e7hglluy — UQH%Q(FE).
So, choosing as = min{a, ho} and a3 = 0 we have (vi). O

Remark 3.4. Under the same assumptions as in Theorem 3.3, it can be
concluded further that there is a continuous dependence on the data (see [29]).
We need to check the uniformity in e of these estimates which will be shown
in the next subsection.

3.2. A priori estimates

In order to get uniform estimates and homogenization results, it is nece-
ssary to make convergence assumptions on U0 and f., that is,

339 U0 — UY = (0,U9,0,U9)  weakly in L2(Q) x L2(),
' fo = (O1f1,05f2) weakly in L2(0,T; L2(Q)) x L2(0,T; L3()),
where 0;, i = 1,2 are given by (2.2).

PROPOSITION 3.5. Let A® and h® be defined as in Theorem 3.3 and sup-
pose (2.11), (2.13) and (3.3) hold. Let u. be the solution of problem (2.14) with
v < 1. Then [luc||ms is bounded, that is, there exists a constant c independent
of € such that

(i) HU15HL2(0,T; ve) + ||ule||L°°(o,T; L2(Q.)) <6

(i) ”uQEHLQ(O,T;Hl(st)) + ”u26|’L°°(O,T; L2(Q2:) < G

(lll) ”’LLlE — u2€”L2(O,T; L2(T¢)) < Cg_% .

Proof. In the variational formulation (2.14), choose v = (u1¢, ug:) as test
function. Integrating by parts and using the Holder inequality we have

1 1 !
§||u15(7f)||%2(916) + 5”’&25(75)”%2(925) +/0 /Q AEVUL;VUL; drds +
le
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t t
—|—/ A*VuoVusg, dr ds + 6“// / he|ue — u2€|2 do,ds =
0 Q2E 0 €
1 0112 1 0112 !
= 5\\U1s\\L2(QIE) + §HU2€HL2(Q25) + o Jieure dods +
le

t t
"’/ <ga Plau15>H—1(Q)7Hé(Q) ds + / focuge dords <
0 0 QQE

—

1 t
< 510, + 5108 s + [ ez e 2o dst

[\

t
+/0 HQHH1(Q)HPfuleHHg(Q)ds+/0 | foell 2 (200) llu2e | L2 (252 ) 8-

This, together with the properties of A° and h® given in (2.7)—(2.10), im-
plies that

1 1 !
(3.4) 5““16(’5)”%2(915) "‘5”“25(’5)\‘%2(925)"‘@/0 /Q [Vuie|? de ds+
le

¢ ¢
—i—a/ / \VquIQ drds + avho/ luie — u2€\2 do, ds <
0 JQop 0 JIe

—_

1 t
< SN2y §||U§g\|%2(925)+/0 | frellz2(@uoy lwiell 2, ) ds+

[\

t
T /0 ol oy 1P gy s+ |1l llual e ds

Now, observe that

t 1 t
(3.5) /0 | fiell L2 o) 1wie | 220,y ds < 5/0 (”fieH%Q(Qig) + Huis”%Q(Qis))ds

for ¢ = 1,2. By Lemma 2.7 and with 7 = 2« in the Young inequality ab <
"a2 + le, Vn > 0, we get

3 [ lolla- ol ol b [ ol Vel ds <

< / & gl2 1 ds + a / Vel 2,y ds =

/ g7 1(Q) ds—l—oz//Q Vuie|? dz ds.
le

From (3.4)—(3.6) we obtain

1 1 t
5”“&@)”%2(915) + §||U2e(7f)||%2(926) + a/ / [Vue|? dzds <
0 le
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1 1 [t
< N2 + 51U 2000 + 5 1l 720, + 1f2ellT2 (0, ) ds +
Qi) T 9 (@20) T 5 f () (Q2¢)

N |

ih [ (el + ool a5+ 5 [ gl oy s +
2 0 L (ng) L (QQE) 4@ 0 H (Q)

t
+a/ / Vi[> deds =
0 le

1 02 1 2
= §\|U€ 172001 )x22(000) T §er||L2(o,T; L2(Q12))x L2(0,T; L2(Q02)) T

02 1 t
+EH9”%2(O,T;H*1(Q)) + 5/0 <Hu15”%2(915) + Hu%H%%QzE)) ds +

t
—|—a/ / |V |* dz ds.
0 le

Simplifying the expression, V¢ € [0,T] we have
(3.7) Hula(t)H%%QlE) + Hu25(t)H%2(Qgg) <

<ot [ (e + el o
where

02 2
Ve = U720y x 22000y T WellT20.m 120000 x 220 12(0000) T
2 2
+%”9HL2(O,T;H*1(Q))'

Applying Gronwall’s Lemma in (3.7), we deduce that V¢ € [0,7] and ¢ inde-
pendent of € we have

2 T
(3.8) ”Ule”%w(o,T; 2@t ”uQEHLOO(O,T; [2(Q2) =€ Ve =6

since . is bounded by (3.3).
Now, using arguments similar to those that allowed to arrive at (3.6)
with n = « in the Young inequality, we get

t
(3.9) Awmﬁmmmm%@ms

~C M ass o[ Vur|?dzd
= %a J, I9lzr-1(0) 5T 5 ; ng’ ure|” da ds.
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Consequently, by (3.4), (3.3), (3.8) and (3.9) we claim that
T T
Oé/ HvulsH%%QlE) ds +04/ HVU%H%%QQS) ds +
0 0

T
+67h0/ lu1e — U2EH%2(1‘6) do,ds =
0

T T
:a/ / |Vu1€|2dxds+oz/ / | Vg |* da ds +
0 ng 0 Q2s

T
—|—67h0/ / lure — uge|*do, ds < c.
0o Jre
This completes the proof. [

COROLLARY 3.6. Under the conditions stated in Proposition 3.5, there
exists a subsequence (still denoted by €) such that for some uy € L?(0,T; H(Q))
and us € L*(0,T; L?(Q)) we have

(i) Pfuie — uy weakly in L2(0,T; HE(Q)),

(ii) ure — O1uy weakly in L2(0,T; L?(2)) and weakly* in L>°(0, T; L?(12)),

(iii) wze — up weakly in L2(0,T; L?(Q)) and weakly* in L>(0,T; L?(Q2)).

Proof. Convergence (iii) is a direct consequence of Proposition 3.5(ii)
while (i) follows from Proposition 3.5(i) and Lemma 2.7. To prove (ii), we use
Lemma 2.10. Let g. = Xq, he = Pfuj. and p = 2. Since

le

Pfuj. — up  weakly in L2(0,T; H}(9)),
Xq, = 61  weakly in L?(9Q),
by Lemma 2.10, we obtain
Ute = XQIEPfule — fyuy  weakly in L*(0,T; L*(Q)).

This gives (ii) by Proposition 3.5(1). O

Another important consequence of Proposition 3.5 is the result below
that makes use of Lemmas 2.4 and 2.5.

PROPOSITION 3.7. Under the assumptions of Proposition 3.5, we have
[ Prute — w2ell 20,1 £2(Q00)) — 0 for ally < 1.
Proof. Let v = Pfuj. — ug.. By Lemma 2.4 we have

1Pfute = uzellZa (o, ) < Clellute — uzellZapey + €IV (PRure — uze)ll2 (g, )-
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Integrating both sides over 0,7 and taking into account 2.5(iii) and Propo-
sition 3.5, we obtain

T
/0 [ Prute — uze[72(q,,yds <
T T
< Cﬁ/ [ure = use||72(pey ds + 052/ (IVPfure| o) + [IVu2e | 22(0,0))? ds
0 0

T
< Ce(Cre ) + 0252/ (IVutellr20,.) + 1 Vuzell 12(0,.))* ds < Cs(e' 77 + %),
0

Letting € — 0, we get [[Pfuie — u2e||12(0,1; 12(00.)) — 0 since y < 1. O

3.3. Some classes of test functions

We apply Tartar’s oscillating test functions method (see [27]) to identify
the limit problems and so we recall the definitions of two classes of suitable
test functions. These functions were already used to study the elliptic cases
in [15] and [24] and the hyperbolic cases in [14].

We recall first the one introduced in [15]. Consider the couple (wyy, w2y) €
HL(Y7) x H(Y,) satisfying the system

—div(*AVwiy) =0 in Y1,
—div(*AVwsy) =0 in Y5,
(3.10) LAV wiy -1 = —tAVwsy - no on I
EAVwyy -ny = —e7  h(wyy — wey) onT,
Ay —wiy Y -periodic,
[ my; (A -y —wiy) =0,

whose variational formulation is

Find(wyy, way) in H' (Y1) x H'(Y3)

such that A -y —wiy € Wper(Y7) and

/ PAVw;y - Vo dy + / tAVwsy - Voo dy +
Y

(3.11) Y
+ erft / h(wiy — way)(v1 — v2) doy = 0,
r
V(Ul,vg) < Wper(Yl) X Hl(Yg),
where

Woer(Y1) = {u € Hpor (V1) [ my, (u) = 0}

with the norm [|ullw,., := [[Vul 2 (vy)-



206 Editha C. Jose 18

By definition, w5, is given by

(312)  wiy(z) == Az — e(Qi(xin)(w/€)), Xxix=A-y—win(y), i=12,

where Q; is given in Lemma 2.5 and with w;) solutions of problem (3.10).
Note that due to the periodicity of the functions defined in (3.12), clas-
sical arguments apply and one obtains

(3.13) {w:f)\ — \-z  weakly in H'(Q),

wé, — A-z strongly in L?(9).
Furthermore, let us recall that setting
(3.14) 5 = (i 150) = ((ATVwiy, ATV sy,

it can be easily checked that, Vv = (v1,v92) € HZ, the function 75 satisfies

(3.15) / N5y - Vordo + / N5y - Vv do+
le QQS

+67/1‘ h(wiy — w5y )(v1 —v2)do = 0.

Moreover, the convergences below hold:

o If v < —1 (see [15, 24]) then
(3.16) 7%; + 73; - tAQ{)\ weakly in [L?(Q)]".

0 .

If v < —1, A7 is defined by
(3.17) tAg)\ = my (*AVIVy) for all y < —1,
where, for any A € R, W) € H'(Y) is the solution of the classical problem:

—div(!AVIW,) =0 inY,
(3.18) Wy—=X-y Y -periodic,

1
m/y(W)\—)\-y)dy:O.

This auxilliary problem is used in the classical homogenization of the
stationary heat equation in the whole domain studied in [2] (see also [9]).
On the other hand, if v = —1, A?Y is defined by

e~

(3.19) tAg)\ = my ("A(Vwyy + %2/)\)) for v = —1,
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where (wyy,way) € HY(Y7) x H(Y3) is the solution of the problem

(—div(*A;Vwiy = 0 in Yy,
—div(*AaVwgy =0 in Ys,
(3.20) Zj1Vw1)\ ‘ny = —tAVwyy -ng onT,
1Vwyy -ng = —h(wiy —wyy) onT,
Ay —wpy Y -periodic,
my, (A -y —wiy) =0.

o If -1 <~ <1 (see [15]) then

3.2) (i) 75, — 'AIN  weakly in [L2(Q)]",
' (i) e T n5, — 0 weakly in [LX(Q)]",

with Ag defined by

(3.22) tAg)\ = my(tA%\) forall -1 <~ <1,
where, for any A € R", wy € H'(Y}) is the solution of the problem
—div(*AVwy) =0 in Y7,
(tAVw,) -ny =0 inT,
(3.23) Wy — Ay Y -periodic,
1
— wy — A-y)dy =0.
Tl )
By definition, wf is given by
(3.24) wi(z) == Az —e(Q1(x1n)(x/€)), xin=A-y—wa(y),

where @ is given in Lemma 2.5 and wy(y) is the solution of problem (3.23).
By a change in scale (see [10]), it can be shown that

(3.25) / PAVuS, - Voyde =0, Yo, € VE,
le

and
w§ = Az weakly in H1(Q)

(3.26) w§ — AT strongly in L?(),
tAE% - tAQ{)\ weakly in [L2(Q)]",
where Ag is defined by (3.22).
We note that wS is used in the classical homogenization of the statio-

nary heat equation on a perforated domain with a Neumann condition on the
boundary of the holes studied in [10].
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4. THE MAIN RESULT

In this section we present the homogenization result and provide a step
by step proof.

4.1. The homogenization theorem

THEOREM 4.1. Let A® and h® be defined by (2.8) and (2.10) respec-
tively. Let us be the solution of problem (2.12) for v < 1. Moreover, sup-
pose that (2.11) and (3.3) hold. Then there exists a suitable extension operator
Pf e L(L*(0,T5Ve); L*(0,T5 Hy (2))) N L(L2(0, T3 L*(:)); L2(0,T; L2 (%))
such that
(4.1) Pfuj. — w1 weakly in L*(0,T; H}(Q)),

. Uge — U2 weakly* in L>(0,T; L*())
and
(4.2) AV, + AV — ASVul weakly in L*(0,T; [L*(Q)]") Vv <1,

where Ag is defined by (3.17), (3.19) and (3.22) for the cases v < —1, v = —1
and —1 <~ <1 respectively.
In particular, if —1 <y <1 then

{Aaﬂ; - AgVul weakly in L?(0,T; [L*(Q)]"),

(43) e
A*Vug, — 0 weakly in L?(0,T; [L*(Q)]").

Moreover, the limit functions uy and us can be described as follows:

e Case~y < 1. We have us = Osu;.
The factor 02 is given by (2.2) and uy is the unique solution of the ho-
mogenized problem

u'l — div(A%Vul) = 61f1 + (92f2 +g n QX]O, T[,
(4.4) up =0 on 002x]0,T7,
u1(0) = 6107 + 6,UY in (2.

e Case v = 1. The couple (uy,u2) is the unique solution of the problem
(a PDE coupled with an ODE)

Oruy — div(A%Vul) +ep(bour —ug) =011 +9g inQ2x]0, T,
ubh — cp(Oauy — uz) = Oafs in Qx]0,T7,
up =0 on 002x]0, T,
u1(0) = UY, us(0) = 62U in €,

(4.5)
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where ¢, = \Tlg| fv h(y)doy. Moreover, solving the ODE and replacing in the
PDE yield

t
(4.6) Oru) — div(A%Vul) + cpbouy — 0%92/ K(t,s)ui(s)ds = F(x,t),
0
where
t
(4.7)  F(z,t) = 01 fi(2,t) + g+ cpbaUge™ " + Ch/ K(t,5)02 f2(x, s) ds
0

and K is an exponential kernel given by

(4.8) K(t,s) = ers70),

4.2. Proof of the main result

We first prove the next result which play an essential role in proving the
main result.

LEMMA 4.2. Let ¢ € D(0,T) and v € D(R2). Suppose Pf is the extension
operator described in Lemma 2.7. If {u.} = (u1c, u2e) is the subsequence given
in Corollary 3.6, then

T T
lim (/ /n‘f)\Vvaulggodxdt—i—/ /ng)\Vng/ggodxdt> =
=0\ Jo Ja 0o Ja

T
= / / LA AV vu g da dt
0 Q

for every v < 1 and for all A\ € R™.
Proof. Case —1 <y < 1. Observe that by (3.21)(ii) we have

1

[m5all2) <€ 2 .
Since v+ 1 > 0, we get
M5l 22(0) — 0.

By Holder inequality and Proposition 3.5 we have

T
‘/ /ng/\Vv@;godxdt‘ — 0.
0o Ja

It remains to show that

T 0 T
/ / ni\VoPruiepde dt — / / PAINVvupdadt, YA €R™
0 Q 0 Q
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Using Lemma 2.10 with h. = Pfuj. and g. = 7% (independent of t), by
(3.21)(i) and Corollary 3.6 we have

7;5 - tAg)\ weakly in [L?(Q)]",
Pfuj. — uy  weakly in L2(0,T; H} ().

Therefore, letting ¢ — 0 we get the desired result.
Case v < —1. Note that

T T
/ /Uﬁvvpfuls@dﬂ?dt%-/ /ngAVmZ;egodxdt:
0 Q 0 Q

T T
= / /(ni\ + 5, ) VoPfui.p da dt + / / n5\ Vo (uge — Pruse ) dadt.
0 Q 0 Q
But, by Proposition 3.7,

|1 Prute — u2ell r2(0,1; £2(00.)) — 0
Hence, by Holder inequality and (3.13),

T
/ / 05, Vu(uz: — Piuye ) drdt — 0.
0 Q

To conclude, we use again Lemma 2.10. Let h. = Pfuj. and g. = 7}5 + 7%;
(independent of ¢). Then, by (3.16) and Corollary 3.6,

77{)\ + 73; — TAIN weakly in [L*(Q)]",

Piuje — uy weakly in L2(0,T; H(2)).
Letting € — 0, for all A € R™ we have

T T
/ /(77%)\+77§/\)V1)Pfu15<pdxdt—>/ /tAg)\Vvuupdxdt. O
0 Q 0 Q

In proving Theorem 4.1, both cases will be considered simultaneously.
We’ll treat them separately only when necessary. Let u. be the solution of
problem (2.12) for any value of v < 1. We adapt some techniques used in [14]
and [15]. Set

(4.9) §6 = (5157525) = (A5Vu15, AEVUQE).
If follows from Proposition 3.5 that, up to a subsequence,
(4.10) e — & weakly* in L2(0,T; [L3(Q)]"), i=1,2.

The main idea of the proof is to identify & and & and find the limit
functions u1 and uy which change according to the values of ~.

Proof of Theorem 4.1. The proof will be divided into six steps.
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Step 1. Determine the equation satisfied by & + &s.
Let ¢ € D(0,7) and v € D(R). In the variational formulation (2.14), use
(v]Q,. ¢, v|q,. ¢) as test function, so that

<u/157 U(P>(V5)/,V8 + <u,257 U(p> (H(Q2:)) ,H (Q2¢) +

+/ A*Vu1. Vo gpdx—i—/ A*Vus.Vo pdr =
le QQE

:/Q frevepdz + (g, Py ((vo)]0)) m-1(9), 11 (0 +/Q faevpda.
1 2e

Integrating both sides with respect to t and, extending to the whole of
Q, by (4.9) we have

/ / Ule + Uge ) VP dxdt—|—/ /§1€Vv pdx dt+/ /£2€Vv pdxdt =

/ /f15+f2e)090d$d75+/ (g, Pr ((v@)len.)) g-1(0), Ha o) ¢

for every ¢ € D(0,T) and v € D(Q).
Letting ¢ — 0, by (4.10), (3.3), Corollary 3.6 and Corollary 2.8 (with
ve = vp), we obtain

T T T
(4.11) —/ /(91u1+u2)vgo/ dx dt+/ /§1Vv pdx dt+/ /ngv pdrdt
0 JQ 0 JQ 0 JQ

T T
= / /Q(@lfl + 02 f2)vpdzdt +/ (9, v0) —1(0),m3 () -
0 0
Since ¢ and v are arbitrary, the equation satisfied by & + &9 is
(4.12) Oruy +uy — div(&r + &) = 01f1 +02f2 + g.

Step 2. Identify & + &s.
Let ¢ € D(0,T) and v € D(Q). In the variational formulation (2.14),

choose (vwi,|a,.p, vws, |a,. ) as test function, where w3, i = 1,2 are defined
n (3.12). Then, for every ¢ € D(0,T) and v € D(),

/ / UL W\ VP dxdt—/ / ugew3y vy da dt +
Qle 926

—i—// §15V1)wi)\<pdxdt+// &1 Vuivpda dt +
0 ng 0 le

T T
+ / &2 Vowsypda dt + / &2 Vs vpda dt +
0 QQE 0 925

T
+€“// / he (u1e — uge ) (wiy — wiy)vp do, dt =
0 €
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T T
= / / frevwiypdzdt + / / facvwiypda dt +
0 ng 0 QQE

T
4 /O (9 P (0w @)l )) -1yt e

Now, put (vi,v2) = (v|q,. w19, V|, . u2ee) in (3.15) and integrate over ]0, T

Then
T T
/ / nixVouepde dt + / / ni\Vuievp de dt +
0 le 0 le

T T
+ / / N5\ Vougep dz dt/ / N5\ Vv dz dt +
0 JQo 0 JQo

T
—i—&?“’/ / he (w5 — w5y) (u1e — uge)vpdo, dt =0

for every ¢ € D(0,T) and v € D(R2). Subtract the second equation from the
first one and pass to the whole of Q, recalling definitions (3.14) and (4.9).
Since the boundary terms cancel, this will yield

T T —
—/0 /Q(zﬂ;w% + @;wg)\)vgpldxdt—i—/o /Qflf_;va’f)\godxdt—{—

T T T
+/ /525va§)\<pdxdt —/ /anVvaulggodxdt —/ /ngAVv@;godxdt
0 Jo 0 Jo 0 Jo
T 0 T o
:/ /flevw%godxdt—i—/ /fgnggAgodxdt—k
0o Jo 0 Jo

T
+ [ o P (i@l ) o e

for every ¢ € D(0,T) and v € D(Q).

The next step is to let € — 0. All the limits are straightforward us-
ing (4.10), (3.13), (3.3), Corollary 3.6 and Corollary 2.8 (with v, = vwi,¢).
For the fourth and fifth integrals on the left-hand side, we apply Lemma 4.2
to obtain

_/OT/Q(GHM +u2)()\-x)vﬂp/dxdt+/T/(§1 +&)Vo\-2)pdzdt —

/ / A0 ~AVourpdzdt =

/ /91f1+92f2)()\ ﬂﬁ)wdxd“r/ (g, (A 2)ve) g1 (0, ma () At

for every ¢ € D(0,T) and v € D(Q2), where AQ/ is defined according to the
values of v by (3.17), (3.19) and (3.22).
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It then follows that

/ /91u1+u2 A x)vp dxdt—i—/ /§1+§2 v(A-x)|pdrdt —

/ /£1+52 UASDdCCdt%-/ /tAO)\Vulvgpd:cdt

/ /91f1+92f2)(>\ x)wdxdtJr/ (g, (A 2)v@) g1 (0, H3 (o) -

On account of (4.11) written with v(A - x) instead of v, we have

/ / &1+ &) vpdedt = / /tAO)\Vulvgpdx dt.

Since A, ¢ and v are arbitrary, we identify

Step 3. Identify & and &, separately for the case —1 < v < 1.

As shown previously, & + & = Ang holds for every v < 1. The task
is now to describe & and &» separately for the case —1 < v < 1.

For this purpose, let ¢ € D(0,7T), v € D(Q2) and w5 be defined by (3.24).

Take ((vw5)|o,. @, (vV(A-x))|0,. @) as test function in the variational formulation
(2.14). For every ¢ € D(0,T) and v € D(2) we have

T T
- / / upcows e dr dt — / / uoev( A\ - x)¢’ dor dt +
0 Q1 0 Qoc
T T
+/ &1 Vowspda dt —|—/ &1 Vuivpdr dt +
0 ng 0 le
T T
+/ & VIv(A-z)|pdrdt+ 67/ / he (u1e —uge ) (w§ — A-z)vp do, dt =
0 Qoc 0 €
T T
= / / frevw§p da dt + / foev(\ - x)pdxdt +
0 ng 0 QQs

T
+ [ g, P ((vwio)lanc ) m—1(o), 13 ) -
0 (), Hy (
Choose v; = v|q, u1:¢ in (3.25) and integrate over |0, 7] to get
T T
/ / PA"Vws Vouy .o da dt +/ / LATVw Vv de dt = 0
Q1 0 Q1

for every ¢ € D(0,T) and v € D(Q).
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Subtract the second from the first equation and extend to the whole of
Q) taking into account (4.9). This yields

T T
(4.14) - / / urewivy’ do dt — / / uze(A - 2)v’ de dt +
0 Q 0 Q
T o T
+/ / §1eVowp do dt + / / &:V[v(\ - 2)]pdrdt —
0 Q 0 Q

T o T
—/ /tA€Vw§\Vvau15<pdxdt+€7/ / h® (u1e —uge ) (Wi —A-z)vp do, dt =
0 JQ 0 e

T N T N
:/ /flevwiwdmdt—i-/ / foev(A - x)pdzdt +
0o Jo 0o Ja

T
T /0 (9. P (05 0)ln)) s izt ey A

for every ¢ € D(0,T) and v € D(Q).
Our first concern is the behavior of the integral over I'. As e — 0 we
show that

(4.15) e“// / he(u1e — uge ) (W — A - x)vpdo, dt — 0.

By definition (3.24), (2.10) and Proposition 3.5(iii), a change of scale yields

e“’/ / h®(u1e — uge) (W — A - x)vpdoy dt‘ =
0 €

T
6V/ / eh®(u1e — uge)x1n(x/e)vpdoy, dt‘ <
0 £
< CM e xaa(@/e) | paqrey < CeVTeT2e712 0

as € — 0, since v > —1.
Now, let ¢ — 0 in (4.14) and use (4.10), (3.26), (4.15), (3.3), Corol-

lary 3.6, Lemma 2.10 (with h. = P{ui. and g. = tAEVwi) and Corollary 2.8
(with v. = vwSyp) to obtain

T T
—/ /(91u1 +ug) (A - x)vy dmdt—i—/ /§1Vv()\-m)<pdx dt +
0o Jo 0o Jo

T T
+/ / &Vv(A-x)|pdzdt —/ / tAg)\Vvulap dzdt =
0 Q 0 Q

T T
= / /(91f1 + 02f2) (A - 2)vpdrdt + / (g, (A= 2)v@) g1 (0, ma (o) At
o Jo 0
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for every ¢ € D(0,T) and v € D(§2), where AY is defined by (3.22). This gives

/ /Hlul—i-uQ YA - z)ve dxdt—i—/ /§1V (A 2)]pdadt —
//gl)wgpdxdt +/ /@V (A ﬂ:)]gpdxdt—l—/ /tAO)\Vulvgpdxdt

T
:/ /(91f1+92f2)()\'95)wd9€dt+/ (g, (A~ 2)v@) g1 (0, ma (o) At
0 Jo 0

for every ¢ € D(0,T) and v € D(Q2) since AY is constant. It then follows from
(4.11), written with v(\ - x) instead of v, that

T T
/ /gl)wgpdxdt:/ /tAg)\Vulvgodxdt.
0 Q 0 Q

Since A\, ¢ and v are arbitrary, we have

By (4.13) and (4.16) it is obvious that
(4.17) & = 0.

Step 4. Describe the limit function us in terms of uq for the two cases
v<1landy=1.

In the following we treat the two cases v < 1 and v = 1 separately. We
employ the same method as in the proof of the elliptic and hyperbolic problem
given in [14] and [15].

First, we consider the case v < 1. Observe that

/ /uggapdxdt—/ / ugg—Plula)godxdt—i—/ Prujcpdadt
Qgg 0 QQ:‘

for all ¢ € L*(0,T; L*(Q2)). By Proposition 3.7, || Pfu1c —usell r2(0,7; 12(25.)) —
0. So, by Hélder inequality we have

T
(4.18) / / (uge — Piuje)pdadt — 0.
Qoe

Using (4.18) and evaluating the limit by (2.2), Corollary 3.6 and Lemma 2.10
(with he = Pfuj. and g. = Xg,. ), we have

T
lin(l)/ /u2€gpdxdt—llm/ /XQ Pruj.pdrdt = / /nglgpdxdt
E— 0

Since ¢ is arbitrary,

(4.19) uge — bhuy.
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By the uniqueness of the weak limit, us = fsu;. Replacing this in (4.12) and
using (4.13) yields

(4.20) uh — div(AVuy) = 01 f1 + 02 f2 + g.

Now, suppose that v = 1. Let ¢ € D(0,T) and v € D(2). Choose
(0,v|q,. ) in the variational formulation (2.14) and extend to the whole of
so that

T T o
(4.21) —/ /ﬂé}vgp’dxdt—{—/ /AEVUQEvapdxdt—
0 Q 0 Q
T T
—6/ / h® (u1e — uge )vp do, dt :/ / facvpda dt.
0 € 0 Q

To evaluate the limit of the last integral on the left we use Lemma 2.9 with
g =h%, ve = ((Pfuie)|q, — u2e)v|0,. ¢ and ¢, = |Y2‘ fF y) doy,. Since

e = (Xq, Prune = uze)vyp — (Gaur —ug)vp in L*(0,T; L*(92)),
we have
(4.22) hm e/ / h(Piuie — uge)vp do, dt = ch/ / (Oouq — ug)vp de dt.

Letting € — 0 in (4.21) and using Corollary 3.6, (4.17), (4.22) and (3.3)
will yield

T T T
—/ /uzvgpl dz dt —ch/ /(92u1 — ug)vpdz dt :/ / 0 fovp dx dt.
0 Q 0 Q 0 Q

By the arbitrariness of ¢ and v, we get

(4.23) u'2 — Ch(agul — UQ) = (92f2.
This, replaced in (4.12), and (4.13) yield
(4.24) Hlu/l — div(A%Vul) + cp(fau; —u2) =01 f1 +g.

Step 5. Verify if u; and wug satisfy the initial conditions given in (4.4)
and (4.5), respectively.

First of all, let us check that u1(0) and uo(0) make sense in L2(Q). If
v < 1 then by (4.20) one has

uh = div(AIVuy) + 01 f1 + 2 f2 + g € L2(0,T; H ().

Hence, by Proposition 3.2 written for V = H}(Q) and H = L*(2), one has

up € CO([0,T); L3(£2)). So, u1(0) and uz(0) = fou1(0) are defined in L2(2).
If v = 1 then it follows from (4.23) that u), = cp(baur — uz) + Oa2f2

is in L?(0,T; L?(f2)), since u; and ug are both in L?(0,T; L?(52)). Classical



29 Homogenization of a parabolic problem with an imperfect interface 217

embedding results imply that us € C°([0,T]; L?(2)) and u2(0) makes sense in
L?(€2). On the other hand, from (4.24) we get

u'1 = Gfl(div(AgVul) — Ch(agul — UQ) + 01 f1 + g) € LQ(O,T; H_l(Q)).
Again, it follows by Proposition 3.2 that u; € C°([0,77; L*(2)) and u1(0) is
defined in L?((2).

Suppose v € D(Q) and ¢ € C*([0,T]) with o(T) = 0 and ¢(0) = 1. In
the variational formulation (2.14), set (v|q,. ¢, v|q,.¢) as test function, so that

T T
(4.25) /0 (Ui, U>(V5)/,V5(pdt + /0 (ute. U>(H1(st))’7H1(ng)<Pdt +

T T
+/ A*VuVopdr dt—|—/ A*Vug:Vopdzdt =
0 Q1 0 Qoc

T T T
=/ flewdxdtJr/ <97P16(U\915)>HI(Q),Hg(g)@d“r/ / foevpdadt.
0 ng 0 0 Q2E

However, integrating by parts, since ¢(0) = 1, we get
(4.26)

T T
/ (ul., 'U>(V5)/,ng0dt = —/ Udwdz — / / ureve da dt,
0 le le

T
/0<u,26’U>(H1(ng))’,H1(ng)90dt:_/ UYvdx //Qu%vgo dz dt.

Substituting (4.26) in (4.25) and extending to the whole of €2, we can rewrite
(4.25) as

_ Ef\gvdx— UQOE?} dr — / /ulgvcp dz dt — / /quvcp dz dt +
Q

T —_ —_——
+/ /AEVu1€vapdxdt—|—/ /AEVUQEvapdx dt =
0 Q 0 Q

T T T
:/ /Qflevgpdxdt—k/ (g, Pf(v|ng)>H1(9)’H%(Q)godt+/ /Qfgevgodxdt.
0 0 0

Letting ¢ — 0 and using (2.2), (3.3), (4.13), Corollary 3.6 and Corol-
lary 2.8 (with v. = v) we obtain

T T
_/(91U9+92U20)vdx—/ /(91u1—|—u2)vgpl dxdt—i—/ /Angvapdxdt
Q 0 JQ 0 JQ

T T
(4.27) = / / (91f1 + (92f2)1)<p dz dt + / <g, U>H_1(Q)7Hé(g)tpdt.
0 Q 0
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In the same manner, using (4.11) and (4.13) with ¢(0) = 1, we see that

T T
_/(Hlul(O)—}—uz(O))v dﬂ:—/ /(Hlul—l—uQ)vgp' dxdt+/ /Angvapdxdt
Q 0 JQ 0 JQ

T T
@) = [ O peedrats [ 0o meed
Since v and ¢ are arbitrary, from (4.27) and (4.28) we conclude that
(4.29) 0111 (0) 4 up(0) = 6,UY + 6,U7.

We now check the conditions separately for the cases v < 1 and v = 1.
Case v < 1. Since ug = Oou; by (4.19), from (4.29) we have
Ul (0) = 91U1(0) + Oouq (0) = 91U10 + 92U20

Case v = 1. Let v € D(Q) and ¢ € C*(]0,T]) with ¢(T) = 0 and
©(0) = 1. In the variational formulation (2.14), consider (v|g,.¢,0) as test
function. Using arguments similar to those already used yields

U&vdx—/ /ulgvcp dxdt—i—/ /A Vui:Vopde dt +

+ 8/ / (u1e — uge)vpdo, dt =

/ /fuvsodxdtJr/ (9, Pr (vla)) 510, m1 () dt-

Letting ¢ — 0 by using (3.3), (4.10), (4.16), (4.22), Corollary 3.6 and
Corollary 2.8 (with v, = v), we get

T
(4.30) —/HlU{)vdx—/ /Hlulvgp'dwdt—k
Q 0o Jo

T T
+/ / Angvap dz dt + ch/ /(92u1 —ug)vpdrdt =
Q

/ /91f11)30d35d75+/ (9,0) r-1(0), 11 (@) At

Subtracting (4.28) from (4.30), we obtain

(4.31) —/HlUPvdx—i-ch/ /(ngl—uQ)vcpdmdt+/ O1u1(0)vdz +
Q 0o Jo Q

T T
+/ u2(0)v dx—i—/ /ump'dxdt: —/ /Hgfgvgodxdt.
Q 0 JQ 0 Jo
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By (4.29) and (4.23) we have, respectively,

/91u1 vdm—i—/uQ( )vdx-/(@lUl +92U2)vdx,
0

ch/ / Oou; — ug)vepdardt =
:/ /uévgpdxdt—/ /Hgfgvgpdxdt
/ /uzvgp dx dt — / /Hgfgvgodxdt

Since go(T) =0 and ¢(0) = 1, replacing (4.32) in (4.31), we obtain

/HQUQOde—/uQ(O)de:O.
) )

Therefore, uy(0) = 6UY. This together with (4.29) yield u(0) = UY.

Step 6. Conclusion.

For both cases, Corollary 3.6 ensures (4.1) up to a subsequence. On the
other hand, (4.13) shows (4.2) and, moreover, for the case —1 <y <1, (4.16)
and (4.17) assert (4.3) for a subsequence.

Now, for the case v < 1, Steps 4 and 5 imply that the limit function u
n (4.1) satisfies (4.4). The latter has a unique solution since the homogenized
matrix Ag is positive definite. Hence, all the convergences involved hold for
the whole sequences.

Similarly, for the case v = 1, Steps 4 and 5 show that the limit functions
uy and ug satisfy (4.5). To complete the proof, we have to show that the
solution (u1,ug) to (4.5) is unique.

To do that, observe that in the equation u), — cp(f2u; — u2) = 02 fa, ug
can be computed in terms of ui. Indeed,

(4.32)

t
ug(z,t) = OUe ! 4 / K(t,s)(cpbour(x, s) + 02 fa(x,s))ds
0

where K(t,s) = e~ and ¢, = ﬁ f7 h(y) do,. Substituting this in the first
equation of (4.5), we get

911/1 - diV(A?YVul) + cpfoug — ChHQUSeicht _

t
— ch/o K(t, s)(cpboui(z, s) + O fa(z, ) ds = 0y fi(x,t) + g.

Rewriting the expression yields

t
Oru) — div(A%Vul) + cpboug — 0%92/ K(t, s)uy(z, s)ds = F(x,t),
0
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where

F(z,t) =01 f1(z,t) + g + cpfoUSe™ 4 4 ¢, /Ot K(t, s)0s f2(x, s)ds.
So (4.5) can be expressed as
(01u) — diV(AgVul) + cpfoul —

t
—0%92/ K(t,s)ui(z,s)ds = F(x,t) in Qx]0,T7,
(4.33) 0

u'2 — ch(02u1 — UQ) = (92f2 in QX]O,T[,
up =0 on 90 x10,T7,
u1(0) == U{), U2(0) == 92U20 in €.

We now use Theorem 3.1 to show that (4.33) has a unique solution.
Accordingly, let

V=H)Q), H=L*Q), b=F wuy=UecH}N)
and define

t
a(u,v,t) :/AgVqudx—i—/ch92uvdx—c,2192// K(t, s)uvdsdz
Q Q QJo

for every u,v € H ().

Since g(u) = c26; fot K(t,s)u(x,s)ds is linear and continuous from
L%(0,T; L*(9)) into itself, by Theorem 3.1, there exists a unique solution
to problem (4.33). This completes the proof. O
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